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Non-Conforming Finite Element Methods

11.1 Drawbacks of conforming finite element methods

It is evident that the conforming finite element is a natural way to construct an approximation space for a
given Sobolev space. However, because of some essential character of the conforming element, it is far from
perfect in practical use. For example, we take the two aspects below.

11.1.1 Difficulty in construction

In general, it is not straightforward to construct a subspace that consists of piecewise polynomials for a
given Sobolev space. Difficulties can come from different sources, we only take two examples.

1. When we consider to discretize the second order problem on triangular/rectangular grids, the linear/-
bilinear element are well-known and user-friendly conforming finite elements. However, it is proved
to be impossible to construct a nontrivial continuous piecewise linear polynomial space or a 4-nodal-
parameter element space that contains linear polynomials on a general quadrilateral grid.

2. When we consider the discretization of the fourth order problem, a conforming finite element space

consists of piecewise polynomial functions that are globally C! continuous. For a piecewise P; function

Wy, in order that wy, is continuous and C! continuous across the internal edges, k + 1 restriction about its
evaluation and k restrictions about its normal derivative have to be equipped on wy, at every edge. This set
of restrictions are generally overdetermined for a k-th degree polynomial on a triangle or a quadrilateral
if k is not sufficiently big.

Indeed, in order to construct a globally C' piecewise polynomial space on a simplex grid, polynomials
of degree at least 5 have to involved in 2D [?, ?] and at least 9 in 3D [?].

11.1.2 Restrictions in applications

If we focus ourselves in conforming elements, extra inflexibility can be met in practical applications.
The (Py)? — Pi_; element for Stokes problem on triangular grids is a typical example. Here the continuous
piecewise Pj element space is the conforming approximation of Hé () and piecewise P;_; element space
is the conforming approximation of L%(.Q). The finite element pair is proved to be stable on general grids

without singular vertex when k > 4 [?, ?], but if k is smaller than 4, namely k = 2, 3, the finite element pair
is stable only on some quite special grids.
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11.2 Nonconforming finite element methods

A methodology to overcome some difficulties related to the conforming element is the nonconforming
finite element. The nonconforming finite element is indeed a methodology to construct piecewise polynomial
functions which are of looser restriction on continuity than conforming element functions, and to admit
external approximation for a certain Sobolev space. We take the nonconforming finite element method for
second and fourth order elliptic problems to illustrate the methodology.

Through this section, let 2 C R4 be a bounded domain.

11.2.1 Nonconforming finite element method for second order problem

The variational problem to be discretized is: find u € Hé (9), such that

a(u,v) :=fVqu=ffv:=(f,v), Vv e Hy(Q).
Q Q

This is the variational form of the Dirichlet boundary value problem of Poisson equation.
Let 77, be a triangulation of Q. Define

) 12
ap(vp, wp) = Z fVMhVVh, Wal := an(wp, wi)'/2,
TeT T

where v, and wy, are piecewise polynomials on 77.

Let V}, be a space of piecewise polynomials, which is not necessarily a subspace of H', such that | - | is a
norm on Vj,. The finite element problem is to find u;, € Vj, such that

(11.1) an(up, vi) = (fyvi), Y, € V.

Note that when V), C Hé (£), this is exactly the conforming finite element problem.

Finite element spaces

To formulate a finite element discretization, the main task is to construct a finite element space Vj,, or
equivalently a finite element. There have been many successful finite elements for the model problem. We
introduce three here.

1. The nonconforming P, element on triangles, which is also known as the Crouzeix-Raviart element [18].
The finite element is defined by (T, Pr, D7) with
— T is atriangle;
- Pr=pP(1);
- Dr= {di}f’:1 with for any v € H'(Q), d;(v) = J; v, where ¢; is theedge of T, i =1 : 3.

Associated with this finite element, a finite element space is defined on 77, as
Wy, ={w, € LZ(Q) wiylr € P(T), YT € Ty, fwh is continuous across the interior edge e}.
e

In regard to the boundary condition of the boundary value problem, the well-posedness of the finite
element problem and the convergence issue, define the finite element space V;, by

Viwi={vy e W, : J[vh = 0, at boundary edge e}.

2. The rotated Q; element on rectangle. The finite element is defined by (Q, Pg, Dg) with
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— Qs arectangle;

- Po=Pi(Q)+ s.pan{x2 - yz}, x,y being the local coordinates of Q;

— Do ={d;}} ,: forve H(Q), di(v) = Jg v, where ¢; is the edge of Q,i =1 : 4.
Associated with this finite element, a finite element space can be defined on 77, as

Wi, = {wy € L*(Q) : wilr € Po(Q), Y Q € T, chh is continuous across the interior edge e}.

e

Again, in regard to the boundary condition of the boundary value problem, the well-posedness of the
finite element problem and the convergence issue, we define the finite element space V), by

Vii={vy e W : J[vh = 0, at boundary edge e}.

3. Nonconforming P; element on quadrilaterals [?]. Similar to the previous two cases but differently, we
just define a finite element space on a quadrilateral grid by

W, = {wy, € L*(Q) : Wilp € P1(Q), YQ €V, chh is continuous across the interior edge e}.

e

While to be in accordance with the boundary conditions, define
Vii={v,eW,: J[vh = 0, at boundary edge e}.

In order to practical application, the finite element space has to be described clearly in its dimension and
local basis functions.

Given any vertex v of the grid, denote by E(v) the set of all edges e such that one of the endpoints is v.
We can choose ¢, € W}, be such that

l,e€E,
(11.2) J["DV = {0, else.

See Figure 11.1 for an illustration of such a function. Then the finite element space can be spanned by
these function associated with the vertices. Indeed, we can prove the lemma below. Denote by N, the

set of vertices, and by N, }l the set of interior vertices.

The basic observation for this finite element is that: for a general quadrilateral Q, as shown in Figure
11.2, if we connect the midpoints of the four edges sequentially, then a parallelogram will be formed.
Thus for p defined on Q,

p is a linear polynomial & p(m;) + p(m3) = p(my) + p(my).
Lemma 82. For any v € N, denote by ¢, € W), the function defined by (11.2).

a) dim(W;,) = #Nh — 1. Moreover, for any vertex vo € Ny, {@y}ven, v, forms a basis of Wy,
b) dim(V,)) = #N,. Moreover, {‘Pv}veN,j forms a basis for V.

Lemma 82 gives the degrees of freedom in practical programing and computation.

Remark 18. On general convex quadrilateral grids, we can still define a finite element with the same nodal
parameters as that of the rotated Q' element, and a set of shape functions which are just that of rotated
Q' element on rectangles as special convex quadrilaterals. Namely, a rotated Q'-type element can be de-
fined on convex quadrilaterals. Note that there is no finite element alike to the bilinear element defined on
quadrilateral grid.

Remark 19. On quadrilateral grid, the conforming piecewise linear polynomial space is a trivial subspace
of H'(Q). Indeed, it does not provide degree of freedoms associated with interior vertices. Particularly, the
continuous piecewise linear polynomial subspace of H(l)(Q) is exactly {0}. By the nonconforming way, a
nontrivial consistent approximation of H'(Q) with piecewise linear polynomial is constructed.
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Fig. 11.1. Ilustration of the nodal basis function. Associated with the vertex A shown in the left figure, the basis function
@4 has the profile as shown in the right figure.

Fig. 11.2. Illustration of a convex quadrilateral.

11.2.2 Lack of high order nonconforming elements

It is difficult to construct 2nd order nonconforming finite element spaces for 2nd order elliptic problem.
Here is a counter example.

1. the Gauss points are located symmetrically on the boundary.
2. A3 + A3 + A3 is symmetric on the triangle

3. Gauss points lie on the contours of A7 + A3 + A3

4. ¢ :=2—3(22 + A% + A3) vanish on the Gauss points.
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11.2.3 Nonconforming finite element method for fourth order problem

In contrast to for second order problems, the nonconforming finite element methods play more important
roles for problems of higher order. We take the fourth order problem for an illustration.
We consider the boundary value problem for biharmonic equation:

Azu :f inQ
(11.3) u=0.2 _0ono0.
on

This model problem, which is used for modeling in elastic mechanics and fluid mechanics, is frequently
encountered in applied sciences.

The variational problem is to find u € Hg(Q), such that

a(u,v) = szu V2 = (f,v) Vv e Hy(Q).
Q

Here, the symbol “:” denotes the contraction of two tensors. For simplicity, let @, € R™" then a : 8 =
2i<m,1<j<n ijBij-
Let 7, be a triangulation of ©. Similar to the second order problem, we define

. 2 o2 ) 12
ap(Vp, wy) == Z fV viV2wh, Wl := an(wp, wp)'/2,
TeT T

where v, and wy, are piecewise polynomials on 77.

Let V}, be a space of piecewise polynomials, which is not necessarily a subspace of H>, such that | - |, is
a norm on V. The finite element problem is to find u;, € V}, such that

(114) ah(uh,vh) = (f, Vh), \/vh S Vh.

Finite element spaces

Again, we present two examples of the many successful nonconforming finite elements for fourth order
problem.

1. The nonconforming P, element, which is known as the Morley element. This is the most famous non-
conforming finite element for fourth order problem. The finite element is defined by (7', Py, Dr) with
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— T is atriangle;

~ Pr=Py(T;

- Dr= {di,d3+,<}?:1: forv € H*(Q), d;(v) = v(a;) and ds,;(v) = g g—;, where q; is the vertex of 7' and ¢;
istheedgeof 7,i=1:3.

Associated with this finite element, a finite element space can be defined on 77, as

Wy, ={w, € LZ(Q) wylr € Po(T), YT € T, wy is continuous at vertices,

ov . . S
and JC n is continuous across the interior edge e}.
n
e

In regard to the boundary condition of the boundary value problem, the well-posedness of the finite
element problem and the convergence, we define the finite element space V), by

0
Vi = {wp € V, : wy vanishes at boundary vertices, and JC 6_:1 vanishes at boundary edge e}.
e

2. The rectangle Morley element. The finite element is defined by (Q, Pg, Do) with
— Qis arectangle;
- Po=P(Q)+ span{x3,y3}, X,y being the local coordinates of Q;
— Do ={d;,ds.i}},: forv e H*(Q), di(v) = v(a;) and dy;(v) = JE & where g is the vertex of T and e;
istheedge of T,i=1:4.
Associated with this finite element, a finite element space can be defined on 77, as

W, = {wy € L*(Q) : wylr € Py(T), Y O € T}, wy, is continuous at vertices,

ov . . S
and n is continuous across the interior edge e}.
n
e

In regard to the boundary condition of the boundary value problem, the well-posedness of the finite
element problem and the convergence, we define the finite element space V), by

. . ov .
Vi, = {w, € V, : wy, vanishes at boundary vertices, and JC n vanishes at boundary edge e}.
e

Remark 20. On general convex quadrilateral grids, we can still define a finite element with the same nodal
parameters as that of the rectangle Morley element, and a set of shape functions which are just that of
rectangle Morley element on rectangles — special convex quadrilaterals.

Remark 21. In contrast to the construction of conforming finite element spaces where at least fifth degree
polynomials have to be involved, the nonconforming Morley element is constructed with quadratic poly-
nomials involved only and much fewer nodal parameters. Indeed, the Morley element space provides the

minimal order consistent approximations to H>(Q).

11.3 MWX element and generalization

In this section, we will consider the nonconforming finite element methods for 2m-th order elliptic equa-
tion.
We first introduce some basic notation. Given a nonnegative integer k and a bounded domain G c R¢

with boundary G, let H*(G), H(’j (G), (-, rGs lI'llx.c and |- |, denote the usual Sobolev spaces, inner product,

norm and semi-norm respectively.
For an d dimensional multi-index a = (aq, - - - , @y), define

200



CHAPTER 11. NON-CONFORMING FINITE ELEMENT METHODSJinchao Xu

d glal
la| = E o, 0=——-—7-—.
4 ’ Ox§' - Ox%
i=1 1 d

We will use @, 8,7y to denote the multi-indexes. Let e; denote the corresponding dimensional multi-indexes
with the i-th component 1 and the others 0. For k > 1, let A; be the set consisting of all multi-index « with

d _
Dizg @ = 0. . .
Let by be nonnegative constant and b, be positive constants,|e| = m. Define

(11.5) a(v,w) = f( Z b 0%vo*w + bovw), Yv,w € H"(Q).
Q

la|=m

Let W be H{'(€2) or H™(L), and let f € L*(Q). We consider the following variational problem: find u € W
such that

(11.6) a(u,v) = (f,v), VveW

We assume that problem (11.6) has unique solution for any f € L*(Q).
The above variational problem corresponds to the following 2m-th order partial differential equation:

(11.7) Z (=1)99(bo0u) + bou = f, in Q.
lal=m

When W = H{'(Q), the variational problem (11.6) corresponds to the homogeneous Dirichlet boundary
problem of partial equation (11.7) with boundary conditions:

ou

— = <k<m-
(11.8) 6vk|69 0, 0<k<m-1,
where v = (vi,va, -+ ,v4)" is the unit outer normal to Q.

When W = H™(Q), problem (11.6) corresponds to the boundary problem of (11.7) with some natural
boundary conditions.

11.3.1 CR element on d-D

The Crouzeix-Raviart element in 2-D can be generated to arbitrary dimension. This is a unified family
of finite elements which work for second order problems.
For a d-dimensional problem, the finite element is defined by (7, Py, D7) with

— T is ad-simplex;
- Pr=Pi(T);
- D= {d,-}f:*ll: forve H'(Q), d;(v) = JS‘ v, where f; is an d-subsimplex of T, i =1:d + 1.

Note that dim(D7) = dim(P7) = d + 1, and the finite element is Pr-unisolvent.
Based on this finite element, a finite element space can be defined on 77, as

W, := {(wy, € L*(Q) : wylr € Pi(T), VT € T, JCW;, is continuous across any interior (d-1)-subsimplex f}.
f

In regard to the boundary condition of the boundary value problem, the well-posedness of the finite element
problem and the convergence, we define the finite element space V), by

Vie={v,eW,: JCV}, = 0, at any boundary (d-1)-subsimplex f}.
f

This generalization is quite natural and straightforward.
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11.3.2 Morley element on d-D

The Morley element can be extended to arbitrary dimension [?]. This is a unified family of nonconform-
ing P, element for fourth order problems.
The finite element is defined by (7, Py, D7) with

— T is a simplex;
— Pr=PyT);
- D7y = {goi,zpj}{:llj(tlil)/zz for any v € H*(Q), ¢;(v) = 361;- g—;, where f; is a (d — 1)-subsimplex of T for

i=1:(d+1),and y;(v) = er v, where ¢e; is a (d — 2)-subsimplex of T for j =1 :d(d + 1)/2.

Again, dim(D7) = dim(P7) = (d + 1)(d + 2)/2, and the finite element is Py-unisolvent.
Based on this finite element, a finite element space can be defined on 77, as

Wy, :={wy, € LZ(Q) wilr € Po(T), YT € T, fwh is continuous across any (d-2)-subsimplex e,
e
0
and JC 6_V is continuous across any interior (d-1)-subsimplex f}.
son

In regard to the boundary condition of the boundary value problem, the well-posedness of the finite element
problem and the convergence, we define the finite element space V), by

Vii={wp, eV, JC wy, vanishes at any boundary (d-2)-subsimplex e,
ov . .
and n vanishes at any boundary (d-1)-subsimplex f}.
f

Here we prove the unisolvence of Morley element for d = 3.

Lemma 83. Let d = 3, T be a tetrahedron, and F;, i = 1 : 4 be the faces of T. Given v € C'(T), the degrees

of freedom given uniquely determine the integrals of all first order derivatives fF V.

Proof. Given 1 < j < 4, denote the unit normal of F; by v, the edges of F/; by S1,...,S3, and the unit

out normal of S; by n”, viewed as the boundary of a triangle in R2. Given any constant vector @ € R3, let
T=a - (a-V)U, then 7-v =0, namely 7 is tangent to F. It follows that

W i
(11.9) fvv.az(a.y)f__,_ T-n(’)fv.
Fj Fj I ; Si

This gives an explicit expression of fF Vv - a in terms of the degrees of freedom for any @ € R?. The desired
J

result then follows. [0
It follows from Lemma 83 immediately that fF Vvj, is continuous across any internal face F, and vanishes

on any boundary face F.
Lemma 84. The Morley element is unisolvent.

Proof. Because the dimension of P,(T") and the number of degrees of freedom are both 10, it is enough
to show that if p € P(T), and

0
fpzo,lgjs& f—pzo,lsjs4,
ej fjav
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then p = 0. By Lemma 83 and its proof, we deduce that

(11.10) f Vp=0,1<j<4.
F:

J

Now let 1 <k, j < 3. By Green’s formula and (11.10) we have

o 1 & 1 < d
L[S,
Oxidx;  |T| Jr Ox0x; [T = JF, Oxx

That is, p € P;(T). From (11.10), Vp = 0 and p is a constant on 7. Hence p = 0. O

11.3.3 MWX element for 2m-th order problems in R whend > m > 1

In this section, we construct a minimal piecewise polynomial approximations to H™(Q) for Q c R? with
d > m > 1, named Morley-Wang-Xu element [?]. We can see that both the Crouzeix-Raviart element and
the Morley element are special cases of this unified family.

Given a d-simplex T with vertices a;, | <i <d+ 1, let 4;,4,,---, A4+ be the barycentric coordinates
of T. For 1 < k < d, let ¥ be the set consisting of all (d — k)-dimensional subsimplexes of 7. For any F in
Fri, let|F| denote its measure, and let vy, - - - , Vg be its unit outer normals which are linearly independent.

Again, we give the description of (T, Py, D7) for the unified family of finite elements. For the m-th order
problem in d-D, T is a d-simplex and Py = P,,(T). The set of degrees of freedom, denoted by D', will be
given in the following.

For 1 < k < m, any (d — k)-dimensional subsimplex F € Fr and 8 € Ay with |8] = m — k, define

1 9By

(11.11) drrp(v) = — B8 B’
|F| F6V21~~-1@fk

Vv € H™(T).

By the Sobolev embedding theorems [?], dr rp is a continuous linear functional on H™(T'). Then the set of
the degrees of freedom is given by

(11.12) Dy ={drpp : BeAwith|Bl=m—k FeFri 1 <k<m.

That is, the degrees of freedom are the integral averages of normal derivatives of order m — k on all subsim-
plexes of dimension n — k for 1 <k < m.

A i

For nonnegative integers i, j with i < j, set the combinational number C; = ﬁ Then for each
(j—-0!

1 <k <mT has CZ;’I‘” subsimplexes of (n — k)-dimension. For each (n — k)-dimensional subsomplex F,

the number of all (m — k)-th order direction derivatives, with respect to vgy,- -+, VFg, 1S C;Z:’l‘. Therefore, by

the well-known Vandermonde combinatorial identity, the number of the total degrees of freedom is given by

Z crx+lem=k = ¢, which is precisely the dimension of P,,(T). The finite element is Pr-unisolvent.
k=1

The degrees of freedom in these cases are depicted in Table 11.1 form < d < 3. Form = 1 andd = 1,
we obtain the well-known conforming linear elements. This is the only conforming element in this family of
elements. For m = 1 and d > 2, we obtain the well-known nonconforming linear elements. For m = 2, we
recover the well-known Morley element for d = 2 and its generalization to d > 2. For m = 3 and d = 3, we
obtain a new cubic element on a 3-simplex that has 20 degrees of freedom.
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m\d | 2 3

Table 11.1. Degrees of freedom for the construction: m < d + 1

11.3.4 Nonconforming element when m = d + 1
It is extremely difficult to construct the convergent nonconforming element for the case in which m > d.
Recently, Wu and Xu give the construction when m = d + 1, see [?].
For any simplex 7, let gr be the volume bubble function of the simplex K. Specifically, we have
gr = Lidy -+ Apsr.

The shape function space Py = P(Tm’") when m = n + 1 is defined as

(11.13) PY = P, (T) + grPi(T),

where P(T) denotes the space of all polynomials defined on T with a degree not greater than k, for any
integer k > 0.
d

For k > 1, let Ay be the set consisting of all multi-indexes @ with });_,,, a; = 0. For 1 < k < d, any
(n — k)-dimensional sub-simplex F € 7 and @ € Ay with || = d + 1 — k, we define
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1 6n+l—kv

(11.14) drpa(v) = — f ——  Yve H"'(Q.
|F| JF 6VF)| "'6VF’k

When || = 0, we define

(11.15) dra0(v) =v(@)  Vve H'(Q).

By the Sobolev embedding theorem, dr r, and dr,, o are continuous linear functionals on H*1(T). Then,
the set of the degrees of freedom is

DY = drp, © @€ Agwithlol =d+ 1~k F € Fry 1 <k < d)

(11.16)
Uldrao : 1<i<d+1}).

We also number the local degrees of freedom by

dri,drp, -+ ,dry,

where J is the number of local degrees of freedom.
As a natural extension of MWX elements proposed in [?], the diagrams of the finite elements for the
case in which m < d + 1 are plotted in Table 11.1.

Global finite element spaces

We define our piecewise polynomial spaces W, and V), as follows. Again, V), is a subspace of W, in
regard to the boundary conditions.

1. W}, consists of all functions v;, in P, such that for any k € {1, .- ,m}, any (d — k)-dimensional subsim-
plex F of any T € 7}, and any 8 € Ag with |8| = m — k, d7 rg(vy,) is continuous through F.
2. Vj, consists of all functions v, in W), such that for any k € {1, --- , m}, any (d —k)-dimensional subsimplex

Fofany T € 7, and any § € A, with |8| = m — k, if F C 62 then dr gg(vy) = 0.
For v,w € L2(Q) that v|;, wlr € H™(T), YT € T}, we define
(11.17) an(v, w) = Z ( Z bodv 8w + bovw).
7e7;, VT lal=m

The nonconforming finite element method for problem (11.6) corresponding to is to find u, € Wy(or V,
with respect to the boundary condition) such that

(11.18) an(up, vp) = (f,vy), Vv, € Wy(or Vp, respectively).

The convergent property of solution u;, of problem (11.18) will be discussed below.

11.4 Strang lemma and generalized patch test

11.4.1 Strang lemma

Let V be a Sobolev space, a(:, ) is a continuous and coercive bilinear form on V X V. We consider the
variational problem: find u# € V, such that a(u,v) = f(v) forall v € V, where f € V.

Let V), be a finite element space associated with V, equipped with || - ||;,. We consider the finite element
problem: find u;, € Vj, such that a,(up, vi) = fr(vi), Y v, € V), where a,(-,-) is a continuous and coercive
bilinear form on V}, X V;, with respect to || - ||, and f; € V. In practice, a,(-, -) is the bilinear form on Vj, X V,

with numerical quadrature involved.
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Define A : V. — V’ such that (Aw,v) = a(w,v),Yv € V, and A; : V, — V; such that (Apwy, vy) =

an(wp, vi), Y v, € V. Then the boundary value problem equivalent to Au = f in V’, and the finite element
method is equivalent to Ayu;, = f, in V;.

Denote V* = V + V. In practice, we assume there is a norm || - ||, equipped on V*, such that |[v||. = ||v||

C . P .
for v € V and ||lv;ll+ = |lvalln for v;, € V. This way, u and u;, can lie in a same space, and we can estimate
their distance. Moreover, let a, (-, -) be a bilinear form defined on V, X V, which is continuous and coercive

with respect to || - ||;. Particularly when V;, ¢ V, then || - ||+ and a(-,-), degenerate to || - || and a(-,-), and
in the typical nonconforming setting, || - ||+ and a.(-,-) are the piecewise defined norm and bilinear form,
respectively.

Define A : V, — V; such that a, (£, vy) = (A&, vy), YE € Vo, vy € V)

Theorem 82. (Reformed Strang lemma) Let u and w, be the solutions of the boundary value problem and
the finite element problem, respectively. Let f € V| be induced by f.

(11.19) e = walle < inf (e = ville + 140, = Awvilyy) + 117 = Al +11fi = Fily;-
Vh€Vh

Proof. Based on the coercivity of a(:, -) and a;(-, -) with respect to ||-|| and ||+ ||, respectively, by a standard

C C
argument, we have ||v;||, = IIAhthIV]; forv, € V},, and ||v|| = ||Av||y forv € V.
Therefore, let v, € V;,, and we have

¢ e g
leen = villn = AnQun = vidlly, = llApun = f + f — Au+ Au = Avy, + Avy — Apully;
<NAnuy = fllv, + If = Aully; + |Au = Avylly; + | Avy = Apvilly;
Note that by the continuity of a,(:, ), lAu — Auvhllvé < |lu — vpll+. Then,

llee — unlle <l =valls + v — wnlls S (Ul = vialls + [1Av = Apvally,) + If = Aully, + 1fn = fllv:.

Since vj, € V}, is arbitrary, the theorem is proved by an infimum process. 0

Remark 22. 1. ||fy = flly, = sup M
" ey lwalln
2.\If = Aully, = sup Jwn) = @, wy)
wi€Vp [wrlln
X as(p, wi) — an(vi, wy)
3. ||AVh —Ahvh”VI/x = sup +
wh€V) [wnlln

Remark 23. Comparison with the original form of the Strang Lemmas:
1. A unified form of the Strang Lemma is

) a (v, wy) — ap(viy, wy)
(11.20) le — upll+ < inf (||M = vull+ + sup
Vi€V wpeV), ||Wh||h
wi) — as(u,w — fi)w
+ sup fwp) — ay(u, wy) T sup (f = fuX h).
wpeV), ||Wh”/l wpeV, ”Wh“h

2. When a, (v, w) = ap(vy, wy) for vy, wy, € Vj, then ||Av, — AthHv,; = 0. When further fj, = fin V!, the
theorem degenerate to the second Strang lemma, namely,

. s . Swp) — a(u, wy)
llu — uplls < inf |l — vills + [If — Aully, = inf |lu - vyll+ + sup ——F————
Vi€V Vi€V wreV), ||Wh||h

When further V;, C V, the theorem degenerates to the Cea lemma.
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3. When V;, C V, then || f - AMHV,; = 0. The theorem degenerates the first Strang lemma:

sup

wreVy, ”Wh”h

. a(vp, wp) — ap(vy, w — i)W
=yl < inf (Ilu—vh||+ sup V> wn) — an(vp h))+ (f = fi)wn)
VhEVi wieV), [lwalln

When further ay(:, -) coincides with a(-,-) on V;, x V},, and fj, coincides with f on Vj, then the theorem
degenerates to Cea lemma.

11.4.2 Generalised patch test

We will explain the connection between the general patch test and Lax equivalence theorem. We note
here that the norm || - ||, is not necessarily be the nonconforming norm || - ||,s. The corresponding bilinear
form a, is assumed to satisfy the following condition.

Assumption 11.21 The bilinear form a;, and energy norm || - ||, satisfies

1. Boundedness: ay(up, v) < |lunllnllvallns
2. ap(u,v) = a(u,v), Yu,v € V;
3. Poincaré inequality: |[vpllmn < lIvalln.

We first generalize the concepts of weak consistency and generalized patch test proposed for noncon-
forming finite element methods.

Definition 11 (Generalized patch test [?]). For any 1 <i <n,|a|l <mand ¢ € C7(Q),

> [ s
TeT orT

Definition 12 (Weak consistency of V},). Given any bounded sequence in V}, that ||vy||, < C, if subsequence
{v,} satisfies

(11.22) lim sup =0.

h=0 <1

3 v, — ve € LX(Q) k — oo,
then
(11.23) 0vo=vy VYal <m.

Theorem 83. The following statements are equivalent:

1. Generalized patch test passes;
2. Weak consistency holds;
3. It holds that

(11.24) Jim sup 21 ¥1) = s Vi
k=0 Vh ||Vh||h

Proof. Assume 6;; Vi, = Vo and ||vy, || < C. For any ¢ € C3°(£2), we have
lim f aiqﬁazkvm = f 0ipve, lim f ¢6Z+e"vhk = f DVare;-
k—o0 0 0 k—o0 0 k Io)

fﬁ,d)va + PVgre, = lim f(ﬁ,-qﬁﬁjfkvhk + ¢8Zk+e"vhk)
o) o)

—00

=0.

By GPT,

k—o0

TeT,

lim Z #%vy v = 0,
or
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which gives vy = v, by the definition of weak derivative.

pu=limsup sup [Kf,vin — an(u, vi)l.
h—0  |ills=1

Then, there exists v;, € V},, such that

Vi lln =1, u= 1}51010 I<fs Vi dne — an (u, i)

By Poincaré inequality, {dj } is bounded in L?(9), Then, there exists a subsequence (also denoted by vy,)
such that 6;; Vi, — Vo, Which implies vy = v, by the weak consistency. Therefore,

fim (fovidn, = im D (fon 8 vm)

l|l<m

= Z (f(u Va)

lal<m

= " Far8v0) = {fv0).
lal<m
And,
lim ay, (u, vp,) = lim ||Z— (0% u, 0, vi,)
= Z (0%u, vp) = alu, vo).
lal=m
Hence, u = 0.
Recall that

Fovim = D G Ovn),  fo € LX(Q).

|er|<m

0i¢ B = a,
fﬁz{q} B=a+e;,

0 otherwise.

Given ¢ € C; (L), define

It is straightforward that u = 0 is the solution of (—4)"u = f. Therefore, (11.24) implies

lim sup [f,viul =0,

Y valln=1

Namely, for any || < m

lim sup
h=0 1 1,=1

f@mﬁ@"vh + ¢6a+e,-vh =0,

Ter, VT

which is GPT. O

By Lax Equivalence Theorem , under the stability condition, the convergence is equivalent to the con-
sistency. The following theorem shows that Generalized patch test + approximability is equivalent to the
consistency.

Theorem 84. We have the following statement:

Generalized patch test (or weak consistency) + approximability <= Consistency.
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Proof. “="": In light of definition of consistency and Theorem 83, by approximability and boundedness
of a;,, we have

: . anWwn, vi) = {f,v
E;(u) = inf (||u = wyllp + sup #(Whs Vi) = A, Vidn
Wh Vi [1valln

. ap(u,vi) = {f,v ay(wy, —u, v
slnf(llu—wh||h+sup 0t vi) = (fs vin n(Wh )
Wi

Vi vl Vi vl

, an(u, vi)) = (f,v
< inf i — wylly + sup 1, vi) = (fs vidn
Wh Vi Vil

-0 ash—0.

“«=": The consistency trivally implies the approximability. We also have for any wy,

an(u,vi) = fovion __an(u—wpy,vi) + agwp, vi) = (fs vidn
v [1valln o Vil
< sup an(u — wp, vi) an(Wn, vi) = {fs vidn
Vi valln Vi [1valln
an(wn, vi) = {f, vin

< llu — wpllp + sup
v [Vl

Namely,
an(u,vi) = {fsvidn
Vi [valln

which gives (11.24), or equivalently, GPT. O

< Ej (),

GPT for Morley

Let us take Morley element for example. The degrees of freedom on the edge implies that

ou

For the tangential part, using integration by parts, we have
ou —
[o-1=[ul(a) - [ul(aj) =0 7 =aa;.
or
F

Let Pg : L2(e) - Po(e) be the orthogonal projection. We will verify the GPT (11.22) in the following two
cases:

l.|lal =1.Forany 1 <i<nand ¢ € C7(Q)

D fa T¢3"vhw=z PLo"vulvi

= ecE, Y¢

=Y, [@-Porar, - Pty
ecE, V¢

< hllglllvallay, — 0 as h— 0.

209



11.5. ERROR ESTIMATE OF THE MW?X ELEMENT Jinchao Xu

2. |al = 0. For any ¢ € C;°(£2), we have
Z dv, = Z f ¢ = vo) S hllglli (B~ i = volos + vi = volia) < Allglllvall
TcT, or T<T or

Here, vy can be chosen as the interpolation to ; or $, Lagrange space.

Hence, Morley element is convergent element for the 4th-order problem.

11.5 Error estimate of the MW2X element

Lemma 85. If F ¢ 0Q or v, € Vy, then

[vali (0 < 2D N R, VxeF.
TeT FcT

Proof. By the weak continuity or the weak zero-boundary condition, there exist y € F such that [0} v,]r
vanishes at y, this leads to

0 0
[vili) = (| [5-0fwlr@do? s o maxlo-afwlp@ s 1 ) max(fuli(),

yx BBI=lal+1
where 7 is the direction of the vector yx. Repeating the same argument, we have
[aZVh]%:(x) S hz(m*klfl) Z n}:}rx[ﬁﬁ‘}h]%(Z).
BI=m ~
By the inverse inequality, we finish this proof. [0

Theorem 85. Let u € H'(£2) be the solution of the 2m — th order equation, and let w, € Vi be the solution
of the discrete problem for WMX element space. Then for any f € L*(Q),

m—1
k
= wplln = ) Wl lileic + HI1£,
k=1

when u € H(Q).

Proof. By Strong lemma, we should only consider the next term

anw,v) = (o) = D Y (@ w8 vy = (f;v)

TeT) lal=m

with f = 3,2, (=1)"3%8%u. So without loss of generality, for a given a with || = m it can be written as
a = ey +eq, + - +e,,, and we note that:

k
a(k) = Zem, a k) =a-ak), 0<k<m.
i=1

By using of integral by part, we have that:
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_ | Eq, m=1,
ah(uvvh)_(f’vh)_{El_i_Ez’ m>l.
with
El = Z Z Z fo"'“ué‘”“)vhva(l)ds,
lal=m TeT; FcoT ¥ I
and

m—1
Ey= Y > (-D' > f I+ Oua” © Dy, 1y, ds,
F

lal=m k=1 Feg&),

Now we can analyse E; and E, one by one:
e For E|, we can use the continuity of [0” My, ] across the face F. So we have:

Z Z Z L([)amﬁ‘r’(l)vh)dss Z Z Z f;(aa"‘_POFaa”)(aal(l)Vh—P(I)paa/(l)vh)ds

la|l=m TeT), FcoT |a|l=m TeT;, FcoT

‘(1 0 o’ (1
< 30T 10— PYaullo 107 Vv = PR6” Dvillo p

|@|=m TeT), FcOT

$h Y e Wil S Pl t Vb

TeT
e If E;, we can use the trace inequality with scaling and the lemma above. For given k = 1,2,--- ,m — 1,
Z(_l)k Z fanrrY(k)u[art (kH)Vh]Vak“dS
lal=m Feg, VF
1 1
2 , 2
<> [Z ||a“+“<’<>u||2] (Z 6" ("+'>vh]||2]
|a|l=m \Fe&, Fe&,
' !
—1p, 2 2 -1 22(k+D-np,, 2
< [Z P h|u|m+k+1,T,] (Z STowt 2
Fe&, TeT,(F) Fe&, TeTy(F)

k fr 1
< Wtk Vil + B kst Vil -

So we have:

m
k
Es $ ) Kkl

k=1
At last, we have that

m
k
Ei+E < § R |l sk |Vilimhs
=1

which finishes this proof. 0

11.6 Interior penalty nonconforming finite element methods (m,n > 1)

In this section, we will present a family of nonconforming finite element methods that converges for
arbitrary m,n > 1 [?].
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11.6.1 Definition of nonconforming finite elements

For any m > 0 and d > 1, we define L = |.dij, where | x] is the greatest integer that is less than or

equal to x. A finite element can be represented by a triple (7', Py, Dr), where T is the geometric shape of the
element, Pr is the shape function space, and D7 is the set of the degrees of freedom that is Pr-unisolvent.

The minimal shape function space is defined as P(Tm’d) = Pnu(T), where P,(T) denotes the space of all

polynomials defined on T with a degree not greater than k, for any integer k£ > 0.

For 0 < k < d, let ¥7 be the set consisting of all (n — k)-dimensional sub-simplexes of T (Hence, k
represents the co-dimension). Forany F' € F7; (1 < k < n), let|F| denote its (n—k)-dimensional measure, and
VE1,** ,VFi be linearly independent unit vectors that are orthogonal to the tangent space of F. Specifically,
F represents a vertex and |F| = 1 when k = d.

For 1 < k < n, let A; be the set consisting of all multi-indexes a with Zf’zk .1 @ = 0. For any (d — k)-
dimensional sub-simplex F € 7 and @ € Ay with

ol =m—k—(d+ 1)(L-1I) 0<I<L,
define

ety

1
drre(v) == — f —— Vv e H™(T),
(11.25) IFl I 0, - vy

1
dro(v) = m fv Vv e H™(T).
T

Here, [ represents the level of the degrees of freedom. By the Sobolev embedding theorem (cf. [?]), dr Fq is
continuous linear functional on H™(T). We define the set of the degrees of freedom at level / as

DY = {drpa | € A with al = m — k= (d + 1)(L - D),

(11.26)
FeFri 1 <k <minfd,m—(d+ 1)L-D}]  for0<I<L.

We further define the set of degrees of freedom at level [ = —1 as

{dro) ifm=0(modd+ 1),

~md)
(11.27) DT,71 = {@ otherwise.

Then, the set of the degrees of freedom is

L

(m,d) _ 7y (m.d)

(11.28) Dy = UDT’] .
I=—1

The diagrams of the finite elements (0 < m < 5,1 < d < 3) are plotted in Table 11.2.

Remark 24. It can be seen that if m < d, namely L = 0, the finite element is exactly the Morly-Wang-Xu
element proposed in [?].

Remark 25. The set of degrees of freedom lacks the derivatives of order m — (d + 1)(L — [ + 1) on the sub-

simplexes for any 1 </ < L. Hence, we impose the interior penalty terms on the (m — (d + 1)(L — [ + 1))-th
order derivatives when defining the bilinear form.
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m\d

| 2 3

Table 11.2. Degrees of freedom: 0 <m <5,1 <d <3
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11.6.2 Interior penalty nonconforming methods

We immediately know that V](Im’d) (resp. V%"l)) satisfies the k-weak continuity (resp. k-weak zero-

boundary condition) if k # m—(d+1)(L—1+1) (1 <[ < L). That is, the nonconforming finite element spaces
do not satisfy the weak continuity or weak zero-boundary condition in general when L > 1. We, therefore,

introduce the interior penalty as a remedy. We denote V), = V/(l'(’)”d) as the nonconforming approximation of
Hy'(2). For any w,v € V;, + Hj'(2), consider the following bilinear form

ap(w,v) := Z (Oyw, 0;v)

lal=m
(11.29) L
DD TSl D DR B )
=1 FeF, F Bl=m-@x1)(L~1+1)

where 17 = O(1) is a given positive constant. Then, the interior penalty nonconforming finite element methods
for problem (??) read: Find u;, € V), such that

(11.30) ap(up,vi) = (f,vn) Vv € V)

Then, we define
L

(130 VR = R+ > D> A2 N IR, Vv e Vi + HY(Q),
I=1 FeF;, Bl=m—(d+1)(L~1+1)

which can be proved a norm on Vj, + H{j'(©2) by generalized Poincaré inequality.

Remark 26. For the case in which m < d, we have L = Ld%J = 0. Then, a,(-,-) and || - ||, are exactly the
bilinear form and norm for the nonconforming finite element method, respectively.

GPT whend =2,m=73

The proposed IP nonconforming finite element passes the GPT. We will take the case in which d =
2, m = 3 as an illustration, where the variational formulation reads:

(Vaun, Vivi) +1 ) b, f L - Vel = Fovadn Yvi € Vi,

€€8h ¢
The corresponding energy norm is defined as
2. 2 -5/2 2
lvally == al3,, + 1872 Tvalllg g, -

The GPT for |a| = 2 and |@| = 1 is similar to the nonconforming methods (HW). For |a| = 0, we have
ITvedllos, = 1% = 0 for all ||vyl, = 1. Then,

Toi(d,vi) = Z fqb[vh]vids -0 h—0.

€€8/l ¢

which shows that the IP nonconforming method is convergent for all f € H™(Q).
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