20

Approximation Properties of Neural Network Function Class

Given an activation function
(20.1) o:R' >R
We consider the following shallow neural network function class
(20.2) Zy(0) = span{o(w-x+6) : w e R\, 0 € R},

In this chapter, we will two theorems as follows.

Theorem 123. Let o be a non-polynomial Riemann integrable function and o € L, (R). Then Xy(o) in
dense in C(R?).

Theorem 124. Let Q ¢ RY be a bounded set, o € W™ (R) that has compact support such that
(20.3) d(a) # 0, for some a # 0.
Then

(20.4) inf [If = fullimo) < C(d,m) n™2 f (1 +lw)™ | f()l
R4

f/l EZ)X



20.1. NON-POLYNOMIAL AS ACTIVATION FUNCTION Jinchao Xu

20.1 Non-polynomial as activation function

Lemma 127. Let 0 € C*(R) and assume o is not a polynomial. Then X,(0) is dense in C(R").

Proof. Since o € C*(R), and [c((w + he;) - x + ) — o(w - x + )] /h € X, (0) for every w,f and h # 0, it
follows that ﬁ%ja((u x+60)eZ,(o)forall j=1:n. By the same argument aa—aik_a(w -x+60) € Z,(0) for all
keN,j=1:nweR andfeR. '

Now %a’(w -x+0) = x’;a'(k)(w - x + 6), and since o is not a polynomial there exists a 6, € R such that
oc®(@,) # 0. Take w = 0 and 6 = 6, we then have xlj‘ € X,(o). Similarly, for all polynomials of the form
x]f‘ .- xk" we can get them by taking the corresponding partial derivatives.

This implies that X, (c7) contains all polynomials. By Weierstrass’s Theorem it follows that X, (¢7) con-
tains C(K) for each compact K ¢ R". That is 2,(0") is dense in C(R"). O

Theorem 125. Let o be a non-polynomial Riemann integrable function and o € L] (R). Then X1(0) in
dense in C(R).

Proof. Consider the mollifier n

1
Cexp(———), Il <1,
n(x)={ P =1
09

[x| > 1.

here C is selected so that fR ndx = 1.
Set 5 = %77(’—6‘). Then consider o,

(20.5) 0 (%) 1= 0 #ne(x) = fR o (x = y)ne(y)dy

It can be seen that o, € C*(R). Following the proof in the previous proposition, we want to show that
X (o) contains all polynomials.
The first step is to show that X(c7, ) C 2'(0), which can be done easily by checking the Riemann sum

of oy, (x) = [ o(x = y)me(y)dy is in (o).

Then it suffices to show that there exists 6; and o, such that a-ff?(@k) # 0 for each k. If not, then there

must be &y such that o-,(f’)(e) = 0forall € R and all € > 0. Thus ¢, ’s are all polynomials with degree at

most ko — 1. In particular, It is known that 77, € C’(R) and o * 1. uniformly converges to o~ on compact sets

in R and o * 55¢’s are all polynomials of degree at most ky — 1. Polynomials of a fixed degree form a closed
linear subspace, therefore o is also a polynomial of degree at most ky — 1, which leads to contradiction.
0
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20.2 Convergence rates in Sobolev norms

20.2.1 Compactly supported activation function

Given a bounded domain Q c R?, we consider the function
f: Q- R

Let
SRR
be any extension of f so that
flo=fx), xeQ.

Most time, we will drop the superscript “e” to still use f to denote an extension of f.
Consider the Fourier transform:

(20.6) flw)= — f e f(x)dx Yw € R4
R"

Let xo € Q is such that

(20.7) Xo € arg min(max |x — yl)
yeQ xeQ

We may call

(20.8) ro = max |x — xgl
xeQ

the radius of Q.

Using the Fourier inversion formula, we can have a Fourier representation of f(x) as follows

(20.9) f(x) = f U fwydw VYx e Q,
R‘l

Let us write
(20.10) fw) = PO f ().

Let o be the activation function with compact support and bounded derivatives up to order m, that is

(20.11) |0 lmeo := max sup |o@(x)] < oo
<Sas<m yeR

Set

(20.12) X=x-xo.

Choose a # 0 such that 6(a) # 0, by Fourier transform, we have:
N 1 —iay 1 = —ia(w-5+6)
Ga)=— | ce " Pdy=— | o(w-X+b)e db
271' R 27T R
and we can also write )
&(a) = €P9|5(a)|.

Thus
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1 S .
(20.13) |6(a)| = — fo—((w R b))e_la(w')”+b)_llg2(a)db,
2 R

Then we can write
fo = f %P f(w)ldew
Rd

— f |a|deia(w~x)eiﬁ|(aw)lf(aw)|dw

(20.14) f
R4

f f o(w - % + b)e P glavxa=iab g1, 161@W)| £ q0))|dew
e Jr 2716 ()l

f f o(w- x+b)L @) f(qw)|dbdw

R 216 (a)l

where §3(a, w, b) = aw - xg — ab — B>(a) + B (aw).
Let

F(a |eia(w~x)+iﬁ1(aw)|f(aw)|dw

0 = (w,b).
Since f is real, we have

f(x) =Re f(x) = f k(@) (w - % + b)lal| f (aw)\db.

Rd+l
where
cos B3(a, w, b)

(20.15) (0) = K(w, b) = e

Notice that o is compactly supported, assume that supp(o’) C [-M;, M;]. Then we have:

(20.16) £ = f K(O)Lpy o(w - % + blal'| f(aw)ld6
RL’+1

where

(20.17) M = max(My, ro)

(20.18) Dy = (0= (@,b) : o] < (1 + )M}
Define

(20.19) W) = fR 1, (1 + )"lal’ faw)ido
Now that

F = f KO, 0w -  + bYlal'|f(aw)ld6
Rd+1

2020, [ D L ()" b, lat @)
rert (1 + |wl)” Y(f)
[ ke
= fRM s |wl)ma'(u) X+ b)da
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where
m d| £,
g = Qo) b, el @)l f Gt
() R+
and we can write
x J(x)
20.21 =—~ = E(g(6;
( ) Jx) M) (g(6; x))
where
L KO -
(20.22) g(6;x) = T+ )" o(w- X+ b))
And
(20.23) D f(x) = E(D%).

Let 6; = (w;, b)), be independently drawn from the same distribution A and let

i 1<
8010 =~ Z}g(é)i,x).
Then

— T(NYf _ NDY5\2 — ") @\ _ D52 l 112
= D B -Dg = ) BED ) -3 <~ Y ID"gl

lal<m lal<m lal<m

E ( D (D] - D8y

lal<m

Taking the L?> norm (with a probability measure) on both side of the above inequality and using Fubini’s
theorem,

_ 1
(20.24) B(IFC) - 80 ma) < 5 D ID"8IE
|r|l<m

Thus there exists 6; = (w7, b});_, and §; such that

n
|or|<m

. Iy 1
I 01';' 2S_ Da 2'
I n;g< <= > ID"lR,

2
17 - £l < 225 S peg,

n
lal<m

where
n

n 1
Ja(x) = %f) Z 8@ =~ Z aio(w;j - X+ by).
i=1 i=1

where

_ K@) A

a; = = P
(1 + |w}D 2716 (a)|
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1
T+lw]

Noting that < 1, we have

D(l/ v + b o .
Dl = max  max (@) 2@ XD Nl
O<lal<m eR9 feR4+! (1 + |wl)™ 2116-(a)|

Then we have:

(1+|lw)M
Y = lal! fR A+l f dblf (aw)lde

(I+lwhM

(20.25) = |a|! f 2M(1 + |wl)™ ! f(aw)ldw
R4

< 2Mf (1 + |w/ah)™!| f(w)ld(w)
Rd
Denote
Uflher = f U+ ofal™ f(@)d@)
Rz
Then there exists (w], b7)?_, and §; such that

llollm,o0

If = fallm < Nz

(1 Tl
MNCia

where C = @

20.2.2 Periodic activation function

Now o is periodic with period 7. Then we can write the Fourier series for o

00

+ 27N
o(x) = Z cpe T

i=—00

choose n; such that ¢,, # 0, we also have:

I IFELE: ;
Cpy = = U(x)g T dx = |cn1 |elﬁ2(ﬁ‘ul)
0

T
Then for f:
f) = f e ) f(w)ldw
]Rd
11 xo+T 2yt . . PN
- fR o T f (e die IO flw)lda
np X0
1 1 2, T —i(wxtb) g1 i(wx)+B) ()] F
(20.26) -, lc,,.|eB2en) 27, 0—(27m1 (@-x+b)e dbe - Vwlde
R np 0

1 27{}11 T . ) n
= f —_ f 0(—(w - x + b)) Cr@W=bB2en) gp| f(w)ldw
R 0

a 2|cy, lnny 2rny

27tny
= f f (b, w)a(i(w - x + b))db|f(w)ldw
R JO 27”’11
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here we do a substitution ¢ = 27rTn, (w- x+b)and

—b—Ba(c,
(2027) .o cos(B1(w) Balcn,))

2|cy, lmny

which is then the same as what we did for compactly supported activation functions.

27y
f(x) = f f K(b,w)O'(L(w-x+b))db|f(cu)|dw
7 Jo 21tn,

0 T R
- f O -+ b+ "I fw)ds
(20.28) Rix[027n,] (1 + |wl) g )
k(@)y(f) T (1 + wD)™|f(w)
= KOMT) o L (- x4 by ) TON gy
fRaXm,M 1+l 2 @O0
[ koW T
= fRM Tt foly " G, @ X DA
where
y(f) = f Losp<omm, (1 + [w])™| f(w)ld6 = 27n, f (1 + )™ fw)ldw
RdH R"
and

P )1/ (@) Lo<pran, do, f di=1,
Y(f) Rdﬂ

We can write

fx)

20.29 F(x) = —== = BE(g(®,
( ) f(x) Y (8(6; x))
where

e ¥® T
(20.30) 2(6; x)) = a +|w|)m0'( 27m1(‘“ x + b))
And
(20.31) D f(x) = E(D%).

Let 6; = (w;, b))_, be independently drawn from the same distribution A and let

1 n
2(0q,...,6, =- 0;, x).
26, ) n;g( x)
Then

_ - _ 1
= D BD -0 = ) BED'9)-D"8 <~ > IDgl.

|r|l<m |ov|<m |orl<m

E ( D, (D" - D)

|orl<m

Taking the L?> norm (with a probability measure) on both side of the above inequality and using Fubini’s
theorem,
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(20.32) E(IFC) — 80 Moy < ~ Z I8l

|01|<m

Thus there exists 6; = (w;, b});_, and §; such that

~ 1<
I 01’ 2 < _ D(l/ 2
If=- ;:1 8633 )i, E 1D gl

\a|<m

2
If = fullo < 7(,’: Z S b,

lal<m

where
n

fulx) = ’(f)Zg(ez, >“ZW< (@] X+ b)),

i=

where
_ YOO )

a; = =
A+ ;D™ 2lep,lmny

1+\w\ < 1, we have

Noting that ——

T
. D0 (g (@ X+ DD K|l o

IDgllo = max max [k(6)| <
0<|al<m eRd feRd+! 1 + |w)m 2|cy, Imny

where

)%)

T
k= max( (27rn

Denote

WAl = fd(l + )" f(w)ld(w)
R
Then there exists (w;, b})?_, and §; such that

llorllm,oo

If = fallm < Nz

1WAl

kA/C™
where C = 5+,
2|c,,] |Tny

Exponential Decay
If ||e’7"|Dk0'(t)||L1(R) is finite for some 7 > 0 and all 0 < k < m, say
lle™ Do ()l 1y < £ < o0,

which means: . o
1Dl gysary < €777,

We have
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fx) = f fk(w, byo(w- x+ b)laldlf(aw)ldbda).
d R

9 b ~
(20.33) - f ( + f K@D b+ o)l faw)dbdo.
R Jpi<ariopm Jpsawpp” (1 + o)™
=fu+ 1
For f);, from the previous result, we know there exists f,, such that
(20.34) Wit = fll < 1Ty
\n
where C = Mﬂl(‘}(cf;l*d and

n

Ju(x) = Z aio(w; - X + b;).

i=1

with
5 = YOO
"7 on(l + |wl)
As for f,:
D"l < 27|6(a )|”Dla|0'(f)|lu<lr\>M)f (1 + |lw/a)"|f (w)ld(w)
1
= 5 ID Ol qan 11l
(20.35) 2716 (a)|
<SP T Ol
1
< sz’ e

Thus take the L? norm w.r.t a probability measure on £ and sum over 0 < |a| < m, we have:

m

C
20.36 2 < ——td__ M
(20.36) I/l < @)’ [V

Choose M = g— then e™™ = ‘/Lﬁ Combine (20.34) and (20.36), we get:

If = fullw < WA, + 1t = Full

< V m VC;Z+d ||0-||m,oolnn

+d
(20.37) = 2noa |7||f||m+1 @l e
< Vo ||f||m+1<— b e
2n|6(a \n n\n
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20.3 Barron theory of approximation

20.3.1 Approximation result for cosine as activation function

For clarity, let us give a brief introduction of the approximation result based on the results in Jones [?],
Barron [?] and some modification in Xu [?].

Given d and n, consider the following nonlinear space in R%:

- 4 . d
(20.38) Vi,=1v:iv(x)= E —cos(wj-x+bj)+c, withaj,bj,ce R,w; €R
n
J=1

Theorem 126. Given a bounded domain B c R?, a probability measure 1 on B and a function f : R — R
whose Fourier transform f satisfying || f||.1rey < 00. Then, for any n > 1, there exists f, € V, such that

2||f||Ll<Rd)
20.39 - £, <=
( ) ILf f||L2(B) \/ﬁ

where f,(x) = Z?Zl % cos(wj - x + bj) + ¢ satisfying
(20.40) a=fllpgy, bl <m lel < Nfllocos + 1FLira)-
Proof. Consider the Fourier transform:
. 1 ,
(20.41) flw) = =— f e f(x)dx VYw e RY.
Q) S

We write f(w) = ¢“)|f(w)|. By Fourier inversion formula,
(20.42) f) = f e flw)dw = f )| f(w)|dw.
R4 R4
Since f(x) is real-valued, it implies that, for x, xz € B
F() = fxn) = Re f (@ =) f(w)dw
R

=Re [(ei‘“"‘ — @B )e’g(“’)l_f(w)|da)
Kt

= f (cos(w - x + O(w)) — cos(w - xp + H(w)))lf(w)ldw
Rd

(20.43)
- fR (©05(@- (x = xp) + O3 ~ cos@p(@))Ifw)ds
= fR L8 w)lf(@)ldw
=l fR olg" g (@)

where

Op(w) = w- xp + O(w), |wl|p:=supl|w- (x— xp)|
xXeB

and g : BxRY — R is given by
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(20.44) 8(x,w) 1= cos(w - (x — x) + Op(w)) — cos(Fp(w)),
and R

I £llpn == fR Jelplf@ldw, ") = W

here A" is a probability distribution density function.

Using A = A°, we define the expectation Eand E foru : RY = Randv: RY)" =R x - -

x R4 R

E(u) Ef u()Aw)dw, E(v) Ef wwi, -, w)Awy) -+ Awp)dwy -+ - dw,.
R4 (RAyn

Denote f(x) = ’%ﬁ“‘), by Lemma ?? and a direct (and standard) calculation

XEB,weR

B(f(x) - % Zl] g(x, w)))” = B(Eg(x, )] - % Z;g(x, w)) < % max[g(x, w)f’ < %
J= J=

Integrating both sides on B, then by Fubini’s Theorem we should have
B N 1 n s 4
E | (F-= > glnwp)dut < —.
B n 4 n
Thus 3 w; € R? such that

- 1 n . 4
fB (e -~ ; 8 )P dp(x) < -

The desired result then follows easily. O
To prove an H' estimate, we use the following density function

|wlslf(w)|
A(w) = A= _—
o [ wlslf@)

Similarly, we have

oo L= f BE0) e
R4

 folelslf@) Jre (ol
It follows that

9 F ) = f s W) ) ()i,
rd |0l

We note that
lg(x, w)| <

1.

xeB,weR4 |LL)|B

Also, by the definition of |w|p, we know there exists x,, € B such that:

1
lw|p = sup |w - (x — xp)| > |w||x, — x5| = lezdist(xg, 0B).

xeB

Thus
Orgxw)| 2

x€B,weR lwlg ~ dist(xg, dB) ’

Setting
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1 & gxw))

n & lwilp

vy =

By a similar argument, we obtain
d
_ - - 1
E f [(f(x) — Va0 + ) (Of () - 6kvn(x>>2]du<x) < ~[CWd, B,
B k=1

where C(d, B) = [m + 1]'/2. This implies that 3 a); € R< such that

< [Cd, B)]z.

2
18w
fo--> .

"
4 lwils

Theorem 127. Given a bounded domain B c RY, a probability measure yu on B and a function f : R — R
whose Fourier transform f satisfying ||fllg < co. Then, for any n > 1, there exists f, € V,, such that

C(d,B)
(20.45) f = falle sy < NIz
Vi
where
(20.46) Ju(x) = Z ajcos(w;-x+b;)+c forsomea;,bj,c eER,w;e€ RY.

=1

One remarkable fact is that Theorem 127 holds in any spatial dimension and any bounded domain B of
any geometric shape. Theorem 127 is only interesting when d > 2. For d = 1, we can prove much stronger
results easily. For example, if u is sufficiently smooth, for any m > 1, we can find functions u,, in the form
of (20.46) such that

Ci(m, u)

nm

(20.47) llet — wnll p <
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20.4 An improved analysis

20.4.1 Heaviside Function

Define g; : [-1, 1] — R as follows:

1
(20.48) gi(1) = _l[COS(lwilBt + 0p(wi)) — cos(Bp(wi))],

lwilp

In view of (20.44), we have

(20.49) gils) = B B (v xp), B =
lwilp

Now, we take an integer

(20.50) k> +n

and consider a partition of [—1, 1] with the following grid points

ti= jhij=—k:k

with | |
e =- < —.
PR
We first take a piecewise constant interpolation for g; on [0, 1] to get
k=1
gik(t) = (g)(t) = ) gt )M (@),
=0
where
-1
M;(1) = Mo( A )
I
and
0x<0
(20.51) My(x)={10<x<1
0x>1

‘We note that
My(x) =H(x)—H(x—-1)

where H is the Heaviside function Thus

Uy T oy = mCly w

I—1jy

1—t; t
Mo(——=) = H(
k

Thus, since g;(tp) = 0, H, = 0, we have

k—1 k—1
(20.52) gi) = )" gilt)M;(0) = > (8i(t) = gt )IH (1),
1

J=0 J=

Now we consider
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(20.53) hi(t) = gi(-1), t€[0,1].
Similar to (20.52), we have

k=1 k=1
UTxhi) (1) = Z(hi(tj) = hi(ti_)H;(t) == Z(gi(—fj) - &i(=t;-1)H;(®)

j=1 j=1

Namely

k-1

(UIxgi)(-1) = Z(gi(—l‘j) —gi(=ti))H(1), 1€][0,1]

=1

or
k=1

(20.54) Ug)®) = Z(gi(—lj) = gi(=tj.1)H;(-1), te[-1,0]

J=1

By combining (20.52) and (20.65), we get a piecewise constant interpolation of g; on [—1, 1] as follows:

k=1 k-1
8iiD) = > (8i(—1)) = gt H (=) + D (8ilt)) = gilt;-))H; ()
j=1 j=1
k-1
(20.55) = Y la;Hi(=0 + aiHj0] te[-1,1]
j=1

where
a;; = gi(£t)) — gi(£tj-1)

It is easy to see that

(20.56) lgi(t) = gix(Ol < hy, 1€[-1,1].
(20.57) ||% ; g|((;;:|1;,«) = Fllzgum < I
where
(20.58) fo=r D% el x = aw
By the approximation in last section, we have
(20.59) 1F = £l < —=
Vn
Let us rewrite -
F@ = vify + v
i=1 j=
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where ]
a;; .
Vi = ﬁf, = disign(a;)Hj(xw; - (x = xp))
and
k=1
di = (gl +lafih < 2
j=1
By definition
n k-1
(20.60) [y + y:j] =1.
=1

i=1

-~

With re-numeration as
pe=vipfe=f51<C<N=2nk-1)

‘We have .

£ =) pef

=1

Consider

N={1,2,...,N}
and _

fiNBR!

such that _

f@O =fe,le N

With the probability measure
HM)= ) pu MCN.

meM
By definition. B
E(f) = f*(0).
By the basic result on expectation in Lemma ??, we have
y &) I - L
D, Pup, [f*(x) - Zﬁ,] = Epn [E(f) - Zf(&-)) <SR <
Clln=1 i=1 i=1

By taking the L?(u, B) on the above inequality, we get

N | A
* 2
Z P pellft =~ ;fﬁﬂywﬂ) <-.

lr, =1

Thus, there exisit £}, ..., {; € N such that
. 1x 2 4
= Zlff;n m < -
P

where
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1 n
S =~ Z] ().

Then we have

~ 9
2
(20.61) I = falli2gp) < -
Consequently
e O
(20.62) IFC) = fxp) = Ifllafulliag, p) < ——

20.4.2 Piecewise linear function

The proof here is almost the same as the proof for Heaviside function in the last part.
Now we take a piecewise linear interpolation for g; on [0, 1], since g;(f9) = 0, we get

k
8ik(®) = (I g)) = Z[gi(lj) - giti-)lo i1, te[0,1]

J=1

where
t— lj
o (1) = My( 7 )
k

and

0x<0
(20.63) My(x)=qx0<x<1

1x>1

Consider

(20.64) hi(t) = gi(-1), te][0,1].

Similarly, we have

k k
UTxhi)(1) = Z(hi(fj) = hi(tji-)o j-1 (1) == Z(gi(—fj) = gi(=tj—1))o -1 (1)

j=1 j=1
Namely

k

(Tg)(=1) = D (@i(~1) = gi~t;-))orja (1), 1€ [0,1]

j=1

or
k

(20.65) (TTkg) (1) = )" (8i(~1;) = &=t )1 (=, 1€ [-1,0]

J=1

Combine together we get a piecewise linear interpolation of g; on [—1, 1] as follows:
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k
giul0) = Z(g,( 1) = gi(—t 1 )ejo (- r>+2<g,<r, — it )T ()

k
(20.66) = Y la5o (=0 + ao 0] te[-1,1]
Jj=1

where .
a;; = gi(*tj) — gi(xtj-1)
Follow the procedure in last section, and notice that o(x) = ReLU(x) — ReLU(x — 1), we obtain the
following theorem.

Theorem 128. For a probability measure y on B and every function with ||f||p < oo, there exists wy,...,w, €
R? such that 5
C 17115

1) = (OB <
where fy(x) = 2L, a;ReLU(wix + b;) + c.

20.5 DNNI1 versus finite element or wavelets approximation

Three categories of approximation theory.

1. In Barron’s paper, there is a section on the lower bound of approximation using linear subspaces. If the

basis is fixed, then the rate n~'/¢ is not improvable. The DNN uses a basis adapt to the function.
The adaptive FEM we have studied before is indeed using linear subspaces. For a given and fixed basis,
select the best n term to approximate a function. The non-linear approximation theory (by DeVore) is to

relax the smoothness of function to achieve the optimal rate n~'/¢ but won’t improve the rate.
Now the problem is a truly nonlinear approximation problem, even the basis can be changed according

to f. The dimension independent rate n~'/? seems also optimal. What we can improve is the characteri-
zation of the smoothness.

20.6 Non-polynomial as activation function

Lemma 128. Let 0 € C*(R) and assume o is not a polynomial. Then X,(0) is dense in C(R").

Proof. Since o€ CR), and [c((w + hej) - x+6) —o(w-x+0)]/h € Zn(a') for every w, 8 and h # 0, it
follows that 7=~ a'(a) x+0)eZ,(o)forall j=1:n. By the same argument 7 3 o-(a) x+0) € Z,(0) for all
keN,]—l nweR”andOeR

Now ka’(w x+6)=x" a'(k)(a) X + 0), and since o is not a polynomial there exists a 6; € R such that

o®,) # 0 Take w = 0 and 6 = 6, we then have x" € X,(o). Similarly, for all polynomials of the form

kl

X x]fl , we can get them by taking the correspondmg partial derivatives.

This implies that X, (c7) contains all polynomials. By Weierstrass’s Theorem it follows that X, (c7) con-
tains C(K) for each compact K ¢ R”. That is 2,(0") is dense in C(R"). O

Theorem 129. Let o be a non-polynomial Riemann integrable function and o € L] (R). Then X1(0) in
dense in C(R).
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Proof. Consider the mollifier n

1
Cexp(——), Il <1,
n(x)={ P =1
07

[x] > 1.

here C is selected so that fR ndx =1.
Setn. = %77(’—6‘). Then consider o,

(20.67) 0y (%) 1= 0 xne(x) = L o(x = y)ne(y)dy

It can be seen that o, € C(R). Following the proof in the previous proposition, we want to show that
X (o) contains all polynomials.
The first step is to show that X (o7, ) C 2'(0), which can be done easily by checking the Riemann sum

of oy, (x) = [ o(x = yme(y)dy is in 1 (o).

Then it suffices to show that there exists 6; and o,  such that o-f]]?(ek) # 0 for each k. If not, then there

must be &y such that o-ff))(e) = 0forall € R and all € > 0. Thus ¢, ’s are all polynomials with degree at

most ko — 1. In particular, It is known that 7. € C°(R) and o * 5. uniformly converges to o~ on compact sets

in R and o * 5¢’s are all polynomials of degree at most ky — 1. Polynomials of a fixed degree form a closed
linear subspace, therefore o is also a polynomial of degree at most ky — 1, which leads to contradiction.
0
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