12

Mixed finite element methods for second order elliptic problem

12.1 A simple example: Darcy’s law

For the model problem,

{—div(agrad u)y=f, €29
u=0, €9dR.
We can introduce an intermediate variable:
p = agrad u.
The problem becomes
(12.1) {a"p—grgidVZigf

Let
0 = H(div,Q), V=L*Q)

Then we have the corresponding variational form of mixed type:

(»)+b(»):0 VGQ’
(12.2) {ap 2 2ty e v

where ! .
a(p,q) = (@ p,q), b(p,v)=(divp,v).

The mixed formulation requires p € H(div) and u € L.
We use the discrete spaces H;IJW and Li to approximate Q and V. Let

Q) = HyM(Q) N Ho(div, Q),  Vj = Li(Q)
Find p;, € Oy, up € V), such that

(12.3) {(a_lpthh) + (d‘iVCIh, up) =0 Yan € O,
’ (divpp, vi) = =(f,vi) Yvi € Vi,

Let the basis function in Q) be {¢;}! | and the basis function in V}, be {;}!” . Then

i=

n m
Ph = Z pi¢; and u;, = Z ui;.

i=1 i=1
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(12.4) {Z?:u (@i $)p; + L (divei, yuy = 0,
21 Wi, divep; = —(f.v),
Denote p = (p1, ..., Pn)s it = (U1, ..., ) and X = (p,u)". Let A € R™", B € R"™" such that
Aij= (@' 8)),
Bij = (i, dive)),
-[37]

bi = —(f,¢), b = (by,...,by) and b = [01, f17. For this discrete problem, it can be represented as
A% =b.
For this discrete problem, we can prove that there exists a unique the solution.

Lemma 86. The exists an unique (py, uy) € Qp X Vy, satisfies (12.68).

Proof. The existence means that for any given f, there exists a solution which satisfies the discrete
problem. The uniqueness means that the solution is unique. Put it in another way, if f = 0, then the solution
must be zero as well. Notice that for this discrete problem, both the existence and the uniqueness means that
the matrix A is nonsingular. So we only need to prove one of them. Let us verify the uniqueness.

If f =0, let v, equals u;, and g, equals pj, then the second term in the first equation equals zero, and it
implies

pr=0.
Then for each g, € Oy,
(divgp, up) = 0.

Since Range(Q;,) = V}, by choosing g, such that u;, = divgy,
up = 0.

So we have the uniqueness of the solution. The uniqueness implies that the discrete system is nonsingular,
therefore the existness of the solution. [
Next, we use the commutative diagram to give error estimate for the solution.

Lemma 87. If p € H*(Q), the following relationships hold:

(12.5) divp, = divil{Vp = [1)divp = ~I1) f,
(12.6) (p— pw 1TV p — py) = 0,

(12.7) Idiv(p — pwllo = lldivp — IT0divplly < hldivpl;,
and

(12.8) lp = pallo < llp = 17" pllo < hlpl;
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Proof. Since p, € Q) ¢ HY(Q),

(divpy, vi) = =(f, vi) = (divp, vp),

we have
divp, = ~IT) f = IT)divp.

By the commutative property, A
diviI™ p = IT)divp.

Since I10g = q, Vqlx € Po(K)* , Bramble-Hilbert lemma tells
div(p — pullo = lldivp — ITYdivpllo < hldivpl;.
Next, we prove the second identity. Since
(p = pi 1T p = pi) + (VAT p = py), up) = 0,

and div(/I™™ p — p;,) = 0, the second term equals zero, so we have

(p = pn 11" p = py) = 0.
Then

lp = pall® = (p = pus p = 113" p) + (p = pis 11 p = p1) = (p = pus p = 113 p) < llp = pallollp = 11, pllo.

Since Hf}ivq = ¢, Yqlx € Po(K)?, Bramble-Hilbert lemma tells

lp = pallo < llp — 11" pllo < Rlpli.

12.2 Basic functional analysis results

First we consider a m by n matrix B : R" — R™ where B = (by,-- -, b,)T and b; € R*, 1 < i < n. Denote
the column space of B” by range(B”) and the null space of B by null(B) as below
range(BT) = span{by, - , by},
null(B) = {v € R" : By = 0}.

It is known that range(B7) = null(B)*.
Then the following statements are equivalent.

Lemma 88. The following properties are equivalent:
(1) The inf-sup condition holds:

T

v =8>0;

(12.9) inf sup =
germ v [[VI[llgl]

(2) The matrix BT is an isomorphism from R™ onto range(B") and

(12.10) IB"qll = Bligll ¥ ¢ € R™;
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(3) The matrix B is an isomorphism from R" /null(B) onto R™ and
(12.11) I1Bv|| = Blvl ¥ v € null(B)*.
Proof. (1 & 2): The inequality (12.9) implies that

T

By
sup 4
vere [Vl

> Bligll, Ygq € R™.

The fact that ||B” g|| = sup,cz» % gives (12.10) and

rank(B") = m.

Thus, B is an isomorphism from R” to range(B”), which completes the proof for the equivalence between
(1) and (2).
(2 = 3): For any v € R"/null(B),
Bv=0=v=0.

Thus, B is an isomorphism from null(B)* onto R™. For any v € null(B)*,

(Bv, q) (v, B'q)
1Byl = sup == > g sup 2 = .
o gl " prao BTl
3 =2):
(Bg.v) (4, BY)
1B gl = sup == > sup <L = gl
Y A T

0
In the following, we consider the case that B is an operator. We first give a few well known theorems
from functional analysis. We details on these results, we refer to Yosida [45].

Theorem 86 (Open mapping theorem). If' V and Q are Banach spaces and B : V +— Q is continuous and
surjective, then B is an open map; namely if U is an open set in V, then B(U) is an open set in Q.

Denote
Z=WweV:bv,g=0 VgqeQ}=Ker(B).

Given a subspace W C V, we define its polar sets and W° c V as follows
Wo={(feV :(fiv)=0 YveW).
Namely
W = Ker(z},)

where 1y : W — V is the natural inclusion operator. Similarly, for a given subspace F C V', we define its
polar set °F c V’
"F={xeV: (fiyy=0 V feF}.

Namely
OF = Ker(ip)

where 1 : F — V’ is the natural inclusion operator.

Theorem 87 (Closed range theorem). Let V and Q be Banach spaces, and T a closed linear operator
defined in 'V into Q such that domain of T, D(T) is dense in V. The following propositions are all equivalent:
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R(T) is closed in Q,

R(T’) is closed in V',

R(T) =" N(T") := {q € 0,{q, q) = 0, forall ¢ € N(T")},

R(TH=NT)° = eV, (V,v) =0, forallve N(T)).

We also introduce the concept of quotient space. Given a Banach space V, and a closed subspace M of

V, the quotient space V/M is defined as the set of equivalent classes [v] := {g € V|g —v € M}. Then V/M is
also a Banach space with respect to the quotient norm

IVl = inf v ~ gl
For the case that V = R" and B is a matrix,
Z = null(B).
Since range(B”) = null(B)*, we know that
70 = range(BT).
Next, we introduce a theorem for any operator B as a generalization of Lemma 88 for a matrix B.

Lemma 89. The following properties are equivalent:
1. The inf-sup condition holds:

b(v,q)

(1212 O30 viigly =P~
2. The operator B’ is an isomorphism from Q onto Z° and
(12.13) IB'qllv: > Bllgllo ¥ g€ 0;
3. The operator B is an isomorphism from V/Z onto Q' and
(12.14) I1Bvilg = Blvlly;z YveV.
or equivalently, when V is an Hilbert space, the operator B is an isomorphism from Z* onto Q' and
(12.15) IBvllg = Blvily ¥ veZ*.
Proof.

(1 & 2): Clearly the inequality (12.12) and (12.20) are equivalent. Hence (2) implies (1). Then we only

need to prove that (12.20) implies that B” is an isomorphism from Q to 7°. Since B’ is one to one, we know
that B’ is isomorphism from Q to its range R(B’). Thus R(B’) is closed in V’. Now apply the Closed Range
Theorem of Banach, we obtain that

range(B') = (ker(B))° = Z°.

This means that (1) implies (2). Thus we have proved that (1) and (2) are equivalent.

(2 & 3): The main thing is to establish that Z° can be isometrically identified with (V/Z)'. Indeed, with
each g € (V/Z)’, we associate the element § € V' by:

<g7 V> = <g’ [V]> VV € V

where [v] is the equivalent class of v in V/Z. Obviously, § € Z° and it is easy to check that the above
correspondence is an isometric bijection.
We know that if an operator is invertible, then its adjoint is also invertible. Thus B’ is an isomorphism

from Q to Z° and (12.20) holds if and only if B is an isomorphism from V/Z to Q' and (12.21) holds.
In case that V is an Hilbert space, we only need to show that Z° can be isometrically identified with
(Z*+), which follows from a similar argument with the Banach space case. [
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12.3 Babuska Theory

The Babuska theory we will now describe has two parts. The first part concerns the well-posedness
of a general linear variational problem and the second part concerns the approximation property of the
discretization of the varitional problem.

Let V and Q be two Hilbert spaces, with inner products (-, -)y and (-, -)g respectively. Let b(-,-) : VX Q
R be a continuous bilinear form

(12.16) b(u, q) < [1bI] llullvligllo-
Consider the following variational problem: Find u € V such that
(12.17) b(u,q) =(g.9), VYq€0,
where g € Q’ (the space of continuous linear functionals on Q) and (-, ) is the usual pairing between Q" and
' By Riesz representation theorem, there exists g € Q such that
&.q9) =, Yqe0.
And

S -7 ) B ¢ - )
lIgllo = sup =sup = —
ae0 llgllo  ge0 llgllo
Then the above problem becomes: Find u € V such that

(12.18) b(u,q) = (&,q9), VYq€Q,

where g € Q. In the rest of this chapter, we replace g in (12.18) by g.
Denote

= ligllgr-

K:={ueV:buq) =0, Yq e 0}.
According to Lemma 89, the inf-sup condition

b(v,q) —5>

(12.19) =
a<Q vev [Vllvllgllo

means

1. For any f € K+, there exists a unique p € Q such that

b(v,p) = (f,v), Yve V.

(12.20) If1lv = Bllpllo;

2. For any g € Q, there exists a unique u € K+ such that

b(u,q) = (g,9), Yq € Q.

(12.21) ligllo = Bllully.

The first part of Babuska’s theory concerns the well-posedness (existence, uniquess and continuous data
dependence) of the equation (12.18). For existence, the above analysis gives that if

(12.22) By = inf sup 229

>0,
4<Q vev Vllvllgllo
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there exists a unique solution u € K+ C V.,
The uniqueness means that if

b(u,q) =0Vq € Q,
u = 0 is resulted. Under the inf-sup condition

b b
(12.23) po = infsup T
veV ge0 ||V||V||CI“Q

s

we know that u has to be zero such that

b(u,q) =0, Yq € Q.

Thus it proves the uniqueness.
The above arguments lead to the first part of the Babuska theory concerns the well-posedness of the
general variational problem.

Theorem 88. The variational problem (12.18) is well-posed if and only if both inf-sup conditions (12.22)
and (12.23) are satisfied. Furthermore when both (12.22) and (12.23) are satisfied, then

Bi=p
and the solution u € V satisfies
lelly < B~ ligllv.
Exercise 1. Give a complete proof of Theorem 88.

Discrete Problem
The discrete variational problem is as follows: find u;, € U, such that

O(un, gn) = (8n-qn)s  Yqu € On.
Similarly,
e Existence of solution:

b )
(Vi, qn) >0

inf su =
an€Qh v,ev, [Vallvllgnllo

e Uniqueness of solution:

b ’ 4
(Vi gn) —CS>O.

inf su =
weVi g,e0, IVallvllgnllo

In the special case O, ¢ Q and V), c V. Suppose b(-, ) is continuous and the inf-sup conditions hold.
Then
M, .
llee — upll < —- inf Jlue — wall,
CO vieVy

i.e. we have best approximation property. It means that if cg >ap >0, Vh,the error is of optimal order.

12.4 Lax-Milgram Lemma

A useful special case of Babuska theorem is the well-known Lax-Milgram Lemma.

Theorem 89 (Lax-Milgram Lemma). If Q = V and the bilinear form b is coecive:

(12.24) b, v) 2 pIMIF, vevV

for some 3 > 0, then the variational problem (12.18) is well-posed.
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12.5 Discrete Petrov-Galerkin variational problems and quasi optimal
approximation property

Let V), ¢ V and Q) C Q be two nontrivial subspaces of V and Q respectively. We consider the following
variational problem: Find u;, € V), such that

(12.25) b(un, qn) = (g, qn)»  Yan € Oh.
The solution u;, of this problem is often known as the Galerkin (or Petrov—Galerkin) approximation of u.
Usually in applications V;, and Qj, are finite dimensional and the subscript /4 is related to certain discretization

parameters (such as grid size and polynomial degree). According to (12.22) and (12.23) we have that the
problem (12.25) is uniquely solvable if and only if the following conditions hold:

. b B} . b b
(12.26) inf sup ) _ D an__ g g
un€Vi gc0, lnllvllgnlle @€ e, llunllvilgnllo

If V,, and Qy, are finite dimensional the above two conditions are reduced to one. A fundamental result for
Galerkin approximation is as follows.

Theorem 90. If the discrete variational problem (12.25) is wellposed, then

M .
llu = wplly < (= + 1| inf [lu—wvally.
B vh€V)

Proof. We define P, : V > V), s.t.
b(Ppu, gn) = b(u, q), gy, € Op.

Then P} = Pj,. By assumption,

b(Pyu, b(u,
BlPuly < sup ZERAR) _ o D)
a0y llgnllo a0, 1gnllo

Therefore, ||Pjully < Mhllullv, Vv eV, ie.||Pyl| < M/B),. Finally, we have

lu — unlly = llu = Ppully
=10 = Pp)u = vp)ll < I = Pyllllu = vallv

M
< (1 + ,B_h) [l = vlly

for any v;, € Vj,. This finishes our proof. U

In case B8, > By > 0, then the constant 1 + M/f;, is bounded above independent of /. This corresponds to
the case of quasi-optimal approximation.

In case that V), is Hilbert space, then || — Pp|| = ||Pyll (Xu and Zikatanov (2002)). We will prove this
result later in this section.

Theorem 91. Let (12.16), (12.22), (12.23) and (12.26) hold. Then

oIl .
12.27 u—1u < — inf |lu = vlly.
(12.27) =l < "2 inf fla = vl
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Proof. Consider the mapping P, : V — V), defined as P,u = u;,. Using the fact that under the conditions
of the theorem the problem (12.25) has a unique solution it is easy to see that this mapping is linear and

idempotent, namely Pﬁ = Pj,. The new twist in our proof is the identity
(12.28) IPullzvivy = I = Pall zevv)s
which can be traced back to T. Kato [?] (see also Lemma 90 below). Applying this identity we get
llee — unlly = I = Pp)(u = vi)lly < I = Pull covvyllu = vally
= |Ppll el = vally,
where v, € V}, is arbitrary. By (12.26) and (12.16) we get

1 b(up, vi) _ ID|
IPadly < = sup === < = lully,
Br viev, vallo B
and the desired estimate (12.27) follows. [

Remark 27. The original theory of Babuska is slightly weaker than (12.27):

Al
llue — wnlly < (1 + —— | inf [lu—vlly.
Bh | vieVi

The constant 1 was removed by Xu and Zikatanov (2002).

Theorem 92. For a well-posed continuous problem (12.18), if the discrete problem (12.25) has the following
approximation property

(12.29) lle — uplly < Cpp inf [lu = willy
Vi€V

that holds for a constant Cy,. Then the discrete inf-sup condition (12.26) holds with

>
Bh_ 1+Ch

and in case that V is Hilbert space

ﬁhzcﬁh

Proof. Let uj, = Ppu, then by taking v, = 0 in (12.29), we have
IKZ = Prully < Chllully.

Thus
(|1Prully < (1 + Cpllully.

and in case that V is Hilbert space
IPrully < Chllully-

By the continuous inf-sup condition, we have, for any ¢, € Q;, C O,

b, qn)
Bligallo < sup —z 2t
vev,  IVlly
b(Pyv, qn)
vev,  Vlly
b(Pyv, q;
vev, |[Ppvlly
b )
= (1+Cy) sup 20w
vV vally
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Theorem 93. For a well-posed continuous problem (12.18), the discrete problem (12.25) is uniformly well-
posed if any only if it provides uniform quasi-optimal approximation, namely

(12.30) llu — uplly < C inf |l —vplly
ViEV),

that holds for a constant C independent of h.

Proof. This theorem is a consequence of Theorem 90 and Theorem 92.

Suppose that the discrete problem (12.25) is uniformly wellposed. Then it satisfies the inf-sup condi-
tion (12.26) with B, independent of 4. By Theorem 90, we have the quasi-optimal approximation with Cj,
independent of 4. Then it satisfies uniform quasi-optimal approximation property.

If we assume uniform quasi-optimal approximation property, then (12.29) holds with C;, independent of
h. Then by Theorem 92, we have the uniform inf-sup condition. O

Lax equivalence theorem for conforming Petro-Galerkin method

We focus on the following closely-related concepts. We denote by u, the solution to Problem (12.25).
e Consistency:
inf |lu—vylly = 0, ash — 0.
veV),
e Convergence:
llu — uplly = 0, ash — 0.

e Stability: discrete inf-sup condition

b b 7
(12.31) inf sup —mdn) e gy DU g

weVi goeon lunllvlignllo  an€0n wev, llunllvilgallo
or, equivalently, quasi optimal approximation property (12.30).

Theorem 94 (Lax equivalence theorem for conforming Petrov Galerkin methods). For a consistent con-
forming Petro Galerkin method, convergence is equivalent to stability.

Proof. By the quasi optimal approximation property (12.30), we can easily prove convergence assuming
stability.
Given convergence, we know that for any givenu € V,

li}IlIl |l — Ppull = 0.

Then |lu — Ppu|| < C(u), i.e. ||u — Pyul| is bounded by a constant that only depends on «. By uniform bound-
edness principle, we get the conclusion
[1Pyll <1+ C.

Note that the upper bound is independent of u. 0
We have the following facts:

1. Given consistency, convergence and stability are equivalent.
2. Convergence directly implies consistency and thus stability can also be proved.
3. Given stability, consistency implies convergence.
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An identity for nontrivial idempotent operator

For completeness, we shall now describe a general result related to the identity (12.28) and include
a (new) proof. This result can be traced back to Kato [?] and a more general result can be found in
Zikatanov [?].

Lemma 90. Let H be a Hilbert space with a norm || - ||y and inner product (-,-)y. Let P : H +— H be an
idempotent, such that 0 # P*> = P # 1. Then the following identity holds

(12.32) 1Pl g,y = 1 = Pll gaa -
Proof. We first prove the theorem when dim H = 2. Then both P and I/ — P have to be rank 1, namely
Pv = (b,v)ga and (I — P)v = (d, v)gc for some fixed nonzero a, b, c,d € H satisfying (a,b)y = (c,d)yg = 1
and for all v € H we also have
v=Pv+ (I —-Pyw=0bvIga+(d,v)yec.

A simple manipulation of the above identities yields that

laliZ1bI = llelZldliE = 1 = (@, ¢)u(b, d)u.

The desired identity then follows because of the following obvious relations:

IP*Pll gy = llaliFIbI7,  and (2 = PY* (I = P)l| ey = licllFlldlfZ;-
In general, for any given x € H such that ||x|| = 1, we consider a subspace X = span{x, Px}. We note that X

is invariant with respect to P and I — P. If dim X = 1, then we must have (/ — P)x = 0. If dim X = 2, we have
from two dimensional result just proved, ||(/ — P)x||x < ||P||x. In any case, we have

I = P)xllg = I = P)xllx < I1Pllexxy < WP g my,s

which implies || — Pl| g,y < 1Pl gea,my- Similarly [|P| gamy < I — Pl gea,my- This completes the proof. O

12.6 Brezzi theory

The Brezzi theory we shall now describe concerns the well-posedness and the discretization of a general
mixed variational problem as follows:

(12.33) Find (u, p) € V x 0, {ZEZ ;% +hlv.p) = Ef; ;3 3;2 ‘é

Here V and Q are two Hilbert spaces, f € V, g € Q and a(-, -) and b(:, -) are two continuous bilinear forms

a(,-) - VX Vi R; a(u,v) < |lal||lullvlvily, Yu € V, Vv eV,
b(-,-) : VX Q= R; b(v,q) <|IblliVvliglle, Yv eV, Yq € O,

In principle, we can use the BabuVska theory to study the above mixed variational problem. Setting
B((u, p), (v,q)) = a(u,v) + b(v, p) + b(u, q), then (12.33) is obviously equivalent to the following problem

(12.34) B((u, p), v,q) ={f,v)+(&.q), YW, 9 €VxQ.

Then, following Babuska theory, this mixed variational problem (12.33) is well-posed if and only if the
following BB-conditions hold:
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B((u, p), v, q))

inf su =
(12.35) w.peVxQ o, pevxo I, Pllvxoll(v, @llvxo
: B((u, p), (v, q))

inf su
0.2V (. mevxo 1 Pllvxoll(v, Pllvxo

=y>0,
where 5 s s
v, Dllveg = VIl +llglly,  Y(v.q) € V X Q.
But the conditions in (12.35) are not very useful and they are very difficult to verify.
We shall now derive the Brezzi theory that gives more convenient necessary and sufficient conditions for

the well-posedness of our mixed variational problem.
By the analysis in section 12.3, we can find a unique u; € K* such that

(12.36) b(uy,q) = (g.9). Yq € Q.

And |
lleerlly < (1 + Ollerllvyx < (1 + )8 llgllo-

Let uy € K satisty
(12.37) a(ugy,v) = (f,v) —a(u;,v), vek.

So we need this problem to be well-posed. By Babuska’s theory, we need the following two inf-sup condi-
tions:

. a(u,v) . a(u,v)
(12.38) inf sup ———— = infsup ———— = a > 0.
uK ek iy IVly — vek nek TllyIvily

Then we have the following estimates
lluoll < @' (Iflly + llallller ) < o (UL flly +lallB~" (1 + e)ligllo)-
Let u = ug + u;. It remains to determine p. By (12.37), we have
a(u,v) = (f,v), Yve K.
Then there exists p € Q such that
(12.39) b(v, p) = (f,v) —a(u,v), Yve V.
Moreover, we have the following estimate

lIpllo < B~ (A llv + llallllully).

Therefore,
lleellv + llpllo

<BlIflly + (1 + B llalDllully

<B7'Ifllv + A+ B Nalbe@ ANl + (1 + e a8~ (1 + e)ligllo)

<@ '+ a7 B alDlIf Iy + (1 + B MlalD(A + 2 lalDB~ (1 + e)ligll-
Note that the coercive property of the bilinear form a(-, -), namely

a(u,u) > Cllully,

indicates the inf-sup condition (12.38).
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Consider the operator £ defined by (L(u, p), (v,q)) := B((u, p), (v, q)). We have

1L Nlvxgovxo < maxfa™ + 87" + &' lall, (1 + B~ MlalD(1 + & Hlal)B~" (1 + €)}.

Since € > 0 is arbitrary, we actually have

1L llyxgmvxo < maxfa™ + 7 +a” B lall, (1 + g7 lalD(1 + o~ lalDs™").
With these and some additional simple arguments, we obtain the following Theorem of Brezzi.

Theorem 95 (Brezzi [?]). The variational problem (12.33) is well posed if and only if the following BB-
conditions hold

(12.40) inf sup _awy) inf sup _awy) a >0,

uek veg lullylvlly  vek wek llullvlvily

where K ={v eV :b(v,q) =0, forall g € Q}, and

b
(12.41) inf sup 29
a<Q ey [Vllvilgllo

Furthermore, under the conditions of (12.41) and (12.40), the unique solution (u,p) € V X Q of (12.33)
satisfies

(12.42) I, Plivxo < K@, 874 1lalDIICf, )llvxo

where K(-, -, ) is a function which is increasing in each variable.

=6>0.

Exercise 2. Give a complete proof of Theorem 95.

Example 8. We recall the mixed formulation (12.67) for Poisson problem with
a(u,v) = (@ 'u,v), b(u,q) = (divu, g).

And use the Brezzi theory to prove the existence of solution for this problem. By Brezzi’s theorem, we only
need to verify two inf-sup conditions. For each u € V such that divu = 0, we have

-1 -1 2 -1 2
a(u,w) = (@) 2 @ P = @ g

For the inf-sup condition concerning b(-, -), for any g € Q, consider the auxiliary problem

—Ap=q InQ
¢=0 onrl

Take u = V¢ € Q, it is then easy to see that
(divu, ¢) = llqlI*.

Since [lully, = llull§ + Ildivall§ = 1IV¢IG + 146115 < Cliqll5,

b(v,q)
sup
vev  |VIly

2 Bllgllo-

We shall now briefly discuss the Galerkin approximation for (12.33). We consider two nontrivial finite
dimensional subspaces V;, ¢ V and Q;, € Q and the following variational problem:

a(up, vi) + b, pr) = (f,vi)  Yvu € Vi,
(12.43) {b(”thh) =(g4qn) VYqn€ O
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Theorem 96. Let Vo = {v, € V), : b(vi,qn) = 0, Vg € Qu} and assume that the following BB-conditions
hold

(12.44) inf sup ST _ oo,
un€Vino vyevyo lUnllvlivally
and
b )
(12.45) inf sup U _ g

€0 v,ev, Vallvllgalle
Then the discrete problem (12.43) is well-posed and

I(u = up, p = pi)llvxg <

all + |1bI)K(a; !, ’l,a inf u—vy, p— .
(lall + 11IbIDK(a;, ", B, |l II)(v]“qh)thXQh IIC s P — qnllvxo

Furthermore if o, > ag and 8, > By for some positive constants ay and [y, then

(e = un, p = pllvxo <

all + |1bIDK (L, B3 lla inf Uu—vy, p— .
(lall + 1)K (g 5l |~ inf = vi p = aillvco

We would like to remark that the above approximation result is a direct consequence of Theorem 91 andThe-
orem 95 and the obvious estimate that ||B|| < ||a|| + ||5||. In some of the existing works, another approach in
proving Theorem 96 is considered (see [?], [?])) and some additional arguments are needed, first to establish
estimate for u — u;, and then for p — p;. This more refined analysis can be interesting in some applications
(for example, when the BB-conditions are not uniformly satisfied), but it may not be necessary in general.

In most case, condition (12.44) is easy to be verified. Hence, the most critical is the inf-sup condition
for b(-,-) in most case. In next part, we will give some important inequalities that may be used to prove the
inf-sup condition.

12.7 More on Brezzi theory: a generalization
Find (u, p) € VX Q, s.t.

(12.46) {“(“’ V) +b(v,p) = (fv), Wwev,

b(u,q) = c(p.q) = (8.9), Vg€ Q.
Introduce the following bilinear form

L((M, p)v (V’ C])) = a(u» V) + b(V, P) - b(l/l, C]) + C(p7 q)

If
AP
B0
is an isomorphism, what is the right condition for C such that
A B
B -C

is also an isomorphism?
Define
(veV:b(v,q) =0, Yq e Q).

K :=
H:={qeQ:b(v,q) =0, VveV}.
We assume the following:
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(12.47) a(-,-) and c(-, -) are symmetric and positive.
(12.48) a(u,v) < Cillullylvllv, — b(v,q) < Gslvlivliglle,  c(p. @) < Callpligliglio-
(12.49) aw,v) = Mylplly, Vv eK, c(q.q) = Mallglly, Vg€ H.
(12.50) inf sup 20D _ b

get ey [Vvllglle  vek* geo IMIIvilglle — "

Based on these assumptions, we prove the wellposedness of the saddle point problem by verifying the
inf-sup condition of L((u, p), (v, q)).
Define the semi-norms:
M == a,v) lgl? := (g, ).
We have
a(u,v) < lulavla  c(p,q) < |plelgle-

Since (a(v, w))* < a(v, V)a(w, w),Yv,w € V,

2 2 2
a(v,w)” < Cil; [Iwlly.

Thus,
a(v,w) . » 2
(12.51) (sup ——=)" < Ci]vl;.
[wlly
Similarly,
c(p,q) 12
(12.52) P <G7Iple.
llgllo

Theorem 97. Assume that a(-,-) and c(-,-) are symmetric positive semi-definite and (12.48), (12.49) and

(12.50) hold. Moreover, assume that |ul, := Va(u,u) and |p|. := +/c(p, p) define semi norms. Then (12.46)
is wellposed.

Proof. Define the mapping M : VX Q — V X Q as (4, p) — (f, g). For any given (1, p) € V X Q, let

(f,g) € V x Q such that
{a(u, v)+b(v,p)=(f,v), Yvey,
b(u,q) —c(p,q) = (8.9), Yq€O0.

In order to prove the wellposedness, it needs to prove that M is surjective and injective. Since M’ = M, if M
is injective, then M’ is injective, meaning

R(M) = Ker(M')* =V x Q.
If M is injective, namely M~ is bounded. Then for any Cauchy sequence M(u,, p,), since

G, pn) = s pdllvg < 1M M G, i) = Mutn, po)l,
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|4, pu)ll is @ Cauchy sequence in V X Q. Thus, there exists (u, p) € V x Q such that (u,, p,) — (u, p). Thus
M(uy, pn) > M(u, p) € RIM).

So R(M) = R(M). Thus, by M’ = M, if M is injective, it is also surjective. Thus, it only remains to prove
that M is injective, namely,

(12.53) llullv +liplle < CAIfllv + llgllo)-
By Lemma 89, (12.50) implies

b(v,q)
sup

> Blvlly, VveK™.
q0 lldllo
For any given (u, p) € V x Q, we can do splitting for u, p as follows

u=uy+u, u<ku ek
p=po+pi, po€HpeH"
Similarly, we can split f € Vand g € Q as
f=h+h g=g+a
with fy € K, fi € K+, g0 € H, g, € H*. Thus,
(fsv) = (fo,vo) + (fi,vi) (8,9 = (80, 90) + (&1, 91).
Let the test function v = u for the first equation (12.46), then
a(uo, uo) = (f, uo) — a(uy, uo).
By (12.49),
(12.54) lluolly < [1f1lv + lleelly-

Let the test function g = py for the second equation (12.46), then

c(po, po) = (g, po) — ¢(p1, po)-

By (12.49),

(12.55) llpollo < ligllo + llp1llo-

Since b(u1, q) = (g,9) — c(p,q), Yq € Q, by (12.50),
1 b(uy, q)

(12.56) llully < = sup —— D < ligllo + lIpllo-
B geo llgllo

Combining (12.54), (12.55) and (12.56), we have

(12.57) Ipolle < liglle + lIpillos llullv < liglle + lIpillos lluolly < fllv + liglle + llpillo-

Taking v = u in the first equation, ¢ = p in the second equation, and subtracting , we have

a(u,u) + c(p, p) = (f,u) —{g, p).
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It follows from (12.51) and (12.52) that

a(u,v) N c(p,q)
Cilvlly — Callgllg

Since b(v, p) = (f,v) —a(u,v), Vv eV,

(1259) (Sup M)Z = (Su M

vev  IVlly vev [Vlly

(12.58)

<(fiw)-(gp), VeV, qge0.

Y <A1 + (sup M)2 S AR + (f,u) + (g, p).
v IVlly

By (12.57) and Young inequality,

1 b(v, p) 1
(12.60) Ipilly < E(sup PO < 1AIR + gl + SlIp1llG:

vev  IVllv
Thus, [[pillg < lIfllv +ligllg. By (12.57), we have
llully +llplle < CAIfllv + ligllo)s
and complete the proof.

Below is a constructive proof for this theorem. Before presenting the theorem, we first introduce two
lemmas.

Lemma 91. Given 8 > 0, @ € R!, the following inequality holds for any x,y € R!

2 oo B
X —taxy+ By > =[x+ =Yy
2 a?
with t = B/a>.
Proof. Since x*> — xz + 7> > (x* + z%)/2, the proof follows by letting z = By/a. O
Lemma 92. Given Hilbert space V,

ap

alull® + BIVIP = ——|lu+V|]*>, Ya,B>0andu,ve V.
a

+p

Proof. We just need to prove

(1 +a/B)llull* + (1 + B/ = llu + I,

which follows from Young’s inequality:

@ o P
—full” +

B «

IVI* > 2(u, v).

|
Proof. Due to the inf-sup conditions of b(-, ), we can findw € V and r € QO s.t.

b(w, p1) = Bllpillg, Iwlly =lipillo and by, r) = Bllusl, lirllo = llually-

Take v =u + 01w, g = p — 6,r. Then
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L((u, p), (v, 9))
=a(u,u + 0w) + b(u + 61w, p) —b(u, p — 6,r) + c(p, p — 6>r)
=a(u,u) + 6;(a(u,w) + b(w, p)) — 6(c(p, r) — b(u,r)) + c(p, p)
>a(u, u) — O |uldwla + 0:8lp11Ig + O:Bllus |y, = O:1plelrle + c(p. p)
>a(u,u) — 0,C\*lulwlly + 018lIp11G + O:Bllully, — 628, Iplelirllg + c(p. p)
=a(u,u) = 0;C,*lulalip1llg + 1Bl 1y + O:Bllully, — 6265 |plelluslly + c(p, p)
(use Lemma 91 )

1o B s Loy B 2
>—|ul? + — + =|p]> + — )
_2|M|a 2C2||M1||V 2|P|C 2C1|Ip1“Q

(use Lemma 91 and define y; = ﬁ2/4C1,y2 = ,82/4C2)

1
=5 (W + 2l + 1+ millpilf).
(withO <7 <9,0<s5<7y))

1
=3 (12 + v2 = Dller Iy, + ellas I + 1 + (1 = $)lipally + sllpally) -
(by the boundedness of a(:,-) and c(:, -))

L{ o 2, L 2 2, S,
>—(|ul® + (ya = Olll|> + =—ua > + |pl2 + ¢y — s + —1|pi)?].
> (| o + (r2 = Dlluslly Cll tla + 1Pl + (1 = 9lipally G Ip1l;

( by Lemma 92)
>1 2 = Dllurl? + —— ol + (1 = DlIpl + ——Ipol2 )
2 Ci+t ¢ 7 Cy+s¢

by coercivity of a(:, ), c(:, -)

1 2 Mt 2 ) M>s 2
>— -t + + - + .
_z(m Ml + &= luolly + 1 = 9lpilly + 7= lIpolly

> lully, + Aallplig,

1 1 . / Mt 1 1 Mys
= —min —-t,—7, = — -85, .
) 72 C +t ) 4 Cr+s

We can maximize the value of A; since it is a function of ¢. By letting

where

_ Mt
B C, +1

Y2 —t

we find the following maximizer:

- —(My +Cy = y2) + \(M; + Ci —y2)? +4C172
max — 2 .

Then
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/ll(tmax) =72 — tmax
:(Ml +C1 +792) = V(M) +C1 = y2)2 +4Cry;
2
(M, +Ci +y2) = (M) +Cy + 72> — 402 M,
2
_ 2y M,
(M[ +C1 +72)+ \/(M] +C1 +’yZ)2—4’)/2M]
(drop — 4y, M)
> M
Ml +C1 + V2

Similarly, we get
YiM,

A > —.
Z(Smax) M2 T Cz +

Moreover,

M + llgl3 < (1 + ﬁ—i)nuné + (1 + —22) Pl
& o
Therefore, we have proved the wellposedness of (12.46). [

12.8 General settings revisited

We consider the following variational problem: Find (u, p) € V X Q s.t.

{a(u, v)+b(v,p) ={f,v), YveV
b(u, q) =& q, Yq€Q
We know that this problem is well-posed if

(1) au,v) < Myl|ull[]v]I,
gg b(v,q) < My|Ivllligll.

(12.61)

b
(12.62) infsup 2D _ 50,
veV e VIlvligllo

@) a(v,v) > aIIvII%,, Vv e Ker(B) ={veV,bv,q) =0,Yg € Q}.
Similarly, we have operators A and B defined by
A: Vi Vst (Au,v) = a(u,v), Yu,veV

B:V i Q) s.t. (Bu,q) =bu,q), YqeQ.
Then the operator form follows:

(12.63) {25 +Bp :gf or, equivalently, (2 1(3)* ) (;) = (?)
To prove the wellposedness, the most critical part is the inf-sup condition for b(:, -).
B :V - Q'is surjective
SB* : Q > V'is one-to-one
o Ker(BY) = 0.
We know this is true due to (12.62)
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12.9 A mixed method for second order elliptic boundary value problems

We consider the following Dirichlet boundary value problem

—div - (a(x)grad p) = f in Q,
(12.64) p=0onlp

op _
5 = 0 only.

The variational problem of this problem is: Find p € Hé’ r,(£) such that

(12.65) (agrad p, grad ) = (f.q) Vq € Hyp, (Q)

where
Hyp (@ ={(veH (@ :p=00nTp)

Introducing the following intermediate variable:

u = agrad p.
We have the following first order system
a'u—grad p =0
(12.66) { ezl

Let
V=Hor,div,Q)={veHdiv,Q) :v-n=0only}, Q= LX(Q)

we have the following variational form of mixed type:

(12.67) {a(u, V) +b(v,p)=0 VveVy,

bu,q) = —-(f,.q) VYqeQ,

where
a(u,v) = (@ 'u,v), b(v,q) = (div v, g).

One of the key point for the mixed formulation is that the natural boundary condition of p transforms into
the essential boundary condition of u, and the essential boundary of p transforms into the natural boundary

of p.
We want to note that if I'p = @, a compatible condition

om0

is needed. And we have to impose a condition to p (e.g. fQ p = 0) to guarantee the uniqueness.

Lemma 93. The variational problem (12.67) is well-posed.

Proof. By Brezzi’s theorem, we only need to verify two inf-sup conditions. The first inf-sup condition
concerning the bilinear for a(:, -) is easy, since for p € V such that div v = 0, we have

-1 —1y 12 —1y 12
av,v) = (@ v,v) 2 ay IVII” = a7 Mg
For the second inf-sup condition concerning b(, -), for any g € Q, consider the auxiliary problem

-Adp=q inQ
¢=0 onl
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Take u = V¢ € Q, it is then easy to see that

(divu, g) > collgli*.
Since [[ull?, = lull? + lldivul2 = IV@I2 + 146113 < Cligl2,

b(v,q)
sup
vev (Vlly

> Bligllo-

This gives rise to the second inf-sup condition. [0

More subtleties get involved when we consider choice of finite element pair for velocity and pressure.
For example, if we consider piecewise linear function for velocity and piecewise constant for pressure, the
problem cannot be well-posed on the mesh below since there will be more number of degrees of freedom

for pressure than for velocity. Other choices like (Pg - Py 1) pair may resolve this issue.

12.9.1 Raviart-Thomas mixed finite element approximations

Consider the finite element spaces
Vi = Hi¥(Q) N Hor, (div, Q), Oy = Li(Q)
Find uj, € Vy, pr, € Oy, such that

(12.68) {(uh,vh) + (div vy, pp) =0 Vv, €V,

div up, qn) = =(foqn) Y qn € Qs

By Brezzi theory, for the well-possedness and the approximation property of this discretized variational
problem, we need to verify two inf-sup condititons. Again the first inf-sup condition is trivial. Assume that
Q is convex. To see the second inf-sup condition, for any g, € Qy, consider the auxiliary problem

-Ap=¢q;, InQ
¢=0 ondlp

0
—¢=0 ondly
on
We have [[¢ll2.0 < llgullo,o- Take u, = —I11VV¢ € Vj,, it is then easy to see that

(diven, gn) = U1 qn. qn) = collgnllp.

Since divuy, € Q, '
Idivies|I§ = (=diviT," Ve, divuy) = (qn, divies),

ldivesllo < lignllo-
Together with [luallo = 177 Vllo < IVelli < llgallo, we have

lunlly < Clignllo-

Thus,
b(vi, qn)

> Bliglle
VeV, ”Vh”V ’

and gives the 2nd inf-sup condition.
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12.9.2 Error estimates

By our basic theory, we have the following estimate

lle = wpllaaiy + 11 = pullo S inf (llu = valla@ivy + 1P = gallo)
Vh€Vh,qn€Qn

< Nl = 11 ullcainy + lp = 17, pllo-
We have proved before that

e = 11" ullo < W™y, 1 <m <kt 1.

Furthermore )
Idiv (u = [T wlly < Idiv u — IT)div wllo < A"|div ul,,, 1 <m <k
Consequently, we have
llu = unllaaivy + 11p = pallo < A" (ulm + 1diV tlyy + pl) 1 <m <k+1.
In the rest of this section, we shall give some more refined analysis under the assumption that € has

smooth boundary or it is convex Liptschitz domain. For simplicity, we assume that I'y = 0.
We assume that («, p) € V X Q and (uy, p;,) € V), X Qy, are solutions to (12.67) and (12.68) respectively.

Lemma 94. Then

(12.69) llee — upll < AlIAIl.
and
(12.70) div u, =11} f

and, if (ug, pg) € Vg X Qg C Vi, X Oy is a mixed approximation to (12.67) on a coarser mesh with H > h,
then

(12.71) lleen — umll < Hlldiv uy|

and

(12.72) Idiv (uy, — up)ll < Hllgrad, [T f|| = Hllgrad, div jusll
and

(12.73) llun = uprllai < HIAG ull.

Proof. The first estimate is easy
g
llu = upll < llu = 12, ull < Allull; < Allpll < Al

where we have used the H? regularity theory the original boundary value problem on smooth or convex
Liptschiz domain.

Let f, = H,? fandwe H 1(Q)? be such that

divw = fi = Iy fur Wil < IUfi = 15 fill.
It follows that
fo = ISl = (div w, fiy = 1T}, fi) = (T} — IT)div w, f;)
= (div (TN = ITYw, fi) = =T = IT5)w, grad,, i)
< Hiwllillgrad, fill < HIlfy — 1% fullllgrad, fill-

This proves that || f;, — Hgfhll < Hilgrad, full. With div (u — ug) = fi — Hgfh, the desired result then follows.
O
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12.10 A model problem involving H(curl) and H(div) spaces

We shall now study a model problem that is useful for the study of the curl operator and its relevant finite
element discretization. First we introduce the following spaces:

(12.74) Z(div) = {v € H(div) : div v = 0}
and
(12.75) U = Zy(div) N Hy(curl).

The strong form of our model problem is: Given f € Zy(div), find p € U such that

curl curl p = f in Q,

(12.76) pxn=0 ondQ.

The primal variational formulation is: Find p € U such that

(12.77) (curl p,curl ¢) = (f,q) VY qgeU.

This problem is well-posed as Zy(div) can be proven to be a Hilbert space under the norm ||curl p||. (It

is easy to see that |lcurl p|| is indeed a norm: if curl p = 0, we have p = grad¢ for some ¢ € H'(Q).
Since p € Zy(div), 4¢ = 0 and grad ¢ X n = 0 on JQ means that ¢ is constant everywhere in Q. Thus
p=grad ¢ = 0.

We now introduce a new variable:

(12.78) u = curl p € curl

and define a mixed formation for (12.76) as follows:

—div(a(x)grad p) = f inQ,
p= 0 onl)p
(12.79) = 0 only
(u,v)—(curlv,p) = 0 vecurl,
(curl u,q) = (f,q) q € Z(div).

Lemma 95. If Q has smooth boundary or it is convex Lipschitz, then €H' and u = curl p € H' and

(12.80) Pl < lleell and flull < 11£1.

The finite element approximation to (12.76) is: Find (us, p;,) € Z,(div) X Hy(div) such that

(12.81) (up, vi) — (curl vy, ph) = 0 Vp € Hh(.curl)7
: (curl up, q,) = (f,qy) q € Zy(div).
We have the error equation:

(u = up,vi) = (curl vy, p — p;) = 0 v, € Hy(curl),

(12.82) (curl (u —uyp), q,) = 0 q € Zy(div).

It is easy to see that the solution to the above discrete problem is given by

(12.83) up = grad,p,, curl p, = Qz f.
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where Q7 : L? & Z(div) is the L? projection.
One complication in the analysis of this mixed method is, in general

curl 17"y # Qy,curl u although curl I7;""u = I3 curl u.
But if we assume that f = curl u € Hy(curl) (which implies f € Z;(div)), then
curl uy, = Qy f = f = curl u = I curl u = curl 177" u.
Thus Hz”ﬂu — uy, is curl free and taking v, = Hfl“‘lu — uy, in the error equation 12.82 we obtain
(u — up, curl I u — uy) = 0.
This leads to

(12.84) llu — upll < llu = IT5""ul| < hluly, u € H' such that curl u € H(div).
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