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Appendix: Differential forms and a unified theory of exact sequences

18.1 A unified formulation of grad, curl and div

Before discussing about differential forms, we will introduce a unified formulation of grad, curl and div

first. Let’s look at the definition of grad, curl and div. Consider a bounded domain Q € R3. For a scalar
function

u:Q—RL
ou 0
0)(?1 6x1
ou
gradu =|—1], grad=|—|=V.
oxy 0x>
ou
(9)(?3 6x3
Vector function u = (uy, us, u3).
Ous _ Ouy
(9)62 C()X3
aul 3143
curlu=|—-—|=VXxu
(9)63 6x1
Ouy _ 0wy
(9)61 BXQ

3
diva = Z@iui =V-u
i=1

curl grad: V X (Vu) = 0. div grad: V - (V X u) = 0. So, if w does not have holes,
Range(grad) c Ker(curl), Range(curl) C Ker(div).

Define
H(D;w) = {v e LX(Q)|Dv € L*(Q)},

where D = grad, curl, div. We have the exact sequence:

div

d 1]
R — H(grad) —= Hcurl) — H(div) 12 0
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Exact sequence: If the range of any operator in the sequence is equal to the kernel of the operator on the
right.

The exact sequence is one of the most important properties, as the kernel of the three operators then each
has an exact description.

18.1.1 k-vector, Hodge star, exterior derivatives

Here we give intuitive explanation on differential forms rather than giving accurate mathematical defini-

tions. Any vector £ € R? is uniquely determined by magnititude and direction. We call such vector 1-vector.
Similarly, we can define 2-vector. Let’s look at a special case first. Assume that

= fi=[l)- o[}

Thene Aej (i=1,2,3; j=1,2,3; i # j) forms a 2-vector. And it satisfies:

e Aej=—e Ae

e Ne =0
In general, a 2-vector is formed by two 1-vectors, which is also charaterized by its magnitude and direction.
For example, u A v is a 2-vector, whose magnitude is the area of parallelogram formed by u and v, and whose
direction is determined by orientation. Assume that
3 3
u= Zuiei, V= Zvjej
— :

l

Therefore,

3 3
UAvV= (Z ui€;) A (Z viej) = Z ujv;e; A e
i=1 j=1

bJ
The case of 3-vector is quite similar to 2-vector. For example, u A v A w is a 3-vector, whose magnitude is
the volume of parallelpiped formed by u, v and w, and whose direction is determined by orientation. Assume

that
3 3 3
u= Zu,-ei, V= Zvjej, W= ijek
j=1 k=1

i=1
Therefore,

3 3 3

UAVAW=() ue)A (Z viej) A (Z wjex) = det(u, v, we; A ey A e3

i=1 j=1 k=1

There is something interesting with determinant. In fact, determinant is defined via wedge product in a
similar way to 3-vector in R3, i.e. assume that matrix A = (aj,az, - - - , a,), then:

det(A) = det(ag,az,--- ,a,) = (@ Aay A--- Aay)

After learning differential forms, we can define exterior derivative acting on differential forms. We still
work on R in this section. And we will begin with 0-vector.
0-vector is the so-called 0-form. Assume that f is f is O-form then f is a map from R? to R, and

3 3
dof = Z} j—iei _ ;(Vf»ei
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With the definition of exterior derivation for O-form, we can define exterior derivative for higher order dif-

3
ferential forms recursively. We will elaborate those cases one by one. For a I-form u = }] u;(x)e;, exterior
i=1

derivative d; is defined as:

3 3
diu =" diwe) = ) (dous) A e
i=1 i=1

3
Notice that dou; = 3, @ej, SO
J

303
6ui

dlu—;;a—)ﬁeﬂ\e,
Ouz  Oup Ou;  Ous Ouy
=(=— - =—)ez A — - A — et A
(6x2 63)e2 f!3+(6x3 3 Jes el+((9 62)61 €
3
= > (Vxu)(xe)
i=1

3
Similarly, for a 2-vector u = ), u;(xe;), we have:
i=1

3 3
du = (dou) A (se) = ) > %ei A (xe)
i J

i=1
3
614,‘
:Z—el/\ez/\eg :Z(V-u)el/\ez/\e3
i=1 dxi

Now we will give a brief summary about differential k-form in R* and the corresponding exterior derivatives
in table 19.1.

Table 18.1. Differential k-form in R3 and exterior derivative dy

k-form proxy of dj
0 u(x) grad
1 uy(x)e; + upy(x)ey + uz(x)es curl
2 ui(x)ey A ez + up(x)es A ey + uz(x)e; A ey div
3 u(x)ey Aey Aes

An important property of exterior derivative is dj; d; = 0. It means that in R?:
VXx(Vu)=0, V- (Vxu)=0

This property is the so-called Poincare theorem.

18.2 Stokes theorem

In this section we will discuss about Stokes theorem, which is an important theorem about differential
forms. A unified representation of Stokes theorem is
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fdk_lwzf w
My oMy

where M is an arbitrary k-manifold, d is boundary operator, w is a (k — 1)-form. Next we will take R? as
example to see the concrete expressions of Stokes theorem. With respect to the operators, the specific form

is:
fVu-ds:fu

1. d = grad, M = C (circle),

c ac
2. d = curl, M = S (surface),
ff(ny)dszfy;t
s as

3. d =div, M = Q (volume),

f()ffv.lzifl.n

18.3 A unified theory of H(grad), H(curl) and H(div) finite elements

Before discussing about finite element method, we define Sobolev space for differential k-form first.
Recall the definition of Hilbert space for k-form:

H(d;, Q) ={v e LlX(Q): dwe L*(Q)}

where d, is the exterior derivative. In R3, the Sobolev spaces for k = 0, 1,2, 3 are the widely used Hilbert
spaces H(grad), H(curl), H(div) and L.

Next, we will give a formal definition of finite element space. A finite element method is defined by a
triple (K, 2k, Pk):

e K isasimplex in R¢, where d = 2 or 3.
e Xy is aset of degrees of freedom (or saying that Xk is a set of linear functionals).
e Pk is a space of polynomials on K s.t. Xk gives its dual basis.

Example This is an 1D example. Assume that:

e K =1[a,a+ h]foragivena €R.
o Xy ={u(a),u(a+ h)}.
o Pk = {linear polynomials}.

then we know that v € Pk looks like v = a + SBx.

18.3.1 The definitions

For k = 0, the H }l (£) is continuous piecewise linear finite element spaces and Lﬁ(Q) is the piecewise
constant finite element space.
The space HZ‘“I: For HZ“rl, on each element K, the shape function space is 6-dimensional

P={a+Bxx:a,BeR?

and the degrees of freedoms are tangential integral on each element edge
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Nz{fv-t:foreachedgeecK}.

The space Hflivz For k = 0 the shape function space for H,‘lﬁ" on each element K is 4-dimensional

P={a+Bx:aecRBeR)

and the degrees of freedoms are normal integral on each element face

N={ffv~n: foreachfaceFCK}.
F

The finite elements are summarised in the figure below:

A A A A

Fig. 18.1. Degrees of freedom for H}, H;‘”‘, Hgi" and Lﬁ fork = 0.

An important kind of finite element space is conforming finite element. If W is a given space of functions,
then V), is W-conforming if V, € W. A natural question is how to get conforming global finite element space
if we know how to construct local finit element spaces. The hint is given in the following theorem.

Theorem 120. Assume that K, and K, are Lipchitz domain, X = K| N K, and function u(x) e R? (d = 1,2
or 3) is given by:
_[u(x), x €K,
u(x) = {Mz(x), x € K
1. ue H(K, UK>) iff u is continuous across 2.
2.u € H(curl, K} U K») iffu; X n = uy X n, where n is the normal vector of X pointing from K to K.
3.ue H(div, K, U K;) iffuy - n = uy - n, where n is the normal vector of X pointing from K, to K.

Proof. Here we only give a proof of the second case. Proof of the first case can be found in the book of
Ciarlet, and proof of the third case is similar to the second one. By integration by parts, we get:

f curla- ¢ = u-curlg, V¢ € C5 (K U K»)
KUK, KUK

By Stokes theorem:

f curlu - ¢ = u; - curlg + f u; - curlg + f(ul XNy + Uy X Np)dA
K UK, K K> P

andn; = n, n; = —n, so:
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f curlu - ¢ = uy - curlg + f u; - curlg
KUK, K K

2 2 2
||Curlu||L2(K1UK2) = ”C’/lrlulan(Kl) + ”CurluanZ

Furthermore,

(K>)

0
There are several important remarks about the above theorem. H'-conforming elements are continuous
for any dimension (d = 1, 2, 3). H(curl)-conforming elements have continuous tangential components across
the boundary, while H(div)-conforming elements have continuous normal components across the boundary.
For the finite elements aforementioned, the nodal parameters, together with the shape functions, guaran-
tees the conformity of the finite element space respectively.

18.3.2 A unified proof of the unisolvence

An important property related with finite element space is unisolvence.

Definition 14 (Unisolvence). Given a mesh element K € R? (d = 1,2,3), Zx = {l1, b, -+, L} (a set of
linear functionals), and P is a set of linear polynomials, we say that (K, X, Px) is unisolvent if specifying
a value for each degree of freedoms uniquely determines an element in Pg.

Given 2 and Pk, to verify unisolvence, we only need to show that the implication holds: if v € Pk satisfies
hwv)=hbv)=---=1,00)=0

then v = 0.
Example. Assume that:

e K =1J[a,a+ h]foragivena €R.
o Xy ={u(a),u(a+h)}.
e Py = {linear polynomials}.

Ifv e Pk, v(a) = v(a + h) = 0, then for any x € (a,a + h):
v(x) = v(aa + Bla + h)) = av(a) + Bva+h) =0
sov =0.

Another important property of (K, 2k, Pk) is that: if (K, 2k, Pk) is unisolvent, then there exists a basis
{¢l} in PK S.t.
Li(¢i) = 6

Now we know the formal definition of finite element space on an element K in a given mesh, which is
usually called local finite element space. Based on this, we can define global finite elemnt space.
Next we will prove the unisolvence property of the lowest order finite element spaces constructed above:

Po(K) = {ag + a1 x| + arxs + azxz,a; e R',0 < i < 3}
(18.1) P1(K) = {ay + a1 X Hag € R?,a) € R?}
PH(K) = {qg +axag € R,ae€ R'}
e k=0.dy=grad = V. The dofs are
No(K) = {v(a;),0 <i<3}.

The unisolvence means that
via)) =0,¥i = v=0,
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or
There exists a unique v € Po(K), s.t. v(a;) = y;, 0 <i < 3.

Proof. Take any edge [a;, a;]. We do the following integral
f Vvds =v(a;) —v(a;) = 0.
lai.a;]

Note that Vv is constant vector. We know that Vv - (a; — a;) = 0, Vi, j.
Since Vv only has three degrees of freedoms and it is perpendicular to 6 edges, 3 of which are linearly
independent. So Vv = 0 and furthermore, v = 0. O

e k=1.d, = curl. The dofs are
N,<K>={f L'Liij}
[aiﬂ/]

To prove the unisolvence, we need to show that

f v-tr=0,¥i,j = v=0.
[ai.a)]

Proof. Take any face of the tetrahedron [a;, a}, ai]. By Stokes Theorem,

ffoldN: v-t=0.
F oF

Since V X v is constant vector, we have
(Y xv)-np=0, VF.

Here np is the normal vector of face . We know that V X v is perpendicular to the normal vectors of all
the face, 3 of which are linearly independent. Sov = 0. [

e Lk =2.The dofs are
No(K) = {f y-n, V[ai,aj,ak]}.
lai.a;j.ax]

To prove the unisolvence, we need to show that
f v-n=0,Vi,jk = v=0.
[ai,aj,ar]

Proof. The proof is straightforward by Stokes Theorem
[zl
K ) S

In any case, the nodal parameters and the shape functions match perfectly by the Stokes theorem.

Then we know that y = 0. O
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