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Linear Vector Spaces and Duals

This chapter is devoted to some fundamentals of linear vector spaces. First, we define
the linear vector space.

Definition 1 (Linear vector space). A set V with well defined addition and scalar
multiplication, i.e. 8u, v 2 V and ↵ 2 R, there is w = u + v 2 V and x = ↵u 2 V,
is called linear vector space if the following equations hold for any u, v,w 2 V and
↵, � 2 R

(u + v) + w = u + (v + w)
u + v = v + u
9 0 2 V, s.t.u + 0 = u
9 � u 2 V, s.t. u + (�u) = 0
(↵ + �)u = ↵u + �u
(↵�)u = ↵(�u)
↵(u + v) = ↵u + ↵v
1u = u.

Given a linear vector space V , for scalars ↵1,↵2,↵3, · · · ,↵n 2 R and vectors
v1, v2, v3, · · · , vn 2 V , we say they are linearly independent if the equation

↵1v1 + ↵2v2 + ↵3v3 + · · ·↵nvn = 0(1.1)

can only be satisfied when ↵i = 0 for i = 1, 2, · · · , n. We say that v1, v2, v3, · · · , vn
is a basis if they are linearly independently and an arbitrary vector v 2 V can be
expressed as the linear combination of v1, v2, v3, · · · , vn.

The dimension of a vector space is the number of vectors in any basis for the
space.
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Example 1. Rn is a well known example of linear vector space. A standard basis of

this is e1 =

0
BBBBBBBBBBBBBBBBBBBBBBBBBB@

1
0
0
...
0
0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCA

, e2 =

0
BBBBBBBBBBBBBBBBBBBBBBBBBB@

0
1
0
...
0
0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCA

, · · · , en =

0
BBBBBBBBBBBBBBBBBBBBBBBBBB@

0
0
0
...
0
1

1
CCCCCCCCCCCCCCCCCCCCCCCCCCA

. Here there are n components for the vector

ei, and 1 is the i-th component.

1.1 Norms and inner products

Definition 2 (Norm). A norm on the vector space V is a function k · k : V 7! R that
satisfies, for any u, v 2 V and ↵ 2 R, the following three properties

1. kvk � 0 and kvk = 0 i↵ v = 0;
2. k↵vk = |↵|kvk;
3. ku + vk  kuk + kvk.

Example 2. V = Rn and p � 1. Define

kxkp =
0
BBBBB@

nX

i=1

|xi|p
1
CCCCCA

1
p

.

It can be verified that k · k satisfies all the three conditions in the above definition and
hence it defines a norm in Rn. Of the most important are p = 1, 2 and1:

kxk1 =
nX

i=1

|xi|, kxk2 =
0
BBBBB@

nX

i=1

|xi|2
1
CCCCCA

1
2

and kxk1 = max
1in
|xi|.

Theorem 1. Assume that V is a finite dimensional vector space and k·k and k·k⇤ are
given two norms on V. Then there exist two positive constants c and C such that

ckvk  kvk⇤  Ckvk.

Proof. Assume that v1, v2, · · · , vn is a basis of V . We define a function on Rn by
f (x) = kvk⇤ for x 2 Rn such that v =

Pn
i=1 xivi. It is straightforward to show that f

is a positive, constinuous function on the compact set S = {x 2 Rn, kvk = 1}. By the
well-known property of continuous function, we have

0 < c = min
x2S

f (x), C = max
x2S

f (x) < 1.

Therefore c  kvk⇤  C if kvk = 1. Applying the above inequality with v/kvk for
general v , 0 then leads to the desired inequality.

14
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Operator norms

Assume that V and W are two linear vector spaces over R or C. Recall that a map-
ping1 A : V 7! W is said to be linear if

A(↵u + �v) = ↵Au + �Av 8 u, v 2 V,↵, � 2 R.

The set of all linear operators from V to W will be denoted by L(V,W) and L(V) =
L(V,V). Especially, L(V) denote the space of linear operators from V to R. Notice
that L(V) is a linear vector space, hence a norm of an operator A 2 L(V) can be
defined by the Definition (2) in general.

Example 3. For a matrix A 2 Rn⇥m, we can treat A as a vector of size nm and define
the following “entrywise” norm:

kAkp =
0
BBBBBB@

nX

i=1

mX

j=1

|ai j|p
1
CCCCCCA

1/p

.

For p = 2, this is called the Frobenious norm:

kAkF =
0
BBBBBB@

nX

i=1

mX

j=1

|ai j|2
1
CCCCCCA

1/2

.

For p = 1, this is called the max norm:

kAkmax = max{|ai j|}.

Of the most useful is to define an operator norm using a vector norm.

Proposition 1. Assume that k · k is a norm on V. Then

kAk = sup
v2V

kAvk
kvk 8 A 2 L(V)

defines a norm on L(V) that satisfies, for any A, B 2 L(V), v 2 V

kAvk  kAkkvk

and

(1.2) kABk  kAkkBk.

An operator norm k · k is said to be submultiplicative if it satisfies (1.2). A vector
norm k·k↵ and an operator norm k·k� are said to be consisitent if

kAvk↵  kAk�kvk↵ 8 A 2 L(V), v 2 V.
1 Mapping, transformation and operator are synonyms in this book.
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Example 4. For the vector norms defined in (2), the corresponding matrix norms are
given by

kAk1 = max
1 jn

nX

i=1

|ai j|, kAk1 = max
1in

nX

j=1

|ai j|.

The matrix norm kAk2 will be given later.
We shall now give the definitions of inner products.

Definition 3 (Inner Product). An inner product of V is a bilinear form (·, ·) : V ⇥
V 7! R such that for any u, v,w 2 V and ↵, � 2 R.

1. (v, v) � 0 and (v, v) = 0 i↵ v = 0;
2. (u, v) = (v, u);
3. (↵u + �v,w) = ↵(u,w) + �(v,w)

Example 5. For V = Rn. The Eucledean inner product is defined by

(x, y)l2 =

nX

i=1

xiyi.

Lemma 1 (Cauchy inequality). Assume that (·, ·) is an inner product on V, then

|(u, v)|  kukkvk 8 u, v 2 V

where kvk = (v, v)
1
2 is a norm (induced by (·, ·)) on V.

Proof. By the definition of inner product, we have, for any u, v 2 V and t 2 R

kuk2 + t2kvk � 2t(u, v) = (u � tv, u � tv) � 0.

Thus the desired inequality follows by taking t = kuk/kvk (if v , 0). Moreover

ku + vk2 = (u + v, u + v) = kuk2 + kvk2 + 2(u, v)
 kuk2 + kvk2 + 2kukkvk  (kuk + kvk)2.

Thus k · k is indeed a norm.

Example 6. V = Rn. For the inner product given by (5), the Cauchy-Schwarz in-
equality gives �������

nX

i=1

xiyi

�������

2


nX

i=1

|xi|2
nX

i=1

|yi|2.

Example 7. V = L2(⌦), the vector space consisting of square interable functions over
in a domain ⌦ ⇢ Rd. Define an inner product by

( f , g)L2 =

Z

⌦
f (x)g(x)dx.

The corresponding Cauchy-Schwarz inequality is
�����

Z

⌦
f (x)g(x)dx

�����
2


Z

⌦
| f (x)|2dx

Z

⌦
|g(x)|2dx.
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1.2 Examples of vector spaces

1.2.1 Polynomial space

Given a domain ⌦ ⇢ Rd with d � 1, we consider the space of polynomials of two
di↵erent types.

The first is the polynomial of degree not greater than m � 0:

(1.3) Pm(⌦) =

8>>><
>>>:

p =
X

|↵|m

a↵x↵1
1 . . . x

↵d
d

9>>>=
>>>;

where ↵ = (↵1, . . . ,↵d) and |↵| = Pd
i=1 ↵i. We have

(1.4) dim Pm(⌦) =
 
d + m

m

!

The second is the polynomial whose degree is not greater than m � 0 in each
variable:

(1.5) Qm(⌦) =

8>>><
>>>:

p =
X

|↵i |m

a↵x↵1
1 . . . x

↵d
d

9>>>=
>>>;

(1.6) dimQm(⌦) = (m + 1)d

We are especially interested in polynomials in space dimension d = 1, 2, 3 for

Pm(S d) and Pm(Cd).

Here S d is a d-dimensional simplex. For example, a triangle is a two dimensional
simplex, and a tetrahedron is a three dimensional simplex. Cd is a d-dimensional
cube. For example, Cd = (0, 1)d.

1.2.2 Space of polynomial satisfying boundary conditions

Associated with the interval (0, 1), we can also define the following linear vector
space of dimension n:

(1.7) Vn =
⇢

p : p 2 Pn+2(0, 1), p(0) = p(1) = 0.
�

This space also has a natural basis known as the nodal basis, which consists of the
unique set of functions {�i} ⇢ Vn satisfying

�i(x j) = �i j

which is given by, for i = 1, 2, · · · , n

(1.8) �i(x) =
Q

j,i(x � x j)Q
j,i(xi � x j)

17
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1.3 Eigenvalues and eigenvectors

We shall review the concept of eigenvalue and eigenvectors. An eigenvalue of the
operator A 2 L(V) is a real or complex number � which, for some nonzero vector
v 2 V , satisfies

(1.9) (A � �I)v = 0.

Any nonzero vector v satisfying the above equation is called an eigenvector of A
corresponding to the eigenvalue �.

If A 2 Rn⇥n, obviously � is an eigenvalue of A i↵

det(A � �I) = 0.

Given A 2 L(V), we shall use the notation �(A) to denote the set of all eigenval-
ues of A. The spectral radius of A is defined and denoted by

⇢(A) = max
�2�(A)

|�|.

Proposition 2. For any A 2 L(V,W), B 2 L(W,V), �(AB) \ {0} = �(BA) \ {0} and
�(A) = �(T�1AT ) for any invertible T 2 L(V).

Proof. Assume � 2 �(BA) \ {0}, then there exists c 2 V \ {0} such that

BAv = �v.

This implies Av , 0 and
AB(Av) = �Av

which implies � 2 �(AB) \ {0}.
The desired result then follows easily.

Proposition 3. Assume k · k is a submultiplicative norm on L(V). Then

⇢(A)  kAk, 8 A 2 L(V).

Proposition 4. Assume that A 2 L(V), then

lim
k!1

Ak = 0 ifandonly ⇢(A) < 1.

1.4 Spectrum of symmetric and SPD matrices

We begin our discussion in the Euclidean space Rn. An operator on Rn is a matrix,
say A = (ai j) 2 Rn⇥n. When A is said to be self–adjoint or symmetric, it often means
that A = At (here “t” denotes the transposition), that is, ai j = a ji, or equivalently

(Ax, y)l2 = (x, Ay)l2 8x, y 2 Rn,

where (·, ·)l2 is given in Example 5. In general, we have

(Ax, y)l2 = (x, Aty)l2 8x, y 2 Rn.

18
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Definition 4. Given A 2 L(V), B 2 L(V) is called the adjoint of A with respect to the
inner product (·, ·), if

(Au, v) = (u, Bv).

We denote B = A0. A is said to be self-adjoint or symmetric if A0 = A. A is said
to be SPD (symmetric positive definite) if A is symmetric and (Av, v) > 0 for any
v 2 V \ {0}.

Lemma 2. Assume that A 2 L(V) is symmetric with respect to (·, ·). Then

1. �(A) ⇢ R.
2. If Avi = �ivi, �1 , �2, then (v1, v2) = 0.
3. A has a complete set of eigenvectors.

Exercise 1. Prove that A is self–adjoint if and only if A has all real eigenvalues and
a complete set of eigenvectors (namely these eigenvectors form a basis of V).

Definition 5 (A-inner product). Suppose A 2 Rn⇥n is an SPD matrix,

(1.10) (x, y)A = (Ax, y) =
nX

i, j=1

ai jxix j

is defined as an A-inner product of x, y in Rn.

Then A-norm and A-orthogonality can be defined successively.

Definition 6 (A-norm). Suppose A 2 Rn⇥n is an SPD matrix, for any x 2 Rn

kxk2A = (x, x)A = (Ax, x)

is defined as the A-norm of vector x.

Definition 7 (A-orthogonal). Suppose A 2 Rn⇥n is an SPD matrix, for any x, y 2 Rn,
x is A-orthogonal to y which is denoted by x ?A y is defined by

(x, y)A = 0

or
xTAy = 0.

Proposition 5. Assume A 2 L(V) is SPD w.r.t (·, ·). Then

1. Assume that “t” and “⇤” denote the transposes with respect to (·, ·) and (·, ·)A
respectively, then

(BA)⇤ = BtAt.

2. BA is symmetric with respect to (·, ·)A i↵ B is symmetric with respect to (·, ·).
3. If B is SPD with respect to the same inner product (·, ·), BA is SPD self-adjoint

with respect to either (A·, ·) or (B�1·, ·).

19
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Proposition 6. Assume A 2 L(V) is SPD w.r.t (·, ·). Then �(A) ⇢ (0,1), (·, ·)A =
(A·, ·) defines another inner product on V and

(1.11) �min(A) = min
v2V

(Av, v)
kvk2 and �max(A) = max

v2V

(Av, v)
kvk2 .

Proposition 7. Assume that A : V 7! V and k · k is induced by an inner product (·, ·)
on V. If A is symmetric with respect to (·, ·),

kAk = ⇢(A).

In general,
kAk = ⇢(A0A)

1
2 .

Here A0 is the adjoint operator of A with respect to (·, ·).
Example 8. Given � 2 (0, 1), consider the symmetric matrix

A = (�|i� j|) 2 Rn⇥n,

then

⇢(A)  kAk1 = max
1 jn

nX

i=1

�|i� j|  2
1 � � .

Thus
nX

i, j=1

�|i� j|xix j 
2

1 � �

nX

i=1

x2
i .

By taking n! 1, we have
1X

i, j=1

�|i� j|xix j 
2

1 � �

1X

i=1

x2
i .

More generally

(1.12)
1X

i, j=1

�|i� j|xiy j 
2

1 � �

0
BBBBB@
1X

i=1

x2
i

1
CCCCCA

1/2 0
BBBBBB@
1X

j=1

y2
j

1
CCCCCCA

1/2

.

Exercise 2. If A 2 L(V) is self-adjoint with respect to (·, ·) and it is semi-definite, i.e.
(Av, v) � 0 8v 2 V. Then

(Au, v)  (Au, u)
1
2 (Av, v)

1
2 8u, v 2 V.

Exercise 3. Under the assumption of Exercise 2, prove that, for any ↵ 2 [0, 1]

kA 1+↵
2 vk  (Av, v)

1�↵
2 kAvk↵ 8v 2 V.

The following simple result is useful in multigrid analysis.

Exercise 4. Assume that K : V 7! V is a symmetric operator with �(K) ⇢ [0, 1],
then

((I � K)Kmv,Kmv)  1
2m

(kvk2 � kKmvk2).

20
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1.5 Spectrum of a special tri-diagonal matrix

We shall now give an example on the spectrum of symmetric tri-diagonal matrix of
the following form:

A = diag (b, a, b)

namely aii = a for 1  i  N and ai,i�1 = ai�1,i = b for 2  i  N, and all other
entries of A are zero.

Proposition 8. The eigenvalues of the symmetric tri-diagonal matrix A = diag (b, a, b),
for any two real numbers a, b, are given by

�k = a + 2b cos
k⇡

N + 1
, 1  k  N

and the eigenvectors wk, 1  k  N, are given by

wk, j = sin
jk⇡

N + 1
, 1  j  N

where wk, j is the jth component of the kth vector wk.

Proof. Assume x 2 RN is an eigenvector to an eigenvalue �: Ax = �x. Then

bx j�1 + ax j + bx j+1 = �x j, 1  j  N(1.13)
x0 = xN+1 = 0.(1.14)

The characteristic equation of the above finite di↵erence equation is

bµ2 + (a � �)µ + b = 0.

It is easy to see any eigenvalue of A must satisfy |�� a|  2|b|, the roots of the above
equation are then given by

µ =
� � a

2b
± i

r
1 �

⇣� � a
2b

⌘2
= e±i✓

where i =
p
�1 and ✓ is such that

cos ✓ =
� � a

2b
, & namely� = a + 2b cos ✓.

A solution of the di↵erence equation (1.13) is given by

x j = Im[ei✓] j = sin j✓.

In order that (1.14) to be satisfied, ✓ should be chosen so that

sin(N + 1)✓ = 0

which gives

✓ =
k⇡

N + 1
, 1  k  N.

The desired result then follows easily.
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1.6 Matrix tensor products

In this section, we shall give a brief introduction of matrix tensor products which will
be useful in the discussion of finite element equations on certain regular domains in
two and three dimensions.

Definition 8. Given A 2 Rm⇥n and B 2 Rp⇥q, the tensor product of A and B, denoted
by A ⌦ B, is an mp ⇥ nq matrix or a m ⇥ n block matrix defined by

A ⌦ B =

2
6666666666664

a11B a12B · · · a1nB
a21B a22B · · · a2nB
. . . . . . · · · . . .

am1B am2B · · · amnB

3
7777777777775

By definition we have

Theorem 2. 1. 0 ⌦ A = A ⌦ 0 = 0.
2. (A1 + A2) ⌦ B = A1 ⌦ B + A2 ⌦ B, A ⌦ (B1 + B2) = A ⌦ B1 + A ⌦ B2.
3. (↵A) ⌦ (�B) = (↵�)A ⌦ B 8 ↵, � 2 R.
4. (A ⌦ B) ⌦C = A ⌦ (B ⌦C).

The following less obvious result is important.

Theorem 3. 1. (A1 ⌦ B1)(A2 ⌦ B2) = (A1A2) ⌦ (B1B2).
2. (A ⌦ B)�1 = A�1 ⌦ B�1 if both A and B are invertible.
3. (A ⌦ B)t = At ⌦ Bt.
4. The product of two lower (upper) triangluar matrices is still lower (upper) tri-

angular.
5. The product of two orthogonal matrices is still orthogonal.

Proof. The first identity again follows from the definition and the second identity
follows from the first one. The proof for other identities is also straightforward.

Theorem 4. Let �(s, t) =
pP

i, j=0
↵i j sit j, p � 0. Define

�(A, B) =
pX

i, j=0

↵i jAi ⌦ Bj.

If {�i : i = 1 : m} and {µ j : j = 1 : n} are the spectral sets of A and B respectively,
then the spectral set of �(A, B) is {�(�i, µ j) : i = 1 : m, j = 1 : n}. Furthermore if
Ax = �x and By = µy, then �(A, B)(x ⌦ y) = �(�, µ)(x ⌦ y).

Proof. Assume that P and Q are the orthogonal matrices such that

P⇤AP = S , Q⇤BQ = T

where S and T are both upper triangular matrices. Note that S ⌦ T is still upper
triangular and P ⌦ Q is still orthogonal, and
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(P ⌦ Q)⇤(Ai ⌦ Bj)(P ⌦ Q) = (P⇤AiP) ⌦ (Q⇤BjQ) = S i ⌦ T j.

This identity implies that (P ⌦ Q)⇤�(A, B)(P ⌦ Q) = �(S ,T ). Since �(S ,T ) is an
upper triangular matrix whose diagonal entries consist of �(�i, µ j), this proves that
{�(�i, µ j) : i = 1 : m, j = 1 : n} is the spectral set of �(A, B). The rest of the proof is
straighforward by definition.

Example 9. Consider the block triadiagonal matrix

A = diag (�I, B,�I) & withB = diag (�1, 4,�1).

Obviously
A = I ⌦ B +C ⌦ I with C = diag (�1, 0,�1).

By Proposition 8, the eigenvalues of B and C are as follows:

�i(B) = 4 � 2 cos
i⇡

2(N + 1)
, � j(C) = �2 cos

j⇡
2(N + 1)

, 1  i, j  N.

By Theorem 4, the eigenvalues of A are given by

�i j(A) = 4 � 2 cos
i⇡

N + 1
� 2 cos

j⇡
N + 1

= 4(sin2 i⇡
2(N + 1)

+ sin2 j⇡
2(N + 1)

).

Example 10. Consider the block triadiagonal matrix which is the sti↵ness matrix for
the center finite di↵erence scheme for �✏uxx � uyy = f

A = diag (�I, B,�I) & withB = diag (�✏, 2(1 + ✏),�✏).

Obviously
A = I ⌦ B +C ⌦ I with C = diag (�1, 0,�1).

By Proposition 8, the eigenvalues of B and C are as follows:

�i(B) = 2(1 + ✏) � ✏ cos
i⇡

(N + 1)
, � j(C) = �2 cos

j⇡
(N + 1)

, 1  i, j  N.

By Theorem 4, the eigenvalues of A are given by

�i j(A) = 2(1 + ✏) � 2✏ cos
i⇡

(N + 1)
� 2 cos

j⇡
N + 1

= 2✏(1 � cos
i⇡

(N + 1)
) + 2(1 � cos

j⇡
N + 1

)

= 4✏ sin2 i⇡
2(N + 1)

+ 4 sin2 j⇡
2(N + 1)

.

with eigvenvectors

�k`
i j = sin

ki⇡
(N + 1)

sin
` j⇡

(N + 1)
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1.7 Dual space

Given a vector space V , its algebraic dual space consists of all linear functionals on
V together with a naturally induced linear structure.

In general, the notation h·, ·i is used to denote a dual operation between V and V 0.
For example, h f , vi, for v 2 V and f 2 V 0. There are a lot of ambiguities in the use
of such a notation. In this book, to avoid unnecessary confusion, we only use such a
notation in two major di↵erenet ways.

1. Finite dimensional case, dimV < 1. If V is a finite dimensional space, we will
only consider two di↵erent cases
(1) V = Rn. In this case, we always identify V 0 = Rn, and we always use

h f , vi = ( f , v)l2 .

(2) V ⇢ L2(⌦). In this case, V is finite dimensional functional space on a domain
⌦ ⇢ Rd. In this case, we always identify V 0 = V and h f , vi =

R
⌦

f vdx.
2. Infinitely dimensional case, dimV = 1. In this case, the situation is a little bit

subtle. We consider two di↵erent cases, namely
(1) V = {(a1, a2, · · · , an, · · · )T } is a space of infinitely sequences. In this case,

we always take V 0 = {(b1, b2, · · · , bn, · · · )T } a space of infinitely sequences,
and we always assume

h f , vi =
1X

i=1

fivi = ( f , v)l2

if f = ( f1, f2, · · · , fn, · · · ) 2 l2 \ V 0, v = (v1, v2, · · · , vn, · · · ) 2 l2 \ V .

Example 11. (lp)0 = lq, 1
p +

1
q = 1.

(2) V is a space of function (or generalized funtion) on a domain ⌦ ⇢ Rd, we
always assume

h f , vi =
Z

⌦
f vdx

if v 2 V \ L2(⌦), f 2 V 0 \ L2(⌦).

Example 12. Lp(⌦))0 = Lq(⌦), 1
p +

1
q = 1.

Example 13. V = H1
0(⌦),V 0 = H�1(⌦).

Example 14. V = D(⌦),V 0 = D0(⌦).

1.7.1 Finite dimensional spaces and dual basis

Let V be a finite dimensional space with

n = dim V < 1
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and a basis {�i} ⇢ V . It is easy to see that the dual of a finite dimensional space is
also finite dimensional and

(1.15) dim V 0 = dim V.

In fact, for each i, we can define a functional �0i 2 V 0 such that:

h�0j, �ii = �i j, 81  i, j  n.

Namely, if v =
Pn

j=1 ↵i�i.,
h�0i , vi = ↵i

and, for any f 2 V 0, we have,

h f , vi =
mX

i=1

↵ih f , �ii =
mX

i=1

h f , �iih�0i , vi = h
mX

i=1

h f , �ii�0i , vi

As a result

f =
mX

i=1

h f , �ii�0i .

This means (�0i) is a basis for V 0. Hence (1.15) is valid. In fact, we identify V 0 = V
and hence we can view that both �0j and � j belong to V and are two basis of V , but
they play di↵erent roles.

Lemma 3. Assume that (�i) and (�0i) are dual bases of V and V 0 respectively. Then

(1.16) v =
nX

i=1

h�0i , vi�i, v 2 V,

and

(1.17) f =
nX

i=1

h f , �ii�0i .

1.7.2 Vector and matrix representations

Given any v 2 V , it can be uniquely written as a linear combination of the basis of V:

v =
nX

i=1

vi�i.

The coe�cient vector of this representationev = (v1, . . . , vn)T 2 Rn will be called the
vector representation of v under the basis (�i). This defines the following operator:

˜ : V 7! Rn.

which gives the following adjoint operator
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˜0 : (Rn)0 7! V 0

such that

ỹ0 =
nX

i=1

yi�
0
i .

Namely
(y, ṽ)`2 = hỹ0, vi.

Given two linear vector spaces V and W and A 2 L(V,W), the matrix represen-
tation of A with respect to a basis (�1, · · · , �m) of V and a basis ( 1, · · · , n) of W is
the matrix eA = (eai j) 2 Rn⇥m satisfying

(1.18) (A�1 · · · , A�m) = ( 1 · · · , n)eA.

Namely

(1.19) A� j =

nX

i=1

eai j i 1  j  m.

Thus

(1.20) eai j = h 0i , A� ji

In the special case that W = V 0, we always take ( 1, · · · , n) = (�01, · · · , �0n), the
basis of V 0 that is dual to (�1, · · · , �n), hence we have eai j = h�i, A� ji.

Obviously di↵erent bases of V or W correspond to di↵erent matrix representa-
tions of A 2 L(V,W) and di↵erent vector representation of v 2 V . But in another way
the matrix representation can be viewed uniquely for a fixed base (�) of the linear
vector space V . Furthermore, any v 2 V can be represented explicitly with the help
of basis of its dual space. In terms of the basis (�0i) that is dual to (�i), by (1.16), we
have

vi = h�0i , vi.

Let us summarize some important properties of matrix representation and vector
representation in the following lemma.

Lemma 4. Let A : V 7! V 0, then

hAu, vi = (eAeu,ev)`2 .

Proof. It su�ce to prove that for each i we have

hAu, �ii = (eAeu)i.

In fact, let u =
nP

j=1
eu j� j, then
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hAu, �ii = hA
nX

j=1

eu j� j, �ii =
nX

j=1

eu jhA� j, �ii

=

nX

j=1

eai jeu j = (eAeu)i.

Lemma 5. Assume that U,V and W are linear vector spaces. The matrix represen-
tation and vector representation satisfy the following properties:

1. For A 2 L(V,V),
�(eA) = �(A).

2. If A 2 L(V,W) is invertible, then

gA�1 = eA�1.

3. For A 2 L(V,W) and v 2 V,
fAv = eAev.

4. For A 2 L(V,W),
eAt = (eA)t.

5. For A 2 L(V,W) and B 2 L(W,U),

fBA = eBeA.

1.7.3 Duals of operators

Given any vector space V , we can define the following mapping:

J : V 7! V 00

by
hJ(v), f i = h f , vi, v 2 V, f 2 V 0.

It is easy to see that J is injective. When J is also surjective, we then call V is
reflexive. In this case, by our definition, V is simply a representation of V 00 with the
natural pairing

hv, f i = h f , vi, v 2 V, f 2 V 0.

In this case, V is called reflexive, and we simply write

V 00 = V.

It is easy to see that every Hilbert space is reflexive. Examples of non-Hilbert spaces
that are reflexive include `p and Lp(⌦) for 1 < p < 1. One well-known non-reflexive
Banach space is L1(⌦).
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Unless otherwise specified, only reflexive spaces will be discussed in relationship
with duals in the rest of this book. In fact, we will mainly focus on Hilbert spaces.

Given two vector spaces V and W and a linear mapping

T : V 7! W,

the adjoint of T :
T t : W 0 7! V 0

is defined by
hT tg, vi = hg,Tvi,8g 2 W 0, v 2 V.

In particular, we will be interested in linear mappings between V and its dual V 0.
Since we are mainly considering Hilbert spaces or finite dimensional spaces, we will
thus assume that

V 00 = V.

As a consequence, for any linear mappings A : V 7! V 0 and B : V 0 7! V , their duals
A0 : V 7! V 0 and B0 : V 0 7! V satisfying

(1.21) hA0u, vi = hAv, ui, h f , B0gi = hg, B f i, 8u, v 2 V, f , g 2 V 0.

1.8 Symmetric positive definite operators

We say that A (or B) is symmetric if hA0u, vi = hAv, ui, 8u, v 2 V (or h f , B0gi =
hg, B f i, 8 f , g 2 V 0). We say that A is symmetric positive definite if

(u, v)A ⌘ hAu, vi

defines an inner product on V which induces a norm k · kA given by

kvk2A = (v, v)A.

We will call this inner product as energy inner product or A-inner product. Since
we will use this inner product frequently in this book, we introduce an abbreviated
notation for this inner product:

(1.22) (u, v)A ⌘ hAu, vi

We sometimes also use the notation a(·, ·) to denote the A-inner product. Thus, we
have the following notation to denote the same thing:

a(u, v) = (u, v)A = hAu, vi

We will use ⇤ to denote adjoint operator with respect to this inner product, namely
for C : V ! V , C⇤ : V ! V is the unique operator satisfying

(1.23) (C⇤u, v)A = (u,Cv)A, u, v 2 V.

By definition, we have

28



c� Jinchao Xu Jinchao Xu

Lemma 6. If A : V ! V 0 is SPD, then for any B : V 0 ! V

(BA)⇤ = B0A0.

Namely
(BAu, v)A = (u, B0Av)A.

We note that we have introduced two di↵erent adjoint operations here:

1. the adjoint “0” is defined between V and its dual V 0 using the paring between V
and V 0, and,

2. the adjoint “⇤” is defined between V and itself using the energy inner product on
V .

For the rest of this chapter, we will introduce the matrix representation of some
important operator step by step.

Lemma 7. For a given operator A 2 L(V,V 0), its matrix representation (ai j) in terms
of dual bases

A� j =

nX

i=1

ai j�
0
i

is just the so-called sti↵ness matrix of the operator A:
eA = (ai j) 2 Rn⇥n with ai j = hA� j, �ii := a(� j, �i).

1.9 Symmetric semi-positive definite operators

We say that A is symmetric semi-positive definite (SSPD) if

(u, v)A ⌘ hAu, vi
nonnegative bilinear form on V which induces a semi-norm k · kA given by

(1.24) kvkA = (v, v)1/2
A .

Lemma 8. The semi-norm k · kA defined by (1.24) satisfies the following properties:

1. kukA = 0 i↵ u 2 N(A).
2. k · kA is a norm on the quotient space V/N(A).

Proof. Let u 2 V be such that

(u, u)A = 0.

Then we have
(u, u)A = min

t2R
(u + tv, u + tv)A, 8v 2 V.

This immediately implies that

hAu, vi = (u, v)A = 0, 8v 2 V.

Thus Au = 0, namely u 2 N(A). The remaining results of the lemma is straightfor-
ward.
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1.10 Identifying operators between V and V
0

When V is a finite dimensional space, its dual V 0 can often be identified with V
through the following identifying operator:

◆ f =
nX

i=1

h f , �ii�i, f 2 V 0.

Namely,

(1.25) ◆ : V 0 7! V, ◆�0j = � j (1  j  n).

By definitions,

◆�1v =
nX

i=1

h�0i , vi�0i , v 2 V.

and Note that
e◆v = ◆̃0ṽ0

From the definition we see that the matrix representation of ◆ is the identity matrix,
namely ◆̃0 = I.

Using the identifying operator ◆, we can define an inner product on V as follows

(u, v)◆�1 = (◆�1u, v) = h◆u, vi.

By definition,

(u, v)◆�1 = (ũ, ṽ)`2 =

nX

i=1

h�0i , uih�0i , vi.

Lemma 9. Assume that A : V 7! V 0 is SPD. Then ◆A : V 7! V is symmetric (and
positive definite) with respect to both of the (·, ·)A and (·, ·)◆�1 inner products.

Proof. By definition,

◆Au =
nX

i=1

hAu, �ii�i

Let us try

(◆Au, v)A =

nX

i=1

hAu, �iihAv, �ii = (u, ◆Av)A.

This means that ◆A : V 7! V is a symmetric positive definite operator with respect to
inner product (·, ·)A. Furthermore

(◆Au, v)◆�1 = (u, v)A = (u, ◆Av)◆�1 .
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1.11 Subspaces

1.11.1 Subspaces

Given a vector space V and a closed subspace V0 ⇢ V , we shall now discuss various
relationships between V0, V and their duals. We assume that V0 is equipped with a
basis

�0
1, �

0
2, . . . , �

0
n0
, n0 = dim V0.

1.11.2 Inclusion operator: V0 7! V and prolongation matrix: Rn0 7! Rn

Consider the inclusion opeartor another operator i0 2 L(V0,V) that

i0v0 = v0 v0 2 V0.

Let P = (pi j) = (h�0i , �0
ji) : Rn0 7! Rn such that

�0
j =

nX

i=1

pi j�i,

or
(�0

1, . . . , �
0
n0

) = (�1, . . . , �n)P.

If
v0 =

X

i

v0
i �

0
i =

X

i

vi�i

Then 0
BBBBBBBBBB@

v1
...

vn

1
CCCCCCCCCCA
= P

0
BBBBBBBBBB@

v0
1
...

v0
n0

1
CCCCCCCCCCA
,

Namely P is the matrix representation of the inclusion i0 : V0 7! V .
The space V is endowed with the inner product (·, ·)A, and the Riesz operator

can be defined. Here we give more structures between di↵erent linear vector spaces
originated from the nested relation in hierarchical basis as follows.

V 00 versus V 0: restriction

Given f 2 V 0, let f0 2 V 00 be such that

h f0, v0i = h f , i0v0i

This define an operator: i00 : V 0 7! V 00 with f0 = i00 f .
Indeed, as the notation implies, i00 is the dual of i0. If we write

f0 =
n0X

i=1

f 0
i (�0

i )0, f =
nX

i=1

fi�0i ,
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then we have 0
BBBBBBBBBB@

f 0
1
...

f 0
n0

1
CCCCCCCCCCA
= PT

0
BBBBBBBBBB@

f1
...
fn

1
CCCCCCCCCCA

PT : Rn 7! Rn0 is the matrix representation of i00 : V 0 7! V 00.

1.11.3 General Galerkin-projection

We recall that A : V 7! V 0 and A0 : V0 7! V 00 that satisfy

hAu, vi = (u, v)A, hA0u0, v0i = (u0, v0)A, u, v 2 V, u0, v0 2 V0.

The Galerkin projection P0 : V 7! V0 is defined by

(P0u, v0)A = (u, v0)A, v 2 V, v0 2 V0.

We note that, by definition,
A0 = i00A i0.

and
A0P0 = i00A.

As a result,

(1.26) P0 = (A0)�1 i00A.

This implies that

(1.27) i00A(I � P0) = 0.

Taking the matrix representation, we get

Ã0P̃0 = ˜i00Ã = PT Ã.

Namely
P̃0 = (Ã0)�1PT Ã = (PT ÃP)�1PT Ã.

We note that
P̃0P = I.

Namely P̃0 : Rn : 7! Rn0 is a left inverse of the prolongation matrix P.
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Subspaces and duals

Given V0 ⇢ V , let us ask the following simple question:

What is the relationship between V 0 and V 00?

Given f 2 V 0, since V0 ⇢ V , we clearly have a well-defined h f , v0i for any v0 2 V0.
It is therefore tempting to make the following conclusion:

(1.28) V0 ⇢ V ) V 0 ⇢ V 00.

But, strictly speaking, the conclusion (1.28) is totally false. In fact, V 00 and V 0 can
not be compared because a functional in V 0 which is defined on V and a function V 00
which is defined on V0 can not be compared as they are defined on di↵erent spaces.
This is analogous to the fact that the function spaces L2(�1, 1) and L2(0, 1) can not
be compared to each other although we have

(0, 1) ⇢ (�1, 1)

because the domain is one key component that defines a function.
To further convince that the statement (1.28) is false, we consider the following

simple example:
Pn(0, 1) ⇢ L2(0, 1).

The dual (L2(0, 1))0 = L2(0, 1), which is an infinite dimensional space, can not be a
subspace of (Pn(0, 1))0 which a finite dimensional.

Define

(1.29) V (0)
0 = { f 2 V 0 : h f , v0i = 0, v0 2 V0.}

Theorem 5. The following isomorphic relationship holds:

V 00 h V 0/V (0)
0 .

Proof. Define the restriction linear operator R : V 0 7! V 00 such that

hR f , v0i = h f , v0i, f 2 V 0.

By defintion
null(R) = V (0)

0

Thus
range(R) = V/null(R) = V/V (0)

0

It is easy to see that R is surjective (which is trivial in finite dimensional case and
for infinite dimensional space, Hahn-Banach theorem is needed to establish this),
namely

range(R) = V0

The desired result then follows.

33



c� Jinchao Xu Jinchao Xu

1.11.4 Relationship between functions and vectors, operators and matrices

• v =
nP

i=1
vi�i, ṽ = (v1, . . . , vn)T ; f =

Pn
i=1 fi�0i , f̃ = ( f1, . . . , fn)T

• (A�1, . . . , A�n) = (�1, . . . , �n)Ã; (�0
1, . . . , �

0
n0

) = (�1, . . . , �n)P;

V V 0

Rn (Rn)0

V0 V 00

Rn0 (Rn0)0

A

⇠

i0
i00

⇠

Ã

P
A0

⇠

Ã0

⇠

PT

P0

P̃0

◆

◆0

◆̃

◆̃0

Fig. 1.1. Commutative diagrams for various operators

Theorem 6. The following relationships hold

Top:
fAv = Ãṽ(v 2 V)

and
e◆ f = ◆̃ f̃ ( f 2 V 0)

Bottom:
gA0v0 = Ã0ṽ0(v0 2 V0)

and
g◆0 f0 = ◆̃0 f̃0( f0 2 V 00).
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Left :
gi0v0 = Pṽ0 ( namely ĩ0 = P),

and
gP0v = P̃0ṽ.

Right :
PT f̃ = fi00 f ( f 2 V 0).

Back :
A0 = i00Ai0,

and
A0P0 = i00A,

and
i0◆0 i00 = ◆.

Front:
Ã0 = PÃPT ,

and
Ã0P̃0 = PT Ã,

and
P◆̃0PT = ◆̃.

The three commutative diagrams on the top row mean that

gi0v0 = Pṽ0( namely ĩ0 = P), A0 = i0A i00, ei00 = PT .

The other two commutative diagram mean that:

fAv = Ãṽ, Ã0 = PT ÃP.

Au = f () Ãũ = f̃ .

kvkA = kṽkÃ
Rsym = R0 + R � R0AR

R̃sym = (R̃)0 + R̃ � R̃0ÃR̃

For Jacobi,

R f =
nX

i=1

(�i, �i)�1
A h f , �ii�i
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1.11.5 Finite element spaces and duals

Let us now consider the finite element space Vh defined by (2.5) in §2 with nodal
basis functions given by (2.6). Thanks to the property (2.7), it is obvious that a basis
function V 0h which is dual to the nodal basis functions (2.6) is given by

(1.30) V 0h = {�xi : i = 1 : N}

where �0xi
is the Dirac �-function associated with the nodal point xi:

(1.31) h�xi , vi = v(xi), v 2 Vh.

As we shall see later, the construction of a basis of a finite element Vh is actually
determined by a basis function in V 0h which is often a priori given.

A so-called sti↵ness matrix for this operator with respect to the nodal basis func-
tion given by (2.6) is

A = (a(� j, �i)).

Global polynomial space

Now we consider the polynomial space Vn defined by (1.7) together with the nodal
basis functions given by (1.8). Again, we obviously have

(1.32) V 0h = {�xi : i = 1 : n}

where �0xi
is the Dirac �-function associated with the nodal point xi:

(1.33) h�xi , vi = v(xi), v 2 Vn.

At the first glance, we seem to have obtained the same dual spaces V 0h and V 0n as
given in (1.30) and (1.32) respectively for two di↵erent spaces Vh and Vn. But the
spaces given n in (1.30) and (1.32) are two completely di↵erent spaces because that
the �-functions in (1.30) and (1.32) have di↵erent domains as given in (1.31) and
(1.33) respectively.

1.11.6 Di↵erent inner products

In this section, we consider some special vector space V that is equipped with another
inner product [·, ·].

In this case, we can define the Gram matrix as follows:

(1.34) M = ([� j, �i])i, j.

This matrix M is often called the mass matrix when W = L2(⌦).
We can also define an operator R : V 7! V 0 such that

hRu, vi = [u, v], u, v 2 V.
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It is easy to see that the matrix representation of R is just the W-Gram matrix given
by (1.34). Namely

R̃ = M.

Now given a subspace V0 ⇢ V , we can then define the corresponding M0 and R0
which satisfy

R̃0 = M0.

Special projection

Given V0 ⇢ V , consider the following orthogonal projection G0 : V 7! V0 by

(1.35) [G0u, v0] = [u, v0], u 2 V, v0 2 V0.

Lemma 10. Define the imbedding i00 : V0 ! V, then

G0 = R�1
0 i00R.

Its matrix representation is given by

eG0 = M�1
0 PT M.

Proof. The proof follows by definition:

[R�1
0 i00Ru, v0] = h i00Ru, v0i = hRu, v0i = [u, v0].

Lemma 11. Let
X = A�1R(I �G0),V?0 = (I � P0)V.

Then X : V?0 7! V?0 is an isomorphism and furthermore

X�1 = (I � P0)R�1A.

Proof. By definition,

hRG0u, v0i = hRu, v0i, u 2 V, v0 2 V0.

Let S = A�1R, then

(S G0u, v0)A = (S u, v0)A, u 2 V, v0 2 V0

By definition
P0S (I �G0) = 0.

This means that
S (I �G0) : V?0 ! V?0 .

Furthermore the following identity holds:

(S (I �G0))�1 = (I � P0)S �1

There are three cases that are of special interests.
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1. [·, ·] is the L2(⌦)-inner product. In this case G0 is just the L2 projection, which is
often denoted by Q0 : V 7! V0, and it satisfies

Q̃0 = M�1
0 PT M.

2. [u, v] = (u, v)A. In this case, G0 is just the Galerkin project P0 : V 7! V0 that
satisfies

P̃0 = Ã�1
0 PT Ã

which coincide with (1.27).
3. Given an operator S : V 7! V which is SPD with respect to A-inner product, we

define
[u, v] = (S u, v)A.

Then we have an isomorphism

S (I �G0) : V?0 ! V?0 .

and
[S (I �G0)]�1 = (I � P0)S �1.

This result is useful in analyzing the two-level AMG convergence.

1.12 Infinite dimensional space and topological dual

1.12.1 Some examples of infinite dimensional vector spaces

We consider the following infinite-dimensional vector space:

1. `p: the set of sequences x = (x1, x2, · · · ) such that kxk`p < 1, where

kxk`p :=
0
BBBBB@
1X

i=1

|xi|p
1
CCCCCA

1/p

.

2. Lp(⌦): the set of integrable functions with bounded Lp norm k · kLp :

k f kLp :=
 Z

⌦
| f |pdx

!1/p

.

They are both normed Banach space.
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1.13 Continuous dual space

When V is a topological vector space, its continuous dual space, denoted by V 0,
consists of all continuous linear functionals on V . In this book, we will only consider
continuous dual space which will be simply referred as dual space.

The space V 0 is a topological vector space equipped with the weak ⇤ topology,
namely, in V 0, fn * f if and only if h fn, vi ! h f , vi for all v 2 V .

When V is a Banach space equipped with a norm k · kV , a strong topology can be
defined on V 0 through the following induced dual norm

k f kV 0 = sup
v2V

h f , vi
kvkV

.

With this norm, V 0 is also a Banach space.
A strong topology can also be defined on a non-Banach, but complete locally

convex space. But we will not use such kind of strong topology in this book.
The definition of V 0 is abstract and in general, we can not say what is like for

f 2 V 0.

Example 15. V = Rn. For this simple example, what is its dual space V 0?
Let us first take any vector u, v 2 Rn, and consider

(1.36) hu, vi0 :=
nX

i=1

uivi = (u, v)`2

which is obviously a continuous linear functional.

Example 16. V = Pn�1[x]. Let us consider the space, Pn�1[x], of polynomials of de-
gree less than or equal to n. Given p 2 Pn�1[x]

p(x) =
nX

i=1

pixi�1

and consider

(1.37) hp, vi1 :=
Z 1

0
p(x)qv(x)dx, qv(x) =

nX

i=1

vixi�1,

which is also obviously a continuous linear functional.
By definition, we have

(1.38) u 2 V 0 and p 2 V 0

Does this mean that
Rn ⇢ V 0, Pn�1[x] ⇢ V 0?

Before we address this question, let us do the following simple calculation:
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hp, vi1 =
Z 1

0
p(x)qv(x)d =

nX

i, j=1

hi j piv j = (up, v)`2 = hup, vi0.

where

up = Hp with hi j =

Z 1

0
xi+ j�2dx =

1
i + j � 1

.

For such an u = up 2 Rn, we have

up = p in V 0.

At the first glance, this identity is very strange as the left side is a vector in Rn and
right side is a polynomial in Pn�1[x]. But as a linear functional on V , they are identical
since

(1.39) hup, vi1 = hp, vi0, v 2 V

where the left side is evaluated as in (1.36) and the right side is evaluated as in (1.37).
Indeed, we have

(1.40) (Rn)0 = {u 2 Rn : hu, vi = (u, v)`2 } .

And we also have

(1.41) (Rn)0 = {p 2 Pn�1[x] : hp, vi = (p, qv)L2(0,1)}.

By convention, we often drop the details on how the functional evaluation is done
and simply write in short:

(1.42) (Rn)0 = Rn

or

(1.43) (Rn)0 = Pn�1[x]

Obviously it is a bit dangerous to write these short-hand identities as they would
imply the following pathological identity:

Rn = Pn�1[x].

This identity would make more sense if we their respective functional evaluations
are specified:

(Rn)h·,·i1 = (Pn�1[x])h·,·i0 .

1.13.1 Representation of dual space

Dual is an abstract concept. We can have a realistic realization or representation of
this dual in terms of some specific definition of dual pairing.

40



c� Jinchao Xu Jinchao Xu

Definition 9. We say that a topological vector space W is a representation of V 0 if
the following three conditions are satisfied:

1. For any w 2 W, there is a well-defined continuous linear functional [w, v] for
any v 2 V.2

2. For any f 2 V 0, there is a unique w 2 W such that

[w, v] = h f , vi, v 2 V.

3. The topology in W is equivalent to the weak-⇤ topology of W induced by the
paring [·, ·]. 3

Obviously, for any V , representation of V 0 is not unique. For the space Rn, we see that
either Rn or Pn�1[x] is a representation of (Rn)0. These two di↵erent spaces are di↵er-
ent in the way how the pairings are evaluated. We note that the paring in (1.36) based
on `2 inner product is much more natural/neutral than the one defined in (1.37). In
fact, the paring based on `2 inner-product can be deemed to be the most natural/neu-
tral. It is conventional that the dual space, V 0, is often represented by a functional
space based on `2 or L2 parings. It is by this convention that we often write (1.42)
but not (1.43).

Other conventional representation of dual spaces based on `2 or L2 parings are as
follows:

(`p)0 = `q, (Lp(⌦))0 = Lq(⌦), p 2 (1,1], q 2 [1,1) such that
1
p
+

1
q
= 1.

When p = q = 2, we have

(`2)0 = `2, (L2(⌦))0 = L2(⌦).

In Sobolev spaces, L2 is the most basic Hilbert space (that involves no derivatives).
It can be viewed as the pivotal space between many nontrivial Sobolev spaces and
their duals (representations based on L2-paring). For examples, for p � 2 and integer
m � 1

Lp(⌦) ,! L2(⌦) ,! (Lp(⌦))0 = Lq(⌦)

By (1.39), for the linear function p defined in (1.37), there is a up 2 Rn such that

(up, v)`2 = hp, vi, v 2 Rn.

This is a special case of the following general Riesz Representation Theorem.

Theorem 7. Assume that V is a Hilbert space with linear inner product (·, ·)V . Then
for any f 2 V 0, there exists a unique u 2 V such that

(u, v)V = h f , vi, v 2 V

and, furthermore
kukV = k f kV 0 .

2 This linear functional can often be explicitly defined for w in some subspace of W.
3 In the case of Banach space, the original norm in W, k · kW , is equivalent to the dual norm:
kwkW h supv2V

[w,v]
kvkV .
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In our language, the Riesz representation simply says that one representation of the
dual space of any Hilbert space V is simply V itself if the inner product of V is used
as pairing. With the exception of `2 and L2(⌦), the representation given by Riesz
representation theorem is not the natural representation of a Hilbert space.

In most literature, the Riesz representation theorem is often interpreted as saying
the dual space of a Hilbert space is isometrically isomorphic to itself.

A convention for the choice of natural pairing

Given a vector space V , we will adapt a convention that has been commonly used in
the literature for the choice of paring h·, ·i for two kinds of vector spaces.

The first kind is discrete space, such as finite dimensional Rn and and infinitely
dimensional `p, we choose the discrete `2 pairing:

(1.44) h f , vi =
X

i

fivi

In this case, we often have the following relationship:

(1.45) V ,! `2 ,! V 0.

or

(1.46) V  - `2  - V 0.

In the finite dimensional case,

(1.47) V = V 0.

In our study, we rarely use infinitely dimensional discrete space. Thus, unless other-
wise specified, we always have the relationship (1.47).

Thus `2 is often known as the pivotal space between V and V 0.
The second kind is infinitely dimensional functional space defined on a domain

⌦, we choose the continuous L2 pairing:

(1.48) h f , vi =
Z

⌦
f (x)v(x)

In this case, we often have the following relationship (when ⌦ is bounded)

(1.49) V ,! L2(⌦) ,! V 0.

or

(1.50) V  - L2(⌦) - V 0.

Thus L2(⌦) is often known as the pivotal space between V and V 0.
Unless specified otherwise, we will usually start with V ⇢ L2(⌦), e.g. V = H1

0(⌦),
and thus (1.49) holds. Again, for finite dimensional functional space (such as finite
element space), we always have

(1.51) V = V 0.
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Dual basis when we view V as a representation of V 0

We assume that V is equipped with an inner product [·, ·], then V is a representation
of V 0 using the inner product [·, ·]. In fact for any f 2 V 0, it is easy to see that there
exists a unique u 2 V such that

[u, v] = h f , vi, v 2 V.

Now, we call {�⇤i } ⇢ V is a basis of V that is dual to the original space if

[�⇤j , �i] = �i j, 81  i, j  n.

It is easy to see that such a dual basis in V uniquely exist.
The following identity holds:

v =
nX

i=1

h�0i , vi�i =

nX

i=1

[�⇤i , v]�i, 8v 2 V.
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