14

Mixed Methods for Stokes equations

14.1 Navier-stokes Equations

Given the domain Q c R", we consider function u : 2 — R", (m = 1,n). Depending on m, u can be
scalar-valued or vector-valued. In dynamical setting, we consider time dependent function w : Q X (0,T) +—

R".

Vector and Matrix Derivatives
Derivative Notation

Let m = n. We write u as a column vector

Recall the Fréchet derivative 4
Dyu(é) = Eu(m + 18)li=0

4 d[ul(mﬂf)] [Vu1~§] (Vup)”
—u(x +1£) = — : = : = : I3

dt Vu,;1 £

and

U (T + 1€) (Vit)”
In order to be consistent with Fréchet derivative, we write the derivatives with respect to & = [X] -
as
Vu (&)
au(A) ( 1.( » (9u,-]
—(Z) = : == .
ox R T 6Xj ij
(Vun(2))
We also use the gradient notation
v ou
U= —
T o

interchangeably to denote the derivative. Divergence of a vector function u is defined as following:
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Bu,-

divgu =Vz - -u =
2.9%,

Given a matrix function
al (&)

A@) =| -
a, (&)
The divergence of a matrix A(&) is defined by applying the divergence operator row-wise to the matrix;
namely

Vi - ai(2)
divgzA(Z) = },

Va - an(®)

which results in a column vector. This follows from the integration by part as follows:

—fdiV@A'qS:fA:V(ﬁ
Q Q
6¢i}
= | A==
fQ [an ij
zzfa..%
ij Ve Uan

Chain Rule

For vector and matrix functions in Eulerian coordinates, the derivatives are define analogously to the
derivatives above. Furthermore, for a scalar function a(x), we have the following chain rule:

Vealx) =

_[ - (953/‘ oa
i ox; 0%

Oa ] = F7(#, )Vaa(z(d,1)).
ox; i

J=1

We also have a chain rule for vector functions a(x):

da "\ G Ody o
Vm - ox; = Y. = Vi: 9 F 9 .
a(r) [awj]ij [; Er 5wj]ij a(x(E,0)F (2,1

14.1.1 Kinematics
Flow map
Consider a subdomain £2(0) of the domain of a mechanical system and suppose we have the flow map

x(Z,1) : Q) x [0,T] — (). We call Q(¢) a control volume, which is parametrized by the time variable ¢,
and we refer to £(0) as the reference volume. For (&, ¢) € Q2(0) x [0, T'], define
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e displacement:
W, 1) = x(2,1) - 2,

e velocity:
A o
,t = <>
(2, 1) y
e deformation tensor:
. 0 . ox; . .
F@n=c2@n,  (By=52- J@.0 = deP@,n)
6a: 6:cj

The inverse of the flow map, &(x, 7), can be defined only if J =det(F) #0.
The variables above are defined in Lagrangian coordinates, (&,t). We may also define variables in Eu-
lerian coordinates, (x, t):

e velocity:
v(x(Z,0),1) = 0(&, 1),
e deformation tensor: . .
F(x(z,1,t)=F(&,t) and J(x(&,1),1) = J(&,1).
Material Derivatives

Consider any smooth function a(x, ), given in Eulerian coordinates. We write « in terms of the La-
grangian coordinates, * = (&, t), and take the time derivative to define the material derivative,

Da . _ dla@@n.0)]
Dt @,1) = ot

= o (x(&,1),1) + Vea(x(, 1), D (2, 1)
o, (x(2,1),1) + Vea(x(Z, 1), Hv(x(Z, 1), 1)
(14.1) = oy(x, 1) + (v - Vy)a(x, ).

Given the function in Lagrangian coordinates, &(&, f) = a(x(Z, 1), 1), it follows by definition that
o0& | Do
—(@,t) = — (@, ¢t .
ot @7 Dt (@ )m=w(5c,t)
Lemma 102. R
aJ N
i (Vg -v)J
proof

To compute the time derivative of J, we use cofactor expansion and write
n
J@,0 = det F(#,0) = ) Fi(@, 1) det B (&, 1),
k=1
where ﬁ;‘k is the cofactor matrix of 13‘,-,;(, attained by deleting the i row and k™ column. (Note that the choice

of expanding along row i is permissible, since cofactor expansion is row independent.) Consequently, we
have
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J . R , R
—J=— Fi(-1)** det FY,
oF,;"  oF ,; *

oF;;
-2l5

=(- 1)’”detF

det Ff + Frj——(—1)"*det F';,

iJ

where we note d(det F, o) /0E ; = 0 because F” is F' with the i™ row and k™ column removed. The above

calculation shows that the derivative of the determlnant with respect to the matrix yields the cofactor matrix

ofF,
a A_

oF

where 8J /OF is a matrix of derivatives with its i ™ entry as aJ) 613}, -
The derivative of determinant can be calculated as follows:

= [(-1)*det )], = JF™!

gf(:e, 1= %det F&,0

T
(Chain Rule for Matrices) =t (('33' ) ﬁ13’(:%, t))

(

:tr( T(z, t)—F(:c t)) (€49
(
(

. (92 N
_ —T /A N N
=t F~" (&,1) &%&w(af;, t))](a:,t)
. oz’ 0 . N\ia
(Inverse Function Theorem) = trl —(x(, 1), t)a—Av(m, t))J (z,0)
i frd
(Chain Rule) - tr(aiv(cc(;%, ), r))j(ﬁz, )
i

(14.2) = (Vo - v(@(@,0,0)J(&,1).
Alternate derivation of 8.J/ot:

To compute the time derivative of J, we have

5 (Vexi (&, 1)
—J(@,1) = —det F(2,1) = — det :
o O

= % det [V@xl(ﬁl, 1) - Vax,(z, t)]

= > det[Vaxi@,0) -~ Vahi(@,0) - Vaxu(d,0)].

We evaluate the determinants by cofactor expansion along the i column, where the cofactor F fj is attained
by deleting the i" column and j® row. Thus,
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ZZ aV’( 1) det F,

. B i Ox i+ .
(Chain Rule) _ZZ( T oY )( 1 det F¥,
i & D
-ZZ - xk( 1) det F¥,
=1 k=1 é?xk
B v, 8xl i+ .
(14.3) izza ax( 1)/ det F¥,
(14.4) = (Vg - 0)],

where we used Zj L g;k det FC =0 for i # k to get (14.3).

A Transport Identity

We present a lemma, sometimes referred to as Reynolds’ Transport Theorem, that is essential to proving
conservation laws.

Lemma 103. Suppose Q(t) is a control volume evolves according to the flow map x(&,t) given above and
that the deformation tensor F' is invertible for all (&,t). Then for any differentiable vector function a(x,t)
in Q(t), we have

d

— a(x,t)dx = f oy (z, 1) + divg(a(z, Hv! (x, 1)) d.
dt Q1) Q)

To prove this lemma, we begin with a change of variables to Lagrangian coordinates, so that time deriva-
tive may be passed into the integrand:

d d N
— a(x,dx = —f a(x(z, 1, nJ(&, Hdz
dt Q) dt Q(0)

(14.5) 4 4
= f — (@ (@, 1), ) (&, 1) + a(x(Z, 1), ) — J(&, )d .
o) dt dt

From the last section, we see that

(14.6) %a(m(:ﬁ,t), fH= Dgta(w, t)'m:m(ﬁt,t) = oy(x, 1) + Vea(x, Ho(x, 1).

Combining (14.4)—(14.6) followed by a change of variables back to Eulerian coordinates yields

4 a(z, Hdx = f Ba(a:(af:,t),t)f(s%,t)+a(zc(:fc,t),t)(Vm~v(a:(§:,t),t)f(s&,t))d:%
dr Jow o) Dt

= f o (x, 1) + Vea(x, Ho(x, 1) + a(x, 1)(Vy - v(x, 1) de,
Q)

= f oy (z, 1) + divg(a(z, Hv! (x, 1) dx,
Q(r)

where the last step follows from the product rule.
Note that in case that « is a scalar, we write the divergence term as div(a(x, Hv(zx, 1)).
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14.1.2 Two Fundamental Laws of Mechanics

Equations for most mechanical systems can derived from two fundamental physical laws: the conserva-
tion of mass and the balance of linear momentum. In the following sections, we formulate these two laws
mathematically and introduce Cauchy’s Stress Theorem.

Conservation of Mass
A fundamental law for mechanical systems is the conservation of mass, which states that the total mass
of a physical entity does not change in time. Let p(x, f) represent the density of some physical entity in
Eulerian coordinates and suppose this density evolves in time via the flow map, (&, f), described above.
Consider this density function restricted to some control volume, €2(¢) at time ¢, that also evolves with the
flow map. To be precise, this means that all points & € €(0) at time ¢ = 0 remain inside the control volume:
x(&,1) € Q(t). Let m(r) represent the total mass in £(¢). Simply stated, the conservation of mass requires for
each control volume Q(r)
d d
14.7) —m(t) = — f p(x,t)dx = 0.
dt dt Jog
To derive the differential form of the conservation of mass, we invoke lemma 103 with a = p to show

d
= — p(x,t)dx
dt Q1)

:f i, 1) + div(p(x, vl (x, 1)) dx

Q)

= f pi(, 1) + V- (p(x, Hv(z, 1)) dz,
Q)

where the last equality follows from the density p being a scalar function. Since mass is conserved over
all control volume subsets of our mechanical system’s domain, we recover the following partial differential
equation,
(14.8) p(@, 1) + V- (p(z, ho(z, 1)) = 0.
If a density function is given in Lagrangian coordinates (in terms of &), then we have
p(@,1) = p(x(2, 1), 1).

The conservation of mass can translated to this case using the following reasoning:

(definition of flow map) f p(2,0)dx = f p(x(£,0),0)dz
2(0) 20)
(conservation of mass) = f p(x,t)dx
folt)
(change of variables) = f p(x(2, 1), t)f(ﬁ:, 1 dzx
Q(0)

which shows that the identity
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As p(&,0)
14.9 ) ==
(14.9) P, = .0

is the statement for mass conservation in Lagrangian coordinates. Since J(&, f) measures the infinitesimal
volume at (&, t) € €(¢), equation (14.10) states that the evolution of the density is solely determined by the
initial density configuration and the change in volume induced over time by the flow map.

or we can write

(14.10) p(x, dx = p(x, 0)di

Balance of Linear Momentum and Cauchy’s Stress Theorem

In a mechanical system, a body inside a control volume can experience external forces as stress on the
surface of the volume. Often, mechanical bodies experience more than one type of stress at the same time;
this is called combined stress. Combined stresses cannot be described by a single vector, even if the material
is stressed in the same way throughout the volume of the body. The stress across the surface of a control
volume may depend on the orientation of the surface in a non-trivial way. We represent the stress vector by
t(x, t,09Q), the dependence of the stress vector on 0€2 allows the stress vector to depend upon the orientation
of the volume’s surface.

Assume that the balance of linear momentum—Newton’s second law of motion—holds over all control
volumes, then we may write

(14.11) i p(x, Hv(x, ) dx = f

flx,t)dx + f t(&,t,00Q)dE,
dt Jow ) 80(1)

where pv is the body momentum and f represents any body force acting within the control volume.

We are interested in understanding the properties of the stress vector. Namely, Cauchy’s Stress Theorem
states that the stress vector acting upon a body is a linear function of the unit normal vector to the body’s
surface — though it may have nonlinear dependence on the coordinates of the surface.

Theorem 102 (Cauchy’s Stress Theorem). Assume that the balance of linear momentum (14.11) holds over
all control volumes. Then, there is a symmetric second-order stress tensor o(x, t) such that the stress vector
for any control volume is a linear function of the normal vector,

3
(14.12) T(x,t,0Q) = o(x,t)n  or Tix,t,09Q)= Z o j(x, Hn;.

j=1
Given stress in Eulerian coordinates: o (z, f), we can define the corresponding Lagrangian stress
6 (2, 1) = o(x(L,1),1).
Stress is a physical quantity that expresses the internal forces that neighboring particles of a continuous

material exert on each other.
Applying (14.12) to (14.11) gives rise to

d
(14.13) — p(x, Hv(x, ) dx = f flx,t)dx +f &, Hndg.
dt Jow Q0 a0A1)
Apply the divergence theorem to the stress term to obtain
d
(14.14) — p(x, Hv(x,t)dx = f(x,t) +diveo(x,t)dex.
dt Jow o1t

As this holds for arbitrary control volumes, we apply lemma 103 to the term on the left to show
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d(pv)

14.15
( ) o

Based on Equation (14.8), it can be further simplified as

(14.16) Je (Z—I; + (v - V)'v) = f(x,t) + divgo(x,1), in Q).
Note that
A : (BC) = trace(AT BC) = trace(CT BT A) = trace((ACT)" B) = (ACT) : B.

We will use this identity in the proof of the next lemma.

Lemma 104. For any symmetric tensor o,
(14.17) div,or = J ' divy(JGFT).
Proof:

V¢ € C°, by divergence theorem,

f diveo - ¢pdx
Q@)

=- f o : Vodx
Q@)

:_f o (VapF Vde
Q)

~

(14.18) =—f G (VadF ' N)di
92(0)
=— (JoFTy: Vyddd
Q(0)
= f divg(JOF™T) - pdz
Q(0)
= f Jdivg(JGE™T) - pd.
Q1)

Since ¢ is arbitrary, we know that the equation (14.17) holds.

Lagrangian Formulation

(x, 1) + divg (p(x, Hv(z, Hv! (x, 1) = f(x, 1) + divgo(z, 1),  in Q).

To derive a Lagrangian counterpart of equation (14.23), we use the conservation of mass (14.10),

P&, 1) = p@)/J(&, 1),
Thus
f oz, Hv(x, 1) dX = f PR, DO, I (%, 1) d% = f p(2)O(Z,1) dE,
1) Q(0) Q(0)

for the term on the left in equation (14.13),
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d d
(14.19) — p(x, Hv(x, ) dx = f p@)—o(x,ndz,
dt Q1) Q(0) dt

where p(£) = p(&, 0). For the stress term in (14.13), we perform a change of variables and note that

n(x(@, 0)dx = J(&, ) F (@&, Ad)ds.

Hence,
f o(z, Hn(z, ) dx = f o(@(@,1),0(J(@, D F (@&, i) dé
0Q(n) 02(0)
= f (J@. Do (@@, 0,0 F " (@&, 1)) dé
09Q(0)
(14.20) = f dive(J(@, No (@@, 0, F " (&,1)) dt
Q(0)

Let 6(x,t) = o(x(x,1),1) and f(ﬁc, 1) = f(x(&,1), 1) and we use (14.13), (14.19)—(14.20) to get
f ﬁ(a@)@(a@, ) dé = f J@.0f@. 0+ dive(J@. Do @@, 0,0 F " (&,1)) dz.
Q) ot Q0)

Since this holds over arbitrary control volumes, it follows that

80 ., .
(14.21) pa—'t’:J + Vs - (JEFT).

Constitutive Equations

Constitutive equations establish mathematical relationship among the statical, kinematical and thermal
variables for material subject to mechanical or thermal forces’, such as the relation between strain and stress
in elastic solid and the relation between rate of strain and stress in fluid. In addition, the following are also
constitutive equations:

e Darcy’s law: the proportionality between velocity and pressure gradient
e Ohm’s law: the proportionality between potential difference and electrical current
e Fourier’s law: the proportionality between heat flux and temperature gradient.

Note that real materials may have extremely complicated response under loadings and constitutive equa-
tions cannot cover all the observed data. They can only fit the data reasonably well over a range of physical
parameters.

We introduce constitutive equations via the concept of dynamical process (x,0), which is a pair of
trajectory x and Cauchy stress tensor o. Constitutive equations are about how o is related to x.

A dynamic process (x, o) is isochoric if

vol(z(V, 1) = vol(V), YV cQ
holds for any ¢ > 0.
A material body is a body 2 with a mass distribution and a family C of dynamical processes. C is called
the constitutive class of the material body. A material body is incompressible if each (x, o) € C is isochoric.

0" Schaum’s outline of continuum mechanics
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Incompressibility (Volume preserving)
For incompressible materials, the volume of the material does not change over time:

d

d .
— ldx = f —J(@&,1)dz = 0.
dt Q) Q(0) dt

Therefore, we have J = 1 in ©(0), which is equivalent to V, - v = 0 in Q(f) by equation (14.4). Also by
equation (14.8), Dp/Dt = 0 for incompressible materials.

Constitutive equations of incompressible viscous fluids

A Newtonion fluid is a material body consistent with the following assumptions:

e There exists linear function C such that the constitutive class is the set of all isochoric dynamical pro-
cesses (x, o) which satisfies
o =-pl+C(Vv).

e The density pg is constant.

Theorem 103. The response of a Newtonian fluid is independent of the observer if and only if C(Vv) = 2uD,
where

1
D= 5(Vu + (Vo)h).
u is called the viscosity of the fluid.
Based on conservation of momentum, we have

d(pv)

14.22
( ) o

(x, 1) + divg (p(x, Hv(z, Hv! (x, 1) = flx, 1) + divgo(z, 1),  in Q).

It can be further simplified as
ov . .
(14.23) pE(:c, H+pw-Vv= fx,f)+diveo(x,1), in Q).

For Newtonian fluid, o = —pI + 2uD. By some calculation, we know that
dive = =Vp + udv.

Together with the continuity equation, we have the Navier-Stokes equations as follows

Dv
(14.24) P HAEVP =T
divo =0

Note that the momentum equations can also be written in the following conservative form

%(pv) — div2ue(v) — pvv’ - pl) = f.
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Weak form of Navier-Stokes equations

Define
V= {'u € LX(Q)|Vv € LX(Q), Vgo = o} = (H Q)"

and

Q=LiQ) ={qe LXQ), f q =0}

Take any ¢ € V. Note that

—fAv-q):—fdiv(e(v))-gb:fe(v):VdJ:fe(v):e(qﬁ).
o) Q Q Q

The weak form of Navier-Stokes equations is as follows

D
(1425) {(p—”, 8) + 2u(ev). (@) - (p.dive) = (f.0), VgV

Dt
(divo,q) =0, VYqeQ
Dimensionless form of Navier-Stokes equations

We non-dimensionalize all the quantities with given characteristic length L, speed V, pressure P as fol-

lows:
_ v =« _ v _ p-P

f=t—, T=—, ==, p=——

L L \% pV

Further using the same symbols, without the bar, for the non-dimensional quantities. The non-dimensionalized
system with the choice of material relations

Do 1 -
= A5+ Vp=f
(14.26) Df  Re in Q(1).
V-5=0
The Reynold’s number Re is defined as
1 VL
Re=- =22

Bop

Note that this procedure is only for the case where p is constant in Eulerian coordinate.
In the case where Re << 1, the Stokes equations can be obtained

A5 +Vp=f
14.27 _ in Q(1),
(14.27) { Gs_o QW
where p = Rep.
A very similar type of equations is about the Darcy’s Law for porous media:
k
v+ -Vp=f .
(14.28) u in Q(r).
V-v=0
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Semi-Lagrangian method

Now we introduce notation (&, t, s) = x(x~' (£, 1), s). By discretizing the time derivative as follows

Dv n+ly _ é A n+1
Dt (wat ) - at(v(w(m’t at)7 t))

’U(:f:(:l:, t"+l, l"+1), ln+1) _ U((i'((l?, l‘"+l, t"), t")
At

_ vz, Y —w(x, 1)

B At ’

(14.29) x

we can obtain the Semi-Lagrangian method

,Un+1 — "

o n+1 n+l _ e+l
(14.30) qr M V=S

divo™! =0

Here =* = &(x, 1!, ") is the characteristic foot of z.
We need to additionally solve the following equations

6_@ =v(x,1)
(14.31) { a7
@(w’ tn+l,[n+1) = .

Non-Newtonian fluids

The Johnson-Seglman model:

Reg—‘l‘ =V [t+uDw)]-Vp
V-u=0
T+ Wi[%: - Rt —TRW)T] = 2, D(u),

where 24 =% 4+ (u-Viu, D)= 3(Vu+Vu"), Rw)= (4 Vu+ S V")

If a = 1, it reduces to Oldryoid-B model.
The Wissenberg number Wi is very important parameter in this model. If Wi = 0, it becomes Newtonian
fluid model. If Wi = oo, the following transport equation holds

D, T
E + VMTP + T,,(Vu) .

14.2 Stokes Equations
The Navier-Stokes equation reads:

Re(OQu+ u-V)p)—Adu+Vp = f
—divu = 0.

When the Raynold constant tends to zero, we have

266



CHAPTER 14. MIXED METHODS FOR STOKES EQUATIONS Jinchao Xu

-Au+Vp=f
—divu = 0.

We introduce the Cauchy-stress
o =-e(u)— pl

with e(u) = %(Vu + Vu™). If a fluid satisfies the above condition, then it is called Newtwonian fluid. For an
incompressible Newtwonian fluid,

—divo = —-Adu+Vp = f in Q,
—divu =0 in Q;

u=0 onlp

e(uyn+pn=0 onlr.

(14.32)

For simplicity, we assume that I'p = 022 and define

V=(H)Q), Q={qel*Q): fgq=0}

with norms given by
Mo =IVvlloe, Iglo.e = liglloe

respectively.
Multiply the first equation by v. By the boundary conditions in (14.32), we have

—(diva,v) = (0, Vv) = (e(u), e(v)) — (pI, Vv) = (e(u), e(v)) — (p, divv).

R zg Yk

where

a(u,v) =2u f e(u):e(v)ydx, bv,q) =- f qdivv dx.
Q Q

This stationary Stokes equation for an incompressible Newtwonian fluid with viscosity u, enclosed in the
domain Q € R?, and acted upon by a volume load f can be characterised by the following minimization

problem:
1 2 —_— .
ve\/gg‘v:o{ﬂ fg IE(V)| dx fg f de}'

V=(HNRQ), (n=2,3).

The variable p can be viewed as the Lagrange multiplier associated with the incompressibility constraint.
Let A = —4. Note that V is the adjoint operator of —div due to the Stokes theorem:

Here

~(divv,q) = v, Vg), Vv e (H)(Q))", g€ L*(Q) N HY(Q).

We have
B=—div:Ve— Q, B =V:0m (H' Q).

Then the Stokes equation can be formally written as follows:

AB\(u\_(f
(1434 (50)(3)=(6)
The wellposedness of Stokes Equations are well studied. For example, inf-sup condition for B is valid

since B = —div is onto, which is equivalent to B’ = V is one to one. We know that V is indeed one-to-one in
(Hy).
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14.2.1 Well-posedness and inf-sup condition

Formally, let us consider an LU factorization of the operator matrix for the Stokes equation:
A B _ I 0\(A B
(B 0 ) - (—BA‘I 1)(0 —S)
where the Schur complement operator S is given by
(14.35) S=BAT'B'": 0 Q.

Therefore the Stokes operator is an isomorphism if and only if the Schur compliment operator S is an
isomorphism. First we show that S is a bounded operator.

IS gllo = 1| - div(-4)~"gradgllo < [I(~4)"" gradgll;
For any problem —4w = f with f € H™'(Q), we have
Wit = (fow) < A1t lwly
meaning |(-4)~' f]; < |f|-1. Thus,

(gradg, s) “ (g, divs)
Il s sl

IS gllo < llgradgll-; = sup < llgllo-
s

It is also not difficult to see that § is onto. Now the question is whether S is invertible and has a bounded
inverse, namely whether there is a constant ¢ > 0 such that

ISqlo > clglo Vg€ Q.

For v € V such that —4v = V¢, we have

M7 = (V¢,v) = (8, =divy) < ligllolvls = i < ligllo-

. Thus,
.y -1 d d d b ,
1S glo = sup 8.9 _ sup ((=A)""grad¢, gradg) _ sup (v, gradq) > Csup (v,q)
eew  Ilo deWw o sew  Ilo vev VIt

Therefore S is an isomorphism if there exists constant @ > 0 such that

a>0.

(14.36) inf sup 2 5
aW ey Vlilglo

This is known as an inf-sup condition. This condition can be indeed proved rigorously. The details of the
proof is omitted here.

Remark 31. 1. If I'p = 0Q, (e(u), e(v)) = (Vu, Vv). Thus,
lle@llo.o = [Vulo,o-

Poincare inequality tells ||u|; < lle(w)llo if u € H(l) ().
2. If I'p # 0Q and |['p| # 0, by Korn;s inequality,

llulli < lle)llo-

268



CHAPTER 14. MIXED METHODS FOR STOKES EQUATIONS Jinchao Xu

(3) In 3-dimension, if e(v) = 0, we have
v=a+bXux.

For the special case I'p = 0, we prove the well poseness of this problem.

Theorem 104. Assume that the domain Q is convex, the variational problem (14.33) is well-posed if I'p =
0Q.

Proof. By Brezzi’s theorem, we can prove the theorem by proving that a(-, -) is coercive and b(-, -) satisfies
the inf-sup condition. It is obvious that a(u, u) > C||ullgy for u € Ker(B).
For the inf-sup condition concerning b(-, -), for any g € Q, consider the auxiliary problem

-Ap=q InQ
¢=0 onl)p
Take u = V¢ € Q, it is then easy to see that
(divu, q) = llgll*.
Since [[ull}, = V4|l < Cligli3,
b(v,q)
sup 2 2L > Blgllg.
vev My

0

14.2.2 Finite element discretization
In the discretization of Stokes equations, we need a pair of finite element subspaces V;, ¢ V and Q;, C Q.
a(up, v) +b(vi, pr) = (f,ve) Y vp € Vp,
(1437 { blutn, g1) = 0 v gy € O

Let
B=—div,: Vs> Oy, B =V:0, (HQ)".

Then the Stokes equation can be written in a matrix form

Ah B! up\ _ ﬁ,
1435) (5 )(5) - (6)
As in the continuous case, the discrete Stokes equation is well-posed if the inf-sup condition is satisfied

b
(14.39) inf sup 2mdn)

>a>0.
a€0i v,ev,, [Vililgnlo

If we can choose a independently of mesh size s, we then call the pair Vj, X O, to be a stable element. In this
case, the discrete Stokes equation is well-posed, in certain sense, uniformly with respect to the mesh size A.
One immediate consequence of the above inf-sup condition is the following best approximation property.

Lemma 105. Let u € V be divergence-free: divu = 0. Then, under the inf-sup condition (14.39)
1
inf - <+ -)inf |u- .
i )|M wali < (1 + a')v}lrel\/,, lee = vil

Here V;,(0) is the discrete divergence-free space:

Vi) ={v, € Vi b(vi,qn) =0 Y gy € Op.
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Proof. Given vy, € Vy, let r;, € V), be such that
b(rp,qn) = b(u—vp,qr) Y qin € O
O

Theorem 105. For a pair of stable element V), X Qy, namely the inf-sup condition (14.36) is satisfied uni-
formly with respect to h, then

(14.40) lu — upli +1p — palo < C(sup |lu—vuli + qilelg Ip = gnlo)
h h

vh€Vj
for some constant C independent of h.
Proof. The proof is simple [0
Exercise 1. Prove the best approximation property (14.40) holds uniformly with respect to & (if and) only if
the inf-sup condition (14.39) holds uniformly with respect to A.
The verification of the discrete inf-sup condition is not an easy task in general. Let us describe one
convenient technique in this direction.

Lemma 106. The discrete inf-sup condition is uniformly satisfied if there is a linear operator Il : V +— V),

such that

(14.41) bv—Iyw,q,)) =0 Y gne QO
and

(14.42) ) <cpvly YvevVv

for some constant c independent of h.

The proof of this lemma is straightforward by using the inf-sup condition (14.36) on the continuous level.
Exercise 2. Prove Lemma 106.

P, — Py elements and Crouzeix-Raviart elements

One seemingly natural pair of elements is continuous piecewise P; (for velocity) versus piecewise con-
stant (for pressure). For the mesh in Fig 2, let n be the number of nodes on x-axis, then the number of interior
vertices is n, = (n—2)? and the number of elements is 1, = 2(n — 1)?. We know that dimV}, < 2n, = 2(n—2)?
and dimQy, = n, — 1 = 2(n — 1)> — 1. So dimV}, < dimQ}, the discrete system can not be well defined.

Moreover, if u = (u;, us)" € V,, and divu = 0, meaning 8,u; + dyup = 0. Consider the marked element in
Fig 2, up = 0 on the vertical edge, then d,u; = 0 on the vertical edge. Then we have d,u; = 0 in the element
since u is a linear polynomial. Since u; = 0 on the boundary, then u; = 0 in the element, thus dyu, = 0 in
the element. Since u; = 0 on the boundary, then u, = 0 in the element, thus u = 0. It means that for some
special grid, the only divergence free function is the zero function, hence the inf-sup condition can not be
satisfied.

To fix this problem, we can enrich the velocity space. We shall now discuss two such enrichments. With
the piecewise constant functions still used for the pressure space, the first one is to use P, element for
velocity and the second one is to use nonconforming P; element for velocity (Crouzeix-Raviart element).

We shall now prove that the P, — Py is indeed a stable element. We proceed to verify the conditions
(14.41) and (14.42). For any v € V, we need to define v, = I1,v satisfying (14.41) which, in the present

situation, reads, for each element T’
fdiv(v—vh)z f w=vp)-n=0.
T aT
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This last condition can obviously be satisfied if we construct v, in such a way that, for each edge e; of 7',

(14.43) fvhzfv, i=1,2,3.

The above condition can be easily satisfied by defining the value of v, at the midpoint of each e; using the
relation (14.43). But since we are in P, we also need to define v, on the nodal points as well. The procedure
we will take is first to define the nodal values of v, and then define the midpoint values of v;, by (14.43). To
do this we use make use the Scott-Zhang interpolantion introduced in §4.4 which we denote here by 17,. We
then define

(14.44) Iy =1y +IL(v - 11v)

where I1, : V +— V), is defined locally such that, for each v € V, I, v is zero on each vertex and its value of
the midpoint of any edge e is determined by a relation like (14.43)

fﬂzvzfv.

diviv — Ilv)q;, = Z f (v = 1IIyv) - ngy
= Jok

Then for any g, € Qp,

b — Iy, q;) = Zf

K K
= Zf (I = Ih)(v = ITyv) - ngy, = 0,
X JOK

Meanwhile, by the properties of the Scott-Zhang interpolation in §4.4,

(14.45)

[Ipvh < [ILhvh + [IL(v = )l
(14.46) < Wl + iy = Myl + v = vl S Iy
K

Thus, the interpolation 77, constructed in this way satisfies all the desired properties.

Exercise 3. Prove that the /7, defined by (14.44) satisfies both (14.41) and (14.42).
As we see from the above analysis, as far as inf-sup condition is concerned, the digree of freedoms on all
the nodal points in the P, element is not necessary. So let us just throw them away! The resulting element is
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then a nonconforming piecewise linear element which is continuous at all midpoints. This element is known
as the Crouzeix-Raviart element. Indeed, for purely Dirichlet boundary condition, inf-sup condition can be
verified easily. But, unfortunately, this element seems to only work for the pure Dirichet boundary condition
for sure since the discrete Korn’s inequality may fail to hold for other boundary conditions. Since the Stokes
equation with a purely Dirichet boundary condition is of very little practical importance, the significance of
this pair of element is then very limited.

14.2.3 Some examples of stable elements

In this section, we describe some examples of stable elements.

Example 9. Here we have some examples in 2-dimension that are commonly used.

1. Natural but divergent elements: V;, = (P9)%, Q, = ;.
2. Stable elements: Vj, = (P))?, Q; = P,
3. Mini element: V;, = (50(1) @® Bubble)?, Q;, = 7)(1).
4. More unstable elements:
o Vi=P)L Q=P
o V,=(PPL Q=P
5. Stable elements:
o V= (P)?% Q=P with k > 4. This is Scott-Vogelius element. It is stable provided that there is
no singular vertex in the mesh.
o V= (PY? Q= PY. This is called Taylor-Hood element.

No bubbles

Taylor-Hood elements

These elements refer to the following

e PS—PY for both R? (triangle) and R’ (tedrahedral).
o P{—P) for both R? (triangle) and R? (tedrahedral).
o 09-0 for R? (square).

Scott-Vogelius elements
It is known that the Pg -— ];'1 are not stable for £ < 3. But Scott-Vogelius proved that
e P)-P_! for R* (triangle) and k > 4

is indeed stable for triangular grid with mild restrictions.

Stablization by bubble functions

A bubble function is a function that is defined locally on each element and has support on that element.
The most commonly used bubble function is the cubic bubble

b3(x) = 1(x)A2(x)A3(x).
MINI-element

The MINI-element is the known stable element with the minimal degree of freedom and it consists of

o PV4(by)-P
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Crouzeix-Raviart elements

To stablize the Pg - PII element, Crouzeix and Raviart added a bubble to the velocity space:

o P)+ib3)- Pyl

Comments on divergence-free conditions
From the divergence-free condition divu = 0, we can derive fa QU n= 0.

1. If the pressure space is discontinuous, then on each element K, we have f[,) g U= 0.

2. For Scott-Vogelius element, we actually have divu;, = 0 everywhere, which is equivalent to fG up-n =0,
V open set G C Q.

14.3 Necas inequality, Korn inequality and inf-sup condition

We want the discretization to be well-posed. The inf-sup condition for a(:,-) and c¢(:,-) on K and H
are trivial. We only need to worry about the inf-sup condition for b(-,-) , namely the inf-sup condition for
B = —div, which reads

(qn, divvy)

(14.47) (gndivvy)
an€On v,ev,, llgnllo,lVali

The following inequality was first proved by Necas.

Theorem 106 (Necas’s inequality). Let Q € R? be a connected domain with a Lipschitz boundary, then
there exists a constant C such that for all p € L*(Q),

d 1/2
dp
2 2
(14.48) lpllz2 < C{IIPIIHI + ;:l II—OinIHl]

Proof. A simple proof for the general cases can be found in [?] by J. Bramble. Here we only present a
special case that Q = R” by using Fourier transform. Let p(¢) = .% (p) be the Fourier transform of p, then

Pl ,

1922, = |—=2

axi T+ P

2 A2 A2
Pl =i > Pllga> Pllzas

1
VI+[l

so in this case
d ap
2 2 2
= T+ —I7;.
lpll;. = lIpllZ, iE_l IIainI 1

0
The following Korn’s inequality can be proved directly from the Necas’s inequality.

Theorem 107 (Korn’s inequality). Let Q € R be a conneced domain with a Lipschitz boundary, then there
exists a constant C such that for all u € [H e,

1/2
(14.49) lllzp < € (1l + el
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Proof. We only consider the smooth vectors u since smooth functions are dense in both L?(©2) and H'(Q).
Take p = 6”‘ in (14.48), then

”H L.

Oou;
||—||L <l + Zn
x

Notice that 5
v
==l < Vllz2, Vv e L?
6.Xk
azu,» _ Bs,-k (98,'/ 85jk

ox;ox,  Ox;  Oxp  Ox;

Then we have the desired result. 0
At the end of this section, we will prove the inf-sup condition for B = div : [H}]¢ — (L})’ with the help

of Necas inequality. Here L3(Q) 2 {p € L*(Q)| [, pdx = 0}. We hope to prove that

(14.50) inf sup — VLD g

9eL ety 111211l gy
The proof is divided into several steps.

Lemma 107. Under the same assumption of domain as Theorem 106, the Necas inequality (14.48) is equiv-
alent to

d
0
(14.51) Pl <€ Y15l Vp € LY.
i=1 !

Proof. If (14.51) holds, then ¥p € L2, let

p=p+po. po€ly,peR

Then we have
(_PO, V) (p’ V)
+ su

Ipollez + llpll-1 = sup

verz Mz e VI
-Po,V Y p,V
2 sup T 4 sup P 5 sup P,
verrt VL vert IVl e IV
. — 12 = —
Notice that ||p]l;2 = ”1”{21 ~ ||pll-1, then

=112 2 =112

Ipll7> = lpolly, + IBII7. < lpoll7. + 1IBIF,
2
< lpoll7. +lIpI,

< lpll, +Z|| I

On the other hand, we only need to prove that
d

ap
Ipll1 < Za—h, Vp e Lg.
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This inequality follows from the standard contradiction argument. If it is not true, then there exist a sequence
{pn € L(%} such that ||p,|l-; = 1 and Zd | ||Bp" [l-1 — 0. From Necas inequality (14.48), we immediately see

that {p,} is a uniformly bounded sequence in L2. Since the embedding of H' into L? is compact, thus the
adjoint embedding of L? into H~! is also compact. Then there exists a subsequence of {p,} that convergences
to g in H™! (Here we still represent the subsequence by {p,}). Then

pm)

lpn = Pllzz < lpn = punll-1 + Z I l-i =0, VYn,m— oo

i=1 i

which means {p,} is Cauchy sequence in L?, thus p, — § in L2. Since p, — qin H™' then ¢ = § € L. Then

we have
d
dq -
—||l_7 = l =
;:1 IIainI 1 nggoll ax, Il

which implies ¢ is a constant function. From p, — ¢ in L? and p, € L% we immediately have g = 0, which
contradicts to the fact that

llgllz> = lim {lpy[l> = 1.
0
Lemma 108. The inf-sup condition (14.50) is equivalent to (14.51).
Proof. If (14.51) holds, by definition we have

(g, a "
lgllze < Z sup ——-, Vg e Lj,
SN ||1

Then there exists an index 1 < j < d, such that

Jv
B (4 3y;)
ligllz> < sup ,
vt IV
thus 5
llgllz2 < sup Loyl _ s (g. div) < su (g. divu)
J2I = < .
veH] [IvIl1 u=ve;e(H))! [zl ue(HLY! [[oell1
On the other hand, if (14.50) is true, then for all g € L§

. ou; Ou;
lalle < (g, divu) d (4, 7 . < d (4, 3¢ -
gllz £ sup ————= = sup <

ue(HY)? [[aal]4 =y - ug)e(HH? =7 ”u”l u=(u1 - ug)€(HN =1 ||M,||1

which finishes the proof. 0

In summary, we have proved that Necas’s inequality, (14.51) and inf-sup condition (14.50) are equivalent.
Thus, Necas’s inequality is of fundamental importance while its proof is not elementary.

For the non-homogeneous boundary condition, let us prove the more general inf-sup condition based on
Necas inequality.

Theorem 108 (General Inf-sup condition). Let Q € R? be a connected domain with a Lipschitz boundary.
For the Banach space V O (Hé)d,
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LIfV c{ul faQ u-n =0}, then the inf-sup condition

i
(14.52) inf div,g) _
9€Q yevn(H1y ligllollull;

holds for Q = Lg.
2.IfV ¢ {u] fag u-n=0Q), then the inf-sup condition (14.52) holds for Q = L.
Proof. Using the standard contradiction argument, if (14.52) fails, there exists a sequence {g, € Q} such

that di
(div, g,) 50
uev  llully

lIgnllo =1

Since V > (H}),

(div, g,) (div, g,,)
< su -0
wev Wl iy

By Lemma 108, we obtain

d

9n
DNz =0
P

Using the compact embedding of L? in H~', there is a sequence, call it again {g,}, such that g, — p in H™'.
By Necas inequality (14.48),

(Gn = qm)
o = nllo < llgn = G- +Z||%n_ —0, Vnm—> .
i=1 !

which means {g,} is Cauchy sequence in L2, thus ¢, — p in L*>. Then we have

oqn,
Zn—ul—h m 15l =0,

which implies p is constant function. For the case 1, Q = L(z) means p = 0, which contradicts to
Ipll = Tim figullo = 1.
For the case 2, we see that

(divu, p) = f pu - n,
0Q

since V ¢ {u | fag u-n =0}, then there exists u* € V, such

divu*,
@i p)
[lee* [l
This is a contradiction since
0< (diwi*,p) _ (divu:,qn) < lim sup (divu, g,)
[lee{lh n—eo lut|y n—00 ey |lully

Thus the theorem is proved. O

The following corollary can be proved by the similar contradiction argument and the compactness of H'
in L%, we leave the proof to readers.
Corollary 10. Assume that meas(I'p) # 0, then

(14.53) lulli < lle@llo, Vu € (Hp)".
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14.4 A kernel space projection method

For finite difference method, staggered grid in Figure 14.1 is usually used. Staggered finite differences
means that the x and y component of velocity and pressure are defined at physically different grid points,
with pressure p at the cell centre and the velocity components at the centre of the cell faces.. The main
benefit of the staggered gird over collocated grid, 1s that, unlike the collocated grid, the staggered grid does
not results in the decoupling of the pressure and velocity, leading to the checkerboard problem.

From the last section, we observe the key role of the kernel space. In this section, we introduce the
projection method for (time dependent) Navier-Stokes equation.

pOu+ w-Vu)—vAu+Vp = f
divu =0

The variational form is
{p(@,u + (u - Vu,v) —v(Vu, Vv) — (divy, p) = (f,v)

(divu,q) =0
u € Vy = Ker(div) = {v € H' : divv = 0.

Fig. 14.1. Staggered Grid

The projection method which is first developed by Chorin [?] and Temam [?] in 1960s. The method can
be written as following.
Step 1: By moving the nonlinear term to right hand side, the momentum equation can be written as

pou—vAu = —p(u-Viu+ f

By time discretization, we will solve in Ker(div),
® o

At

u

(14.54) P —vau* = " = —p@" - V)u" + f.

The problem is that we cannot make sure u* € Vj, namely divu* # 0.
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Step 2:Project u* to divergence free space Vy = Ker(div).
The following well-known L2-orthogonal Helmholtz decomposition (or Hodge decomposition):

u" = ug + w, where uy € Vo, uy = curly, w = Vo.

So, u* — uy = V¢. Since pd,u ~ Vp, by introducing a proper scaling, we have

u' - ug
— =Vo.
At ¢
W™ = gy := the projection of u* into V.
Question: Is this projection process computationally feasible?
Since
ut — un+l
14.55 — =V¢.
( ) P ¢
and
(14.56) divi™! = 0.

Taking the divergence on both side of equation (14.55), we have

divu*

P =4¢
(14.57) 4t
o _,
on

We can solve ¢ by equation (14.57) which is equivalent to equation (14.56). The key point is how to choose
a proper boundary condition for equation (14.57). After solving ¢, u"*! can be updated by (14.55):

W=t — p T AV,

Step 3: Find p"*'. For the traditional projection method, they will choose p"*! = ¢. However, we can do
better to make it satisfies

Mn+1 —ut | L
_ n+ n+ - n
(14.58) T e !
diVM’H—l =0
Using (14.58) - (14.54),
un+l —ut .
p T —vAW™ =)+ Vpt =0
By (14.55),
VAW —u) + V(P - ) =0
So,

—vA( AV P) + V(! — ) =0

Assume that VA4 = A4V, then
V(—vp ' dtdp + p" —¢) =0

So,
P =g+ vp ldtdg.

We finally remark that the key step is the step of projection, which is a divergence correction process.
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