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A Generalized Lax Equivalence Theorem: Consistency, Stability and
Convergence

Consistency, stability and convergence are basic concepts for almost all discretization methods. These
concepts are mostly commonly encountered in numerical methods for partial differential equations. In the
finite difference methods, the best known result is the theory of P. Lax [?] on the equivalence of stability and
convergence for certain class of consistent finite difference schemes. In the discretization methods based on
variational principle such as Petrov-Galerkin methods (including finite element and finite volume methods),
there are the fundamental theories by Babuska [?] for the standard Galerkin method and Brezzi [?, ?] for the
mixed Galerkin method.

Despite of these existing fundamental theories, the concepts of consistency, stability and convergence
and their relationship are not always transparent in different applications. One notable example is that for
certain finite element and finite volume schemes on some special grids, the resulting finite difference scheme
is inconsistent (in the classic sense) at all the grid points, but nevertheless, these methods are known to be
optimally convergent. It was somewhat a surprise that an inconsistent scheme would actually converge!
This phenomenon was then known as “supraconvergence” and there was a sizeable literature devoted to this
subject.

The surprise was rooted to the different understanding of the concept of consistency. We will show that a
convergent scheme has to be consistent, namely consistency is necessary for convergence. A more nontrivial
part of the Lax theorem is that stability is necessary for convergence for a consistent scheme. As a result,
stability analysis becomes a central issue in finite difference theory. Von Neumann analysis is a general
technique.

The so-called Lax Equivalence Theorem states that a given consistent (finite difference) scheme (for
partial differential equations) is convergent if and only if it is stable. This is perhaps one of the most basic
and also most popular theorem in numerical methods for partial differential equations. In some way, this is
also the most mis-conceived theorem. The mis-conception of this theorem mainly lie in two categories. The
original Lax theorem was stated for a specific class of finite difference method for a specific class of initial
boundary value problems. But this theorem has been quoted in many different contexts which are much
more general than the original result. One part in the Lax theorem, namely stability implies convergence, is
most useful in practical applications, but its proof is most straightforward and trivial. The other part, namely
convergence actually also implies stability, is much more nontrivial in mathematical theory but much less
useful in practical applications. This part of the theorem is actually often misleading from a practical point
of view. This part of the theorem literally says that a unstable method can not be convergent, and, naturally,
can not be used. But this is a misconception on the theorem.

The importance of stability, however, may be easily over-emphasized. The necessity of the stability in
the Lax theorem is only valid when the convergence is considered for the most general data for which
the underlying partial differential equations are well-posed. In practice, the worst scenario rarely occur, a
scheme that is unstable in a strict sense may still lead to a reasonable (though not optimal) convergence in
many practical situations. We will give a brief discussion on this subject in this chapter.

The motivation is to set-up a right framework so that the following statement is valid

e consistency + stability © convergence.

for a wide range of discretization methods including
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1. numerical quadrature

2. finite difference method

3. finite volume method

4. finite element method

5. discontinuous Galerkin method

9.1 Consistency, stability, and convergence

9.1.1 Continuous and discrete problems

We assume that V (the space of solutions) and F (the space of data) are two normed Banach spaces
equipped with the norms || - ||y and || - || respectively. We consider a linear operator L : V — F.
We consider the equation

9.1) Lu=f.

We assume that (9.1) is well-posed, namely £ is an isomorphism from V to F. The well-posedness of (9.1)
implies that there exists a constant ¢y, such that

lully < ccllflle, or 1L flly < ciliflle f€F.

Let now V), and F}, are two “discrete” vector spaces with distance functions given by || - ||y, and || - ||,
respectively. Consider a family of discrete problems

9.2) Lyup = Ry f.

where L, : V;, = F}, is an isomorphism under the norms || - ||y, and || - ||r,. The space F}, is related to F by
a restriction operator: R;, : F — F},. In applications, the space V}, or F, is often finite dimensional space but
in theory the finite dimensionality is not necessary. V}, (or Fj) may or may not be a subspace V (or F).

The discrete spaces V), and F), should be related to the original space V and F in some specific way. Let
us first discuss how V}, is connected with V. We make the following assumptions.

Assumption 9.3 There is an extended distance functions || - ||, that is well defined on both V + V), satisfying
the following two properties

9.4) Vil = vally,, Yvi € Vp,
and
9.5 GVl < Ivlly < eviblly, Vv e V.

Implicitly, we can imagine there is a larger space, say V, such that V + V}, ¢ V. But we do not need to use
this space explicitly, only its norm.

Assumption 9.6 Ry, is assumed to satisfy:

1. Surjective and uniformly bounded
9.7 IRngllF, < crllgllF g€ F.

2. Uniformly bounded right inverse. Namely, for any f, € F, there exists f := Rth € F such that
9.8) Ruf = fur  WllF < cellfullr,-

It is known that a surjective continuous linear map R, has a right inverse iff ker(R;,) is complemented.
We note that cg and cy are independent of 4.
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9.1.2 Consistency, stability and convergence

Consistency, stability and convergence are the three basic concepts of a discrete method. For any given
h, we introduce

1. Error: ||lu — uplln;
2. Stability constant

1L, fully,

el 0 Jhllv;

Ky =1L, v = sSUp ———;
heky Wnlle,

3. Consistency error
Ef(w) = inf (lu=villy + 1 Lwvs = R Lulr,)
h<Vh

Definition 10. /. We say that the discrete method is convergent if

9.9) }lilr(l)llu —upll, =0 Yu e L7(F).

2. We say that the discretization (9.2) is uniformly stable if

(9.10) K =supKj, < oo.
h>0

3. We say that the discretization (9.2) is consistent at u if

(9.11) lim E§(u) = 0.

If further (9.11) holds for any u € L™ (F), then the discretization is consistent. <

Lemma 64.
(9.12) E;(u) < erry(u) < max(l, Kp)E} ().

Proof. By taking v, = uy, in the definition of Ej (), we see immediately that Ej (u) < |lu — upll,. Now we
write u —up, = u — vy + vy — .E,;'Rhﬁu and obtain by triangle inequality that

llu = unlly < Ml = vally + v = L5, Ry Lully
= Ml = villn + 115" Lovn = L RuLuly,
<l = vpllp + Kpll Lpvi — Ry Lull,
< max(l, Kp)E}, ().
This completes the proof. U
The well-known Lax Theorem states that equivalence between consistent and convergence under the

stability. We hope to obtain the stability from the convergence. To this end, we need one more assumption
besides (9.8).

Assumption 9.13 There exists an operator Il : 'V, = V such that

(9.14) i valle < WTEvilln < cnllvalls Vvi € Vi

< According to our definition, when we verify a scheme is consistent, we can not just verify for any u, but rather we
need to verify those special u = £7! f with f € F.
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If V), is a subspace of V, the I} is the trivial inclusion operator and ¢ = 1. For the nonconforming methods,

the above assumption relates to the conforming relatives [?, ?] in the finite element methods. We are now in
the position to state the generalized Lax Theorem.

Theorem 57. The following statements hold:

1. A discretization that is convergent must be consistent.

2. A discretization that is consistent and stable must be convergent.

3. If the restriction operator R, has a uniformly bounded right inverse and Assumption 9.13 holds, then
convergence implies stability.

Proof. The first and second statements follow directly from Lemma 64. To prove the third statement, if
the scheme is convergent, for any f € F, there exists a constant ¢(f) such that

WL f = L, Ruflln < c(f)  Vh

Thus
1L, Riflln < () + 1L flly < e(f) + evllL7 fllv == &) Vh.

By the Assumption 9.13,
e(f) 2 0L, Ruflln = et WTEL, Ruflln = et o WTE Ly Riflly -

which implies that
WIE L, Ruflly < cpevE(f)  Vh.

By the uniform boundedness principle, we have
T £, Rufllv < Cillfllr Yf € F.

For any f;, € F}, by the Assumption 9.6, there exists f = RZﬁ, such that R, f = f, and ”R;fh”F < crllfnllp,-
Then,
T £, fillw < eyl £, fillv = vl L' Rufllv

< evCillfllr = evCilIR} fillr < everCillfillr,-
along with the Assumption 9.13, we obtain
1L, fillw < cnlllT; £ flln < ceverCill fullr, -
which implies the stability. O

Remark 15. Comparing what are in the literature, one major difference in the theorem is that we made an
additional assumption that the original problem (9.1) is also stable.

Let us now attempt to write some general theorem on the necessity of stability for convergency. We first
start with some special cases.

9.2 An example — 2nd order elliptic boundary value problems

We first start with some special cases. Let us look at a simple example of 2nd order elliptic boundary
value problems on a bounded planar domain £:

(9.15) —Au=f,xeQ, u=0,xecdQ.
We assume that 2 is a polygonal domain in R” with 1 < n < 3. Let us try to identify spaces V and F in two

different ways.
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9.2.1 Stability with respect to different pairs of spaces

The most natural setting is that —4 : H(') (Q) = H™'(Q) is an isomorphism:
9.16) lleelly < NFNl-1-

We may also use other pairs of spaces between which —4 is an isomorphism, but none of these pairs of
“A-isomorphic” spaces are appropriate for finite difference methods. Instead, we can use the following two
types of stability results for finite difference method analysis. The first stability is rooted to the well-known
the maximum principle:

9.17) llullc@) < 11fllc@)-

This is the basic stability that underlies the classic convergence analysis for finite difference methods. But

obviously, —4 does not map C(2) to C(Q).
We note that the stability property for the continuous problem is crucial for Lax type of theory whereas
the continuous isomorphism property is less relevant.

Choice A

V= Hé (Q) and F = H'(Q). In this setting, the Poisson equation (9.15) can be cast into a variational
formulation: Given f € H™'(Q), find u € Hj() such that

(9.18) (Vu, Vv) = (f,v), v e HyQ).

In this case, £ = -4 : V — V is an isomorphism (in the weak sense, or the distributional sense), and
||M||H5(Q) S 1)

Choice B

1V o= C(@Q) and F = C(Q). In this setting, we use classic theory of PDE to conclude that for any
f € C(Q), there exists a unique u € C(£2). Unlike the C_hoice A,_the operator £ = —4 does not map C(Q) to
C(£) in any reasonable sense. But its inverse L7 C(@Q) - C(Q) is a well-defined and bounded operator:

-1
=D~ flle@) S Wflle@y>  or  lulle@) S Iflle@)-

9.2.2 Conforming finite element method

In the finite element setting, we choose V = H(l)(_Q) and F = H'(Q) = V’. For the discretization, the
choice of V}, is natural, namely the finite element space V), C Hé (Q) with the same H'-norm. The assumption

(9.5) and (9.4) are trivially satisfied with (9.5) being equality with cy = 1.
The choice of F) is slightly less obvious. But we choose F);, = V; with the norm given by the discrete

H™" norm: Giov)
s Vi

Ifall-1.4 := sup =———.
vieVy ||Vh||l

Now the discrete operator L, : Vj, — F, is defined by
(Luup, vy = (Vup, Vvp) Vv, € V.
Let iy, : Vi, & V is the inclusion. Then, R, := i) : V' = V] satisfies
Ruf,vi)y = {foipvn) = fovn) Vv, € Vj

For any linear functional f;, on V), C V, define p(vy) = || fullp,|[vally, then {fy, vi) < p(vy) for all v, € Vj,. By
Hahn-Banach theorem, there exist a linear functional f € V’ such that
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(> vy = {f>vn), forall v, € V,
2 K5 V>I < fullg,Ivlly, forallv € V.
which gives (9.7) by Rhfh = fwithcg = 1.

We first analyze the stability of L,:l. The operator £, is a bijection from V), to F}. And by Poincaré
inequality:

(Vuy, Vvy) (Lnttn, vi) (Lnttn, vi)
lunllie < CliVugllo = C sup ————= = C sup ————= < C sup ———— = Cl|Lyupll-14,
weve 1Vl meve IVl meve  vally

which implies
1L, fully < Cllfill=1-

Next we consider the consistency

Ey(u) = ‘irel‘f/ llze = vally + 1Lyvi — Rufll=1-
V1 h

By the definition of || - ||-; 5, we have
(Lnvn,wi) — (R f, wy)
ILrvi = Rufll-1, = sup !
WhEVi [Iwall:
_ (Vvi, Vwy) = (f, wp)
W€V [Iwrllh
(Vv = Vu, Vwy,)
= sup —— < |u—w|s.
wreVy, ||Wh”1

Therefore, the consistency is equivalent to the approximability, i.e.

inf [lu—vpll < Ej(u) < inf [Ju— vl
viEV) Vi€V

9.2.3 Finite difference method

Let us assume that Q is the unit square in the plane. We consider the finite difference method (using
5-point) stencil for the Laplacian:
Lhuh = Rhfa

and

Aujj — (Uim1,j + Uisr,j + Ui j-1 + Ui j1)
2 ’

The function spaces V = F = C%(Q) with the || - [lc(o) norm, and V,, = F;, = R with the || - ||~ norm.

Lyup(x;j) = Ruf(xij) = fulxij) = f(xip).

Lemma 65. If Lyuy, < 0 on 2, then maxg, u, < maxr, u,. Furthermore, maxo, u;, = maxr, up, if and only if
uy is a constant on Q, U I'},.

Proof. Suppose maxg, u;, > maxr, u,. Then
4
4up(xo) = 4 max uy, = h*Lyuy(xo) + Z up(x;) < Z up(x;),

QU
' i=1

where u;(x;),i = 1,2, 3,4, are four nearest neighbors. This implies u(x;) = u(xp),i = 1,2,3,4. And run this
argument through the domain, we get uy, is a constant on £, U I, which is a contradiction.
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Theorem 58. For u;, € V), solves the difference equation, there holds

el S | Lntanlli

(=52 +(y-3)
I AL 28

Proof. Introduce an auxiliary function g(x,y) = ,and L,g = —1. Then we have

Ly(up + | Lpuplli=g) = Lpup + | Lpupllis Lng = Lyuy — | Lpupllis < 0.
By maximum theorem,

max i < H}_?ax(”h + 1 Lpuplli=g) = mrax(uh + | Lpunlli~g) < max iy, + 1-Lrun |l max g < CllLyuplle.
h h h h h

To apply the similar argument to —u;, we can prove the theorem. [
Theorem 58 means .C,:l is uniform bounded as the operator from F}, to V,.

Theorem 59. Suppose u € C*(Q), then there holds
llu = wplli= < Ch®.
Proof. By
L = up)(xi) = Lyu(x;) — Lu(xi) + Lu(xi) — Loun(x;) = (L — Lyulxy),
Taylor expansion and above theorem, we have

llu — uplli= < CllLyu — Lull < Ch?.

9.2.4 Nonconforming finite element method

We still consider -4 : H)(£2) — H™'(Q). The finite element space V, is defined on the partition 75, with
the norm || - ||; 5. The || - ||;,4 is the piecewise H' norm. Define the bilinear form on Vj, X Vj,:

ar(wp,vi) = Z Vwy, - Vo,
Ter, VT

By Necas inequality, any f € H () can be represented by f = fy — ;0. For any f € H™'(Q), we define
the “action” on v;, by
v = Z Z (far 0%Vi)T.
TeTh lal<1

The norm || - ||, can be firstly defined on H~!'(Q):

IAllE, = Nfll=1,n := sup (fovidn

eV vallin

Then, the space F), is the completion of H~'(€) under the norm || - || F,- By the coercivity of a; and Riesz
representation theorem, F, is isomorphism to V, and we can define

(Lywn, vidn = apwp,v) Vv € V.
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We first show the stability of L;ll. By the coercivity of a;(:, ),

2
I Lpunll-1nllunllin = <Lntn, un) = an(un, un) = aolluglly ;s

The uniformly stability is obtained: K = aj !. From Theorem 57, convergence and consistency is equivalent

for the nonconforming finite element methods.
We then study the consistency. Recall that

E;(u) = Hg/ (e = wallip + 1 Lpwn — RpLull-1 1) .
Wp h

And (L, v — (Ri Lt vp)
mWh, Vion — (R Lu, v,
I.Lywy — Ry Lull-1 = sup ’ -
vieV), ”Vh”l,h
_ an(wp, vi) = {f5 vin
VeV “Vh”l,h
an(u,v) = {fsvin
<l = wallip + sup 2 (e, vi) = (f, vn)
eV, [Vallin
Thus,
) an(u,vi) = {fsvin
(9.19) lloe — wplly,p, = inf |l — wpllis + sup ,
Wi€Vj VeV, [Vall1n

which is the Strang Lemma.
Verify Assumption 9.13 by conforming relatives

Let V; be the $, Lagrange space. Consider the Crouzeix-Raviart element, we will construct the operator
II; -V, & V; (called enriching operator in literature). [1; is defined by

1
NUIv) = — N Yv eV,
(ITv) |TP|T€ZT wvr)  YveV,

where p is any nodal point for V;, N is any nodal variable at p, and 7, is the set of triangles in 7 whose
closure share the nodal point p.

1. The stability of 77, follows from the following argument. The standard scaling argument gives

V= TVl = " BN = Tv))?
N

> BWNe - Iy

vertex dof N

Z h% max[v]

eda,a is vertex of T

302
Z hr VI,

eda,a is vertex of T

2,12
pS hT|V|l,wT'

1%\

A

Then,
c 12 21,12
v = IVl < VI,

By inverse inequality,
2 -2 2 2 2
WVl < Al = IVl + VI, S DI,
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2. Now we try to prove ||Vll1; S T vll1,, for all v € V. Since the d.o.f of Crouzeix-Raviart is contained in
#, Lagrange, it is straightforward that /7; is one-to-one. The standard scaling argument gives the lower
bound of I7}.

9.3 Petrov-Galerkin methods based on variational formulation

In this section, we apply the generalized Lax Theorem 57 to the Petrov-Galerkin variation formulation.
We assume that V and Q are Hilbert spaces, and F = Q’ is the dual space of Q.
The equation (9.1) is given from a variational problem: Find u € V, such that

(9:20) a(u,q) ={f.q) Vqe€Q.
This equation is equivalent to (9.1) if we define
(Lu,q) = a(u,q) ueV,qeQ.
The well-posedness of (9.1) is guaranteed by the following conditions:
1. Boundedness of a(-, -):
9.21) a(u,q) < Mllullvligllp YueV,qe Q.

2. Inf-sup condition

_atweg) inf sup _awg) B>0

(9.22) = =
ueV geo llullvllgllo — a<Q uev llullvligllo

Given the discrete spaces V), and Oy, a general Petrov-Galerkin method can be defined as: Find u;, € V;,
such that

(9.23) anun, qn) = {f, qndn  Yaqn € On.

Here (f, g»); represents certain approximate evaluation of (f, g;), such as numerical quadrature. The solution
uy, of this problem is often known as the Galerkin (or Petrov—Galerkin) approximation of u. Usually in ap-
plications V, and Qy, are finite dimensional and the subscript / is related to certain discretization parameters

(such as grid size and polynomial degree).
We introduce the following operator £, : V), = Q) :

(Lnun, gnin = an(up, qn),  up € Vi, qn € Op.

The restriction operator Ry, : F' — Fj, is given by

Rifsqmn = {f, ann-

According to (9.22), we have that the problem (9.23) is uniquely solvable if and only if the following
conditions hold:

9.24) inf sup an(up, qn) _ an(up, qn) B> 0
Vi g,e0, nllviignllo a0 ey, llunllvlignllo
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9.3.1 Babuska-Brezzi theory

Let us review the theory of Babuska and Brezzi. A Petrov-Galerkin method (9.23) is called variationally
exactif V, Cc V, O, C Q, and (9.23) turns out to be

(9.25) a(up, qn) =<f,qn)  Yqn € On.
A fundamental result for Galerkin approximation (by Babuska-Brezzi) is stated as follows.

Theorem 60. If the discrete variational problem (9.25) is variationally exact and well-posed, then

M .
- <|= -
e = willy < ( 5t 1)¢ggh||u illy-
Proof. We define P, : V > V), s.t.

a(Ppu, qn) = a(u, q1) Vqp € Op.
Trivially, Pi = Pj;,. By the inf-sup condition (12.26),

a(Pu, qp) a(u, qn)
BullPrully < sup ————= =
qn€Qn ”qh”Q qn€Qn ”qh”Q

< Mlully VYueV.
Therefore, ||Py|| < M/B,.
Finally, we have for any v, € Vj,
o — uplly = llu — Prully

=t = Pp)(u = vi)lly < I = Phllllee = villy

M
< (1 + —) [l = vplly.
B

This finishes our proof. [

Remark 16. In case B, > By > 0, then the constant 1 + M/, is bounded above independent of 4. This
corresponds to the case of quasi-optimal approximation.

Remark 17. In case that V), is Hilbert space and {0} € V;, C V, then |[I — P}|| = ||Pp|| (Xu and Zikatanov [?]
). We have the improved result:

M
(9:26) llu = uplly < B Virelgh llu = vally.

Lax theory further implies that if the Petrov-Galerkin method converges for all f € V’, then the discrete
inf-sup condition should be satisfied uniformly.

We note that, in our derivation, we have not assumed that the original problem is well-posed. Based on
the above theory, if the Petrov-Galerkin method converges for any f € V’, then the original problem has to

be well-posed, namely £~! is bounded. We also did not assume that the bilinear form is bounded.
9.3.2 Applying Lax Theorem to Petro-Galerkin variational problems

In order to apply the generalized Lax Theorem 57, we first verify the Assumption (9.8) for the variation-
ally exact case.

Lemma 66. For the variationally exact case, {Ry,} has uniformly bounded right inverse.
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Proof. Since Qy, is closed subspace of O, we have
0=0®Qy.

Define R! : Q) > O such that (R] fi., @) = (fi. @) if ¢ € Oy, and (R! fy, q) = 0if g € Q}-. It is straightforward
that ||R;:ﬁl||p = || fullF,. In fact, for any g € Q, we have g = q + qo and q; € Oy, 2 € Q,j. Then,

(R} fu q) (frsq1) (s q1)
IR! fillr = sup —“— = sup ) _ g Yan) = Ifill,-
o ldlo oo o qcor laillo

This completes the proof. 0
We have the following theorem when applying Theorem 57 to Petrov-Galerkin problem (9.25).

Theorem 61. Let (9.25) be a discretization of (9.20). Then,

1. If the discrete inf-sup conditions (12.26) hold uniformly, namely B, > [y > 0 and discretization is
consistent, then the discretization is convergent, and

M .
lu — uplly < — inf [lu — vplly.
ﬂh Vi€V

2. If the discretization is convergent, then it must be consistent, namely inf,, cy, |lu — vplly = 0 as h — 0;
and the discrete inf-sup conditions (12.26) hold uniformly.

General Petrov-Galerkin variational formulation

We go back to the general Petrov-Galerkin formulation (9.23). We introduce a linear operator P, :
V + V},, & V,, such that

an(Ppu, qn) = an(u,qn)  Yqn € Op.
Theorem 62. We have the following results:
1. A Petrov-Galerkin method is consistent if and only if

. arwp, vi) — {f,vidn
9.27) inf (”M = willy, + sup ( it
wi€Vy VA€V, Al Vi

)—>0 as h— 0.

2. We have the estimate

) . arwWi, vi) = {f>vin
(9.28) lle — wplly, < inf (||u —willy, + B, sup . )
wi€Vj vieV), Al Vi

Variationally exact Petrov-Galerkin methods

A Petrov-Galerkin method (9.23) is called variationally exact if
(9.29) an(u, qn) = f, qndns - {fnsqudn = {Fqndns  qn € On-

For a variationally exact Petrov-Galerkin method, we have the following relation:
Lemma 67. A bounded and variationally exact Petro-Galerkin is consistent.

Lemma 68. If V), is a Hilbert space. Then a bounded and variationally exact Galerkin method satisfies

M, .
(9.30) e = uplly, < == inf [lu = wylly, -
ﬂh wreV),

Proof. In this case, the P, operator is idempotent, namely Pﬁ = P, and as a result

I = Phllu, = 1Pullu,-
This completes the proof. 0

165



9.4. FINITE ELEMENT METHOD: CONSISTENCY AND
SUPERCONVERGENCE Jinchao Xu

9.4 Finite element method: consistency and superconvergence

Consider a linear finite element method of the Poisson equation on the uniform criss-cross grid on unit
square. This scheme is equivalent to a finite difference scheme with its finite difference stencil at grid point
i given by

(Vuy, V¢l) = (f’ ¢l)

This scheme is known to be inconsistent in the classic sense, namely

(Vur, Vo) — (f, ¢:) # o(h?)

in general.

But it is well-known that this finite element or finite difference scheme is perfectly convergent. From the
classic convergency theory of finite difference method, it is perhaps a little bit surprising that an inconsistent
finite difference scheme is actually convergent. This phenomenon has been known as supraconvergence in
the literature, especially in the context of finite volume method (which is a Petro-Galerkin method).

But judging within a variational framework in which the method is actually defined, this method is per-
fectly consistent. The convergency of the method is natural, not really “supra”, since the scheme is obviously
stable.

It is interesting to note that if the variational exact is actually consistent in the classic sense, some really
supra-convergence phenomenon may indeed occur.

Theorem 63. Consider a linear finite element discretization for the Poisson equation on a quasi-uniform

grid on a convex polygonal domain. If the resulting finite difference scheme is consistent in the classic sense,
then the finite element method has a superconvergence property. More specifically, if

1
5 (Vur, V) = (f,60) = O(h°),8 > 0,

then
IV (uy, — up)ll = Oh'*7?).

Then, with e, = u;, — u;, we have, for any v, € Vj,

alen, vi) = Z vi(xi)alen, ¢i)

= > (90 — atur, )
= > wil)Oh*)
= 0(h") " i)

= 0(h)|vallL -
This is related to some well-known superconvergence property. In fact, if we take v, = e;,, we then
9.31) IV Gty = up)ll = O,
The above theorem and its proof are quite simple, but nevertheless it indicate something quite interesting.
Based on what we know about superconvergence of finite element methods, we have the following remarks:

1. A variationally exact scheme does not need to be pointwise consistent but it may naturally admit optimal
order of convergence. But this is not a supraconvergence phenomenon.

2. If a variationally exact scheme happens to lead to a finite difference scheme that has some positive order
of truncation error, the approximation will indeed exhibit superconvergence phenomenon.

166



CHAPTER 9. A GENERALIZED LAX EQUIVALENCE THEOREM:
CONSISTENCY, STABILITY AND CONVERGENCE Jinchao Xu

Another remark we would like to make is that all known proofs of finite element superconvergence are
rather elaborate, our new analysis offer an extremely simple approach to superconvergence analysis. But our
analysis does not lead sharp result. For example, let us consider the uniform grid on a unique square. it is
easy to see that § = 1 in this case. In fact, for general f,

1
ﬁ((vul» Vo) - (f.¢)

= 2 (Vup, V9~ fx) + 75 fg (FG) - FB)
= O(h*) + O(h) = O(h).

9.5 On the L* error estimate for finite element method
The L™ error estimate is one of the most difficult error estimates to get in the finite element method. We
can not use the techniques in finite difference methods because of at least two reasons:

1. Maximal principle is hard to be established.
2. The local truncation error may not approach to zero.

Let us recall roughly how an L™ estimate may be obtained in a finite element method. We use the
approach of regularized Green function which is defined to be, for any z € Q,

9.32) V(@) = a(vy, 82). Yvi € Vi
The choice of g” is not unique. It is possible to choose g" such that

(9.33) max lig%llo,1 < Clloghl.

The ordinary Green’s function has the singularity like the fundamental solution log(x — z) and it just miss
the space W?! in two dimensions. But in order that (9.32) to be satisfied only in the finite element space, we
can regularize the Green’s function that (??) can be established. With the estimate (9.33) at our disposal, we
can easily establish the stability estimate for finite element method:

(9.34) lunlle=) < Cllog Alll fully-2 g

where

(fn>v)
I fally2e(0) = sup ———
@ vewt Vw210

As we can see that the finite element stability (9.34) is much stronger than the counter part in the finite
difference estimate. The variational property of the finite element method makes it possible to establish such
a strong stability result. This stability estimate can be used to establish the nearly optimal error estimate in
the L™ norm even though the finite element element local truncation error does not go to zero. In fact

(up, — un)(2) = a(uy, — uy, g% = a(u — uy, Prgh
= a(u — u, (Py — Dgl") + a(u — us, g"
S = gl el (T = P2l = (1 — up, AgY)

2 h h
< h7lulp,colgz 2,1 + Il = wglo,c0lg? 12,1
< h?|log hlluly .

We roughly have obtained the following well-known error estimate

(9.35) Il = pllo.co.0 < ChP|10g hllul,co-
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9.6 Stability of convection-diffusion problems

Oftentimes partial differential equations come with parameters. It is sometimes important to design nu-
merical algorithms that are uniformly bounded with respect to the parameters. Let us discuss this phe-
nomenon using a simple example of convection diffusion problem in one dimension.

We consider the model problem:

(9.36) —eu +u = f(x), x€(0,1), u)=u(l)=1.

What would be the right concept of stability of this problem?
The simplest stability result follows from the maximal principle:

llullz < Cllfll

where C is a constant independent of e.

Now if we discretize the equation (9.36), what can we say about its stability?

When € is small, it is well-known that a standard finite element method or central difference scheme on
a uniform grid is not stable. The instability can be seen from the oscillations in the numerical solution.

The upwinding scheme, on the other hand, is known to be stable. In fact, by a discrete maximum princi-

ple, we have
llpllzs < Cllfullze.

But since the truncation error is of first order, the upwinding scheme is only first order.
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