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A Posteriori Error Estimates and Adaptive Finite Element Methods

7.1 Convergence of residual type a posteriori error estimates for the Poisson
equation

Let Q be a polygonal bounded domain in R¢ for d = 2,3, and let u be the solution to the following
problem:

(7.1 —Au=f in Q,
(7.2) u=0 on 09,

where f € L*(Q).
Define Hé () to be the space of functions in H'(Q) with zero boundary values, then the weak formulation
of (7.1)-(7.2)is to find u € H(l)(!)) such that

(7.3) (Vu, Vv) = (f,v) Yv e Hy(Q).

Denote V; as the finite element space of all continuous functions which are piecewise polynomial of

degree r on each element, and V), as the space of functions in V; with zero boundary value, then the finite
element approximation of (7.3) is to find u; € V|, C Hé () such that

(7.4) (Vug, Vv) = (f,v)  Vve V.

Denote 7y and &g as the set of elements and edges respectively. Let uy be the solution of (7.4), sub-
tracting (7.4) from (7.3), then for any v € Hé(Q), we have

(7.5) (V= ug), Vv) = Z (f + Aug,v — Tyv)r — Z fE [Vug -n (v — Tpv)|dS

TeTy Ee&y

= D (f+ A,y = Ty = D ([Vuu] -0, (v = Tyvhe

TeTu EcEy

where 1 is the Scott-Zhang quasi interpolation operator.
In this chapter, we use C to denote a generic constant. Besides, we list all the notations which will be
used in this chapter below:
wr: the set of mesh elements which share at least one edge with T’
ar: the set of mesh elements which share at least one point with T';
wg: the set of mesh elements which share at least one edge with E;
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@g: the set of mesh elements which share at least one point with E;
&Er: the set of edges of T';
Hy: the size of the mesh element T
Ny the vertices of all elements in 7.
Then define the local error indicator associated with mesh element 7'

1
(7.6) np = > IHZ[Vuy - n]Ig + 1Hy (f + du},
EcEr

and for subset 7 C Ty, define
(1.7) P, Tw) = ) 0
TeTy

Taking v = u — uy in (7.5), we can prove the upper bound (reliability) and the lower bound (efficiency)
of the error.

Theorem 53. (Reliability) Define fr as the mean of f over triangle T, then
(7.8) lu = unl g < C (un, T).

Proof. By the Cauchy-Schwarz inequality, we have Vv € Hé (£,

(79) |V|HI(Q) = Ssup fVVVWd.X
WEH&(.Q), Q

Wiy g=1

Combine (7.5) and (7.9), we only need to estimate the supremum of the right-hand side of (7.5). Using
Cauchy-Schwarz inequality and properties of Scott-Zhang quasi interpolation, we have

(7.10) D+ Ay, w = Tywyr = 3 (Vug] -, w = Tywhis
TeTy Ec&y
1
< 3 HIf+ dunlf + Y Hrll[Vun I}
TeTy Ec&y
1
2
A 2w, + Y i)
TeTy Ec&y
1
<cf Y HAF + dunly + Y Hrll Vil ol o
TeTh Ec&y

Then the upper bound of the error (7.8) is obtained. O

Before the convergence is given, two lemmas need to be proved in the following. Denote u; and w1
as the solutions on k and k + 1 bisection levels, 7; and 7, as the meshes on k and k + 1 bisection levels
respectively, then we have:

-1--L
Lemma 50. Define p = 1 5 then

1 Tiewr) < 177, Ti) — o117 e, Ti\T ks 1)
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Proof.
(7.11) 1P, Tesr) = 177, Tier O T2 + 172ty Tiit \T7)-

Assume T is subdivided into T = T, U T, with T}, T, € T34 and |Ty| = |T»| = %|T|. It is easy to show
that

2
1
(7.12) 7 (ur) < —n7(up),
then we have
2 1
(7.13) Do D) € —=nPu T\ Tk
TeTi\ Ty i=1 V2

Plug (7.13) into (7.11), then the lemma is proved. [

Lemma 51. Suppose 6 to be the constant in the bulk criterion (7.18), for any € > 0, we have

(7.14) 17 (i1, Tre1) — 17 (i, Tir )] < ClIV(@ure1 — wp)l.

Proof. Using the definition of the estimator, we have

(7.15) ikt Tien) = -Gt T
% %
<c|( 3% ¢+ awet) = (3 v (o + auwip) |
TeT 41 T€T i1
} %
(303 v nig) - (Y Y Helvnig) |
TeT 1 E€OT TeT 1 E€OT
=51 +89,.

Using the trace inequality, the first term can be bounded by

1

2
(7.16) s1<c( Y Bl - wif)
T€T 1

<ClIV(ugs1 — uill.
Using the trace inequality, the second term can be bounded by
1
2
(7.17) sa<c( D) Y HellVGuar - ) - nll)
T€T 141 E€OT
<ClIV(ugs1 — wi)ll-
The theorem is proved by combining (7.16) and (7.17). O

Lemma 52. Assume there exists 6 < 1 such that the following bulk criterion holds

(7.18) 1, Ti\T k1) = 0% (e, Th),
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then for any € > 0, we have

(7.19) (a1, Terr) < (1 + €)(1 = pO)n* (ug, Te) + Bote )||V(Mk+1 —upll*.

Proof. By Lemma 51, we have
(7.20) N7 (a1 Tea1) < n7-(ug, Tier) + ClIV g1 — u)ll-

Then using (7.18), Lemma 50, and the Young’s inequality, we get

(7.21) (gt Tirr) <(1+ € (ug, Tr) + Bt )||V<uk+1 up)l?
— (1 + e)pn? (Mk,‘Tk\‘Tkﬂ),
<(1 + e (ux, To) + mnvwm up)l?
= (1 + €)™ (ur, Tr)
<(1 + €)1 — pO)* (ue, Ti) + X5 )||V<uk+1 —upll%,

where B,(€) = % 0

Next we state the convergence theorem,

Theorem 54. The following error contraction property holds

IV = s DI + B (g1, Tirr) < @IV — up)l* + Bol (g, Th))s

where a = C+’BZ(£)

Proof. By orthogonality, we have
(7.22) IV = ueeDIF = IV = ul* = IV (g = )1,

Using Lemma 52, we have

(7.23) IV = wee DI + Ba(€)m* g1, Tiar)
< IV = u)l? + (1 + €)1 = pf)Ba(€)n* (ux, Tr)-

Using the reliability of the estimator, we have

(7.24) IV (@t = e DIP + Bo( ) (i, Tierr) < @IV @ = ullP + o€ (e, Ti)),
where a(€) = W, which is less than 1 when € becomes small. Then the theorem is proved by

iteration. U
The following result is a direct corollary of Theorem 54.

Corollary 6. The following error reduction property holds

IV = s DI + B (gesr, Tt < &IV = uo)l* + Bom*(uo, To)).
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7.2 Convergence rate of residual type a posteriori error estimates for the Poisson
equation

Next we prove the lower bound of the error.
Theorem 55. (Efficiency) Define fr as the mean of f over triangle T, then

(7.25) Cipp=C " HANf = frl < CIV@ - unlR,.

T ewr

Proof. Fix an arbitrary element T and choose the following function as a test function

(7.26) wr = (fr + dug)yr,
Here yr is a element bubble function
(1.27) yr=ar []| Ao
xeTNN7

where a7 is a constant depending on the meshes.
Then we get

(7.28) f(f + Aug)wrdx = fV(u —uy) - Vwrdx.
T T
Adding fT(fT — fYwrdx to both sides of (7.28), we get
(7.29) f (fr + Aug)*Yrdx = f (fr + Aug)wrdx
T T

= f V(u - MH) . VWTd)C - f(f - fT)WTd)C.
T T

By using the following properties of bubble functions,

(7.30) fK (fr + dup)*yrdx > Clifr + Augllz,

(7.31) fTV(u —up) - Vwrdx < CI\V(u — up)llr Hy fr + dugllr,
(7.32) fT(f — foowrdx < CIIf = frlirllfr + dupll,

we obtain

(7.33) Hr||fr + dunllr < ClIV(u — up)llr + CHrllf = frllr

Next consider the interior edge E and choose the following function as a test function

(734) WE = [VMH . n]sz,

and here Y is a bubble function

(7.35) ve=pe [] Ao
xeENNg
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here B is a constant depends on the meshes.
Then we have

(7.36) f[VuH . n]zlﬁde = f V(u—uy) - Vwgdx + f (f + Adug)wgdx
E WE WE
= f V(u—uy) - Vwgdx + f (fr + dug)wgdx + f (f — frowedx.

Using the following properties of bubble functions,

(737) f [Vuy -nPweds > Cll[Vuy - nlll
E
_1

(738) f Y~ ug) - Vwgdx < CIV G — wplly Hy H[Vus - mll

wE

1
(739) 3 f r + duwedx <C S lfy + duglle HE g - ml,
Tewg T TeTy,E€Er

(7.40) >, [ = fowedrs 3 1= il

Tewg ¥ T TeTy, E€Er

and combining (7.36), we get

1
(7.41) Hi[Vug - 0]l <CIV@ = umlh, + CHr " NIf = frllr
TeTy,E€Er
+ CHy Z fr + dupllr
T€Tnu,E€Er
<CIV@ = umlhy, + CHr " \If = frllr,
TeTy,E€Er

where (7.33) is used in the second inequality.

Taking the summation of (7.41) over all boundaries of T yields the lower bound of the error in (7.25). D

We can see the bulk condition is very important, so we impose a reasonable condition to make sure
the bulk condition is satisfied. For simplicity, we assume the linear element is used. For the higher order
element, we just need to define a new oscillation term which contains the jump term and the residue term,
and incorporates these terms into the lower bound estimate of the error.

Define the following oscillations by

(7.42) oscq-(uy, T) := Hyllf — duy — (f — dum)r |l = H7I(f - fr)li,
(7.43) 05C2-(up, Tr) = Z 0sc2-(uy, T).
TeTy

Here fr and (f — duy)r denote the mean values of f and f — Auy over T respectively. The subscript 7~ of
osc means uy € 7.
Based on the upper bound, the lower bound of the error, and the fact that

(7.44) nsc?,—H (urr, Tr) < 7 (upt, T,

we have
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(7.45) llt = wnil ) + 05€7, (rt Trr) <Cp (s, T,

7, Tir) <Cllu = uptlly g + C 05¢7, (unr, Tir).
Then we approximately have
(7.46) 7, Trr) =~ Ml = wpllfps ) + 056> iz, i)

The right-hand side of (7.46) is called total error. The proof of the following lemma can be found in [11].
Note that we can prove it similarly, even the definition of the oscillation is not exactly the same. Denote Vi
as the space of functions defined on mesh 7.

Lemma 53. Assume T, is the refinement of the 7, v € Vq- and v, € V-, then we have
oscgr(v,T NT) < ZOSCEE(V*,‘T NT.)+Cllv- v*llfql(g).
Proof. Using (3.2) in [11] and the fact that osc.%.(v, T) = osc,%.* (v, 7)), we have
(7.47) oscgr(v, T)< ZOSC(%—*(V*, T)+Cllv - V*||12L11(w7)

Taking the summation of (7.47) with respect to T over 7~ N 7~ yields the conclusion. [
The lemma below gives the quasi-optimality of the total error.

Lemma 54. There exists a constant C which depends only on shape regularity of T such that
I =l gy + 0563, T) < C inf (Il = 1By, + 05630, 7).
Proof. Ve > 0, choosing v € Vg satisfying
(7.48) [l — Ve||12,11(9) + 0sc2¢(v€, THY<(d+e Vler}/lfr (Ilu - vllzl(g) + osczT(v, T)).

Setting 7. =7, v = uy and v, = v, in Lemma 53, we have
(7.49) 0s¢i-(up, T) < 20565 (ve, T) + Cllugr = velljp -
Since v, v € Vi, then by Galerkin orthogonality:
2 2 2
(750) |I/t - MH'[.[I(_Q) + |MH - vElHl(Q) = |M - vslHl(_Q)’
then together with the Poincaré’s inequality, we have
(7.51) [Ju — ”H”?-]l(g) + osc%-(uH, T)<Cllu- Ve||§{1(g) + 20sc§-(v, T)

. ) 2
< Cvlergr (Ilu V||H1(_Q) +oscz(v, 7')).

0

Then it’s ready to define an approximation class A; based on the total error. Let Ty C T be the set of
all possible conforming triangulations generated from 7 with at most N more elements comparing with 7,
then the quality of the best approximation to the total error is defined by

o : a2 2 1/2
(7.52) E(N.u, f) = inf inf (Il = vl ) + 0570, TI)' T,
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and for s > 0, we define the nonlinear approximation class A by

(7.53) As = {(u, Dl lu, fls = sup (N’E(N, u, f)) < 00}-

Then it is easy to see that by Lemma 54 the discrete solution satisfies

(7.54) E(N,u, f) = {n(ug, T") : uy is the discrete solution of (7.1)-(7.2)}.

inf
Tely
The following lemma states the fact between the H' norm of different discrete solutions and the estimator.

Using Lemma 3.6 in [11], we can prove the following lemma easily.

Lemma 55. Let U, € Vi and U € Vg be the discrete solutions , and let R be the set of refined meshes, then
we have

IU. = Ul g < CT(U,R).

Then we prove the bulk condition holds under some reasonable conditions.

Lemma 56. (optimal marking) Assume T is the refinement of T, and U € V(7)) and U, € V(T,) are two
corresponding discrete solutions satisfying

(1.55) = Ul gy + 0563 (U, T2) < (Il = UlEy g, + 0563 (0,7,

then there holds the bulk condition
(7.56) n(U,R) > 6n(U,T).
Proof. By (7.55) and the efficiency of the error, we have
(7.57) (1 = 2u)C* (U, T)
< (1= 2u)(lu = Ul g, + 05¢2(U, T))

H'(Q)
< llu = Ullgp g, = I = Ul g, + 05¢7-(U, T) = 205¢5 (U.., T).

@~ I @

Setting v = U and v, = U, in Lemma 53, we have
(7.58) 0sc(U, T NT.) < 20s¢5- (U., T NT2) + CIU - U*||§,l(g).

Noticing the following facts by orthogonality and Lemma 55:

(7.59) 1= Ulipgy =l = Ul g, = IU = Ul g, < CIP(ULR),
(7.60) 0sc3-(U,T) < (U, T).
Combining (7.58)-(7.60), we have
(7.61) 05c3-(U, T) = 205¢3- (Us, T2) < 11°(U, R) + CIU = ULl
< Cp*(U,R).
Then we have
(7.62) 2 (U,R) > (1 = 2u)Cy* (U, T) := > (U, 7).

0
The upper bound of the cardinality of the marked set M is discussed in the following lemma.
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Lemma 57. Let {7, Vi, Urliso be the sequence of meshes, finite element spaces, the discrete solutions. If
(u, f) € Ay, then

C 1 1 T2
(7.63) #Me < COF 1= Ul + 0368 W To)
Proof. Setting €* := C",u(||u— Uk”i]l(g) +0sc2Tk(Uk,7'k)) with C defined in Lemma 54. Since (i, f) € Ay,
then there exist a 7. € T and a v, € V. such that
(764) #7-5 _ #7'0 < CIM, fli/sf_l/s,
(7.65) llu = vel2, @+ o0scy (ve, Te) < €.

Let 7~ be the overlay of 7 and 77, then

(7.66) I = Ul g + 0563 (U T2) < Ol = vl i, + 0563, (v, )

< (Il = Ul g, + 053U 7))

Then it satisfies the condition in lemma 56 , we can select a subset M C 7 such that
(7.67) H#M <HR < #T. —#T < #T. — #7 0,

where the property of overlay meshes in Lemma 3.7 in [11] is used in the last inequality.
Combining (7.64) and (7.67), the lemma is derived. 0
To the end, we prove the quasi optimality of the total error.

Theorem 56. Let (T, Vi, Uliso be the sequence of meshes, finite element spaces, the discrete solutions. If
(u, f) € Ay, then

12
(7.68) {Il = VAR, + 0563, W TO| < Clu AluHTE = #4700
Proof. By (7.67), we get
k-1 i k-1 ,%
(7.69) #T1—#T0 < C ) #M; < Clu, fI; {Ilu = Ul + osc?f,,(Uj,Tj)} ,
=0 =0

then we have
(7.70) llte = Ujll3 ) +B2(€)0scq (U, T)) < llu = Uil o) +B2()* (U, T)
< (1+ CBAONlu = U I3 gy + 055 (U, T))-

Besides, by Theorem 54 and the Poincaré’s inequality, we get

(7.71) I = Uil g, + B WUes Ti) < @l = Uy g, + B (WU T
Combining (7.69)-(7.71), we have
_1 k
2s Jj
(1.72) #Tic~ #T0 <C(1 + OB (Il = Uil g + B2 U T} ™ ) 0
=1

1

1 -3
<Cle 1; {lu = Ul g, + B U T}

The theorem is proved. [
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