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Finite Difference Method

In this chapter, we will consider finite difference method for solving the following model problem on
QcRI(d=1,2):

—Au = f, in Q,
G.D { u=0, onoQ,

The idea is to use this example in order to determine how the linear algebraic systems are related to partial
differential equations (PDEs). Then we consider the error estimates for the finite difference schemes by using
maximum principle.

3.1 Finite difference method

Finite difference method is a more straightforward discretization scheme than the finite element method.
Let us see how it works. We will consider the case d = 1, 2. The generalization to d = 3 is straightforward.

d=1

For d = 1, we have 2 = (0, 1), which is the unit interval. We consider a uniform grid, denoted by 77, of
the interval [0, 1] as follows:

J .
3.2 O=xy<x;1<---< =1, P = s =0,---,N+1),
(3.2 Xp < X XN+1 ey Y )
where N is a given integer. This partition consists of uniform subintervals with the length & = ﬁ Such a

uniform partition is shown in Figure 3.1.

A derivative is a limit of some difference quotient. Therefore, in accord with the basic idea of the differ-
ence method, we use the difference quotient to approximate the derivatives. For the model problem 23.7 in
one dimension, we can use the center difference to approximate the second derivative in the Laplace operator
as follows: ,

W (xje1p2) — u'(xj-172)

7 )
where xj,1/2 = (xj+1 +x;)/2. Similarly, the two first-order derivatives can also be approximated by the center
difference:

M/,()Cj) ~
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Fig. 3.1. One-dimensional uniform grid

u(xjr1) — u(x;)
—
u(x;) — u(x;_1)
—

W (Xjs1p2) =

u'(xj_1pp) =
Thus, for a smooth solution u, we have

u(xj-1) — 2ux;) + u(xjr1)
h2

The error term in the above (3.3) is often called the truncation error or consistency error. Actually, by Taylor’s

expansion, we have

(3.3) W’ (x)) = +O0(h%).

' L, 1 1y om
u(xj1) = u(xj = ) = u(x) = ' (eph+ Su (xj)h* - §M(3)(xj)h3 + Zu“)(xj ),

’ 1 ’7 ] 1 A
u(xje1) = u(x; +h) = u(x;) + u' (x))h + U (xph* + au(3)(xj)h3 + Zu(“)(x;)h“,
so we add the above two equations together to get

’” 2 A— A
u(xjo1) + u(xjer) = 2u(x;)) + u” (x;)h* + Z(u<4>(x )+ uP @R,

ie.,

u(xj_y) = 2u(x;) + u(xjr1)
h? -

Therefore, we can write our first finite difference scheme as follow. If i1 = (i;) € RY satisfies

7 2 A— A
u”(x)) = Z(u<4)(xj) +uD(E)HI.

—Hj-1 + 24— [

(34) l’l2 = f‘j7 1< .] < N’ Mo = UN+1 = 0’
where
3.5) fi= fx)).

Thanks to (3.3), as & — 0, we expect that

= u(x;).
It is natural to expect this approximation to become more accurate as N gets larger, or in other words, as &
becomes smaller. In fact, it can be proved that, if u is smooth,

(3.6) uj = u(x;) = O(h?).

Naturally, there is a close correlation of this error with the consistency error term in (3.3). We shall discuss
about their relationship.
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Linear algebraic system
The equation (3.4) can be written as the following linear system of equations:
3.7 Au=>b
where A € RVXV,
3.8) A = tridiag(—1,2, -1),

and b = (W f(x;)).

d=2

Next, we consider the two-dimensional case in which = [0, 1] X [0, 1]. As with the one-dimensional
case, we consider a uniform triangulation of Q. For the x direction, we use the same partition 3.2. For the y
direction, we consider a similar partition:

J

(=0, ,N+1).
Nep U )

(39) 0=y0<y1<"'<yN+]=1, yj =
Such a uniform partition in the x and y directions leads us to a special example in two dimensions, a uniform
square mesh Ri = {(nh,mh);n,m € Z} (Figure 6). Let Q, = QN Ri, the set of interior mesh points and
0Q, =002n Rﬁ, the set of boundary mesh points.

Fig. 3.2. Two-dimensional uniform grid for finite element and finite difference

As with the one-dimensional case, we can use the center difference to approximate the derivatives as
follows:

& u u(xis1, ;) = 2u(x;, y;) + u(xi-1,y;)
Ty = ——— e L rom),
0*u u(xi,yjr1) — 2u(x;, y;) + u(x;, yj-1)
a—yz(xi, Xj) = 2l 2 J J + O(l’lz)
Thus,
(3.10) (=dpu)(xi,y;) = (=Au)(x;, y;) + O(h*)
where —4, is a discretized operator for —4 given by
1
(3.11) (~dpu)(xi,y;) = ﬁ(“'u(xisyj) = (u(xir1, yj) +ulxio1, y;) + u(xi, yje1) + u(x;, yj-1))).
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The truncation error (3.10) can be proved by applying Taylor’s expansion directly, which is similar how we
did for 1-d case.
The finite difference scheme is then formed by

(3.12) Apti; — (isrj + Mo j + Hijer + fijo1) = B2 fi g,

where

(3.13) fij = fxy).

By putting the two-dimensional nodal points (x;, y;) in lexicographical ordering as
X = Gy, 1<ij<n,

we can write (3.12) as

(3.14) Au=b,
with
(.15 A = tridiag(~1,B,~I), B = tridiag(-1,4,-1).

The matrix A is a block tridiagonal matrix.

3.2 Maximum principle and error analysis

To give an error estimate of the five-point stencil (3.12), we give the following maximum principle [?].
Maximum principle

o If Lu > 0 (or (< 0) inside Q then u achieve its minimum (or maximum) on the boundary 9Q.
e IfLu>0andulgo >0, thenu > 0.

We also have discrete maximum principle.

Theorem 22. If —A,u < 0 on &), then maxg, u < maxsg, u. Furthermore, maxg, u = maxsg, u if and only if
u is a constant.

Proof. Suppose maxg, u > maxsg, U, take xo € £ such that u(xp) = maxg, u, and x; withi = 1,2,3,4 as
its four nearest neighbors. Then we have

4 4

du(xy) < Z u(x;) — W Apu(xg) < Z u(x;) < 4u(xy),

i=1 i=1

so u(x;) = u(xp) also achieve the maximum value as well. We can apply the same argument thoughout all
points on £y, and finally we conclude that « is a constant. [

Remark 4. (1) Note that the analogous discrete minimum principle can be given by replacing max by min
and reversing the inequalities.
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(2) One application of discrete maximum principle is to prove the uniqueness of the problem (3.12). Actu-
ally, we only need to prove that if 4,u;, = 0 and uy|s, = 0, and then u;, = 0 on £;,. By discrete maximum
and minimum principle, we can see that u;, = 0 everywhere.

The next application of maximum principle is proof of maximum norm stability.

Theorem 23. The solution u;, of problem (3.12) satisfies

1
(3.16) ltnll =,y < §||f||L°°(Q,,)~

Proof. Introduce the comparison function g(x,y) = [(x—1/ 22 +(y—1/2)%1/4 satisfying 4,¢ = 1 on Qp,
and 0 < g < 1/8 on Q.. Let M = || fllz~(o,)- Then

Ap(up + Mg) = Apup, + M > 0,
SO

1 1
ma. < ma + Mg) <ma + Mg) < ma +-M=-M.
ax uy < th(uh 8 < 09:‘(14}1 8 < maxu + 2 3

Applying the similar argument to —uy, we can prove the theorem. [
Since —Aju, = f = —4u on Qy,, applying the above theorem, we can obtain the following inequality

1
(3.17) lu — upll=(,) < g”ﬁhu = dpupllz=@,)-

Furthermore, if u € C*(Q), then combining (3.10) and (3.17), we obtain

2
lu — upllz=0, < Ch”.

3.3 Finite difference methods on curved boundaries.

In this section, we consider finite difference methods for Poisson’s problem (23.7) for d = 2 on a more
general domain [?]. Let 2 ¢ R? be a bounded open set with smooth boundary Q. Set 2, = Q N Rﬁ, the
interior mesh points. Each interior mesh point needs to have four neighbor points. We denote !22 as the set
of points in £}, all four of whose neighbor belong to ©;,. For any (x,y) € Qﬁ = Q,\2°, we find other points
on 09 such that (x + sh,y + th) € 02 with —1 < 5,7 < 1.

First, we consider to use the linear combination of u(—A,), u(0), and u(h,) to approximate %(0). By
Taylor’s expansion, we have

aru(=hy) + axu(0) + azu(h,) =(a; + a + a3)u(0) + (ash, — aih,)u’(0)
1 1
+ §(a3hf, +arh>u” (0) + 6(a3hj, —a " (0) + - - .
To obtain a consistent approximation we set
aj +a2+a3=0, a3h,,—a|h,,:0, a3hi+a1hﬁ= 1,

which give
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Fig. 3.3. Finite differenece method on curved domain

2 P 2
T el + 1) T ey T iyl + hy)

For 2-d case, let (x — hy,y), (x + hg,y), (x,y — hs) and (x, y + hy) be the four neighbor points. We apply the

al

same consideration to both % and ‘;iyé‘ to get the Shortley-Weller scheme for 4,,u,
(3.18) Apu(x,y) = f(x,y),
where
Apu(x,y) = Ug + 2 u
M g+ ) G+ )™
. 2 . 2 2 . 2
vy + )™ " sy + )" " \hghw  hhs )"

For u € C*(Q), using Taylor’s expansion, we can obtain by direct calculation,

3.19) [|Au —Ahu”Lm(Qh) < %h,

where M3 is the maximum of the L™ norms of the third derivatives of u. Hence, the truncation error for the
mesh points nearing the boundary is reduced to O(h), but at the interior mesh points in 9, the truncation
error is still bounded by O(h?) as before.

Generally, the matrix derived from Shortley-Weller scheme (3.18) is not symmetric, but it maintains
other good properties in the case of the square: (1) it is sparse, with at most five elements per row; (2) it has
nonnegative diagonal elements and negative off-diagonal elements; (3) it is diagonally dominant. By these
properties, we can obtain the discrete maximum principle with the similar proof as we did for Theorem 22,
and a stability result with the similar proof in Theorem 23. Hence, we can easily obtain an O(h) convergence
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result. In the following, we will show that, with a more carefully analysis, even though the truncation error
is only O(h) at points belonging to _QZ, the error is O(h?) at all mesh points.

Let V;, denote the space of mesh functions defined on 92 UQfL, and which vanish on Q‘Z We use maximum
norm for Vj,. Let W), denote the space of mesh functions defined on Q?, and we use a different norm for it,
ie.,

[IVallw, = max {max [vi(x)l, h max IVh(x)I} :

Y€, XE, h

This norm is smaller than the maximum norm, but in this norm, the truncation error is
2
4w ~ Ayullw, < OG),

because the weight / decreases the influence of error on the points with a neighbor on the boundary.

Next, we will show that the Shortley-Weller discrete Laplacian is stable from V), to W), with this new
norm. The key point of proof is to construct a new comparison function. Suppose that © is contained in the
disk with radius r at center point p = (p;, p»). Then we define comparison function

)2 2
(x=p1)”+Q=p2) , (x,y) € Qs

(x’ ): _ 24 —
8lx,y Cp ROl (x,y) € 00

Note that ||g(x, y)||z~ < r*/4 + h < r?/4 + 2r. Furthermore, Apg(x,y) =1ifx € 92 because it is quadratic at
(x,y) and all its neighbors. But if (x,y) € Qf, then there is an additional term in 4;g(x, y) for each neighbor
of (x,y) on the boundary. For example, if (x — h,,, y) € 092}, is a neighbor of (x, y) and the other neighbors are
in 29, then

h’

2h
Apg(x,y) =14 ———— > h7,
ng(x,y) =1+ RO,

due to h,, < h. Thus we have
1, (x,y)€,

Ahg(x’y) > {h_l, (x’y) c QZ

-
Let M = ||4,v;llw, where v, is a mesh function defined on Q= 2,009, If (x,y) € Q°, then M > |4,v;(x, y)|
and 4,8(x,y) = 1, s0

Ap(Mg(x,y)) = |Apvn(x, y)I.

If (x,y) € Q9 then M > hld,vp(x, y)| and 4,8(x,y) > b7, so
Ap(Mg(x,y)) = |Apvn(x, )|

as well. Therefore, we have
Ap(vy + Mg) >0 onQy.

We can then apply the maximum principle to get

max v, < max(v, + Mg) < max(v, + Mg) < max vy, + |Igllz~ll4nvallw,.
Q;, Q;, th agh

Let C = ||gllz~, and applying the same argument for —v;,, we have

Vrllz=a,y < allz=@ey + Clidnvallw,.
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If v;, € V), vanishes on 09, then
Vel < Clldnvallw, -

Therefore, we apply the above stability estimate to v, = u — u;,, and obtain the error estimate

llu = unll o,y < Cldpu — Apunlly, = Oh).
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