23

Exercises

23.1 Poisson introduction

1. Suppose that Q is bounded and that 1 < p < g < oo. Prove that L9(Q2) c LP(Q). Is this inclusion still
valid when £ is not bounded? Give your justification.
2. Prove the convergence estimate of (23.1)

(23.1) pj — u(x;) = O(h*)

3. Find your weakest assumption on u so that the variational principle is valid. Prove your result.

4. Let Q = (0, 1) be partitioned by uniform grids of size 4 and consider the finite difference, finite element
and finite volume methods for (23.7).

23.2) {—Au =f inQ,

u =0, onoQ,

where

L2
e =
A=]d ’
{dl?rz (;')yzz’dzz'

a) Prove that the stiffness matrices from all these three different methods are a scalar multiple of the
matrix given (23.3).

(23.3) A = tridiag(~1,B,~I), B = tridiag(-1,4,-1).

b) After proper scaling, interpret the finite element and the finite volume methods as a finite difference
method with right hand sides obtained by proper average of f.
¢) Derive the truncation errors for all the above three finite difference schemes.
5. Using any computing language, for linear finite element method for the Poisson equation with pure
Dirichlet boundary condition,
a) write a code for a uniform grid on the unit square and (0, 1)? and solve the Poisson equation on the
unit square with the exact solution given by

(23.4) u(x,y) = sin(x(1 — x))y*(1 — y)*.

Assume that u, is the linear finite element approximation defined on a uniform triangulation with
mesh size h. Evaluate, for h = 1/4,1/8,1/16

ez — unllo,,  lur — unli0 and ||y — upllo,co0

where u; is the interpolation of u. Determine the order of the above quantities with respect to 4 for
each of the three different quadrature schemes (that are exact for ;. with k = 0, 1, 2 respectively)
applied to evaluate the right hand side of the corresponding algebraic systems.
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b) write a code for any general unstructured grid given by the data structures described in this chapter.
6. Consider the following two-point boundary value problem:

{Luz—su”+u’=0, O<x<l,

(23.5) w(©0) =1, u(l)=0,

the exact solution is
1-— e—(l—x)/s
u(x) = T
Design your finite difference, finite volume and finite element methods for solving the above problem
for very small &, say ¢ = 1078. Compare your numerical results with the exact solution for different
mesh sizes.
7. Consider the following elliptic boundary value problems

=V (ax,)Vu = f(x,y),  (x,y) €L,

ou
W =glxy), (xy)€dQ
4

where a is positive function and, f and g satisfy the consistent condition

(23.6) ffzf g
o 00

Assume that Q = (0, 1)> which is partitioned by a uniform grid of size A.
a) Design a finite difference scheme and analyze its solvability
b) Design a finite element scheme and analyze its solvability
¢) Design a finite volume scheme and analyze its solvability
d) Test and compare your results for a concrete problem that has the exact solution as given in (23.4)
8. Let Q = (0, 1)? and consider a partition of Q by a criss-cross grid (see Figure ??) and its corresponding
linear finite element space.
a) Using lexigraphical ordering of the grid, find the stiffness matrix for the corresponding finite element
discretization of the Poisson equation.
b) At each grid point, derive the corresponding finite difference scheme and analyze the truncation
error for such a finite difference scheme.
9. Consider the Poisson problem

u=0, on 9Q

Let f be piecewise constant on the initial mesh 7. Assume that 7. satisfies the interior node property
with respect to 7, i.e. each element T € M;, where M; denotes the set of marked elements, contains
at least one node of 7. in the interior of 7 and each side of 7. An consequence of this property is the
following discrete lower a posterior bound:

{—Au =f, inQ

Cong s M) < Nty = e lI7,
where 7 is the posteriori estimator satisfies the following upper bound:
et = wglly < Cm (ats T)-
Assume that Doruler marking strategy is used, i.e. the set M satisfies
M (i, M) > Oni(ug, Tr), 0 € (0, 1].

Show that
llu = ugprlls < el —uelly,

with some constant a € (0, 1].
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10.

11.

12.

13.

(1)Derive the variational formulation for the Poisson equation with the Robin boundary condition

(23.7)

—Au = f, in Q,
(au +pBVu-n) =g, ondQ,

(2) Write out the stiffness matrix of the finite element problem in the terms of basis functions.

(3) Derive the corresponding minimization problem, and prove the equivalence between the variational
form and the minimization problem.

Let e € &(7) be an interiori edge in the triangulation with nodes x; and x;, and shared by two triangles
71 and 7. Denoted the angle in 7 opposing to e by 6.

a) Derive the following identity

1
ajj = —z(cotGE‘ +cotdy).

b) Prove that g;; < 0 if and only if the following Delaunay condition is satisfied:
0y +6; <nm
¢) T Prove that if the Delaunay condition is satisfied for all interior edges in the triangulation (such
a triangulation is called Delaunay triangulation), the finite element solution is nonnegative for the

equation —4u = f (with homogeneous Dirichlet boundary condition) if f > 0.
Consider a sequence of uniform grid on interval [0, 1] as follows:

J
O=uxf<xk <<y, =1, fﬁ:m k=121,

with i = 1/(Ng + 1) and N; = 2F — 1. On each level k, we have the standard linear finite element space
V¥ with standard nodal basis functions ¢¥. Denote all the interior nodes x’;, j=1,2,--- N, onlevel k
by N, the so-called hierarchical basis (HB) refers to a special set of nodal basis functions

{0 X € NN, k=1, ).
It is often to more convenient to use the scaled HB as follows
it x5 € N\Njer, k=1, J),
and with proper scaling, we shall denote the scaled HB by {i;},i = 1,---,2/ — 1 as shown in Figure

23.1.
If we use the HB to solve the Laplace problem

{—u" = f, on(0,1),
0)=u(1)=0.

on the J-th level uniform grid, show that the corresponding stiffness matrix is diagonal.

Define curlg = (%’ —(%’51) and rotv = % - g—fCL, consider the following problem

—graddivu + curlrotu = f, in Q
(23.8) n-u=g, onadQ
rotu = h, onodQ

a) Prove that —graddiv + curlrot is a vector Laplace, i.e.

. -4 0
—graddiv + curlrot = ( 0 -4 )
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Fig. 23.1. One dimensional Hierarchical basis

b) Consider g = 0 and & = 0, and define the space
V:={ue H(Q)*lu-n =0ondQ}.
then the weak form of (23.8) is: Find u € V, such that
(23.9) (rotu, rotv) + (divu, divv) = (f,v), VYveV.
If we discretize the above weak form by finite element method on the unstructured grid, show that

the stiffness matrix A is sparse and symmetric positive definite.
¢) Consider the unit square domain Q := [0, 1] X [0, 1]. Let the exact solution to be

_ [cos(mx) cos(my) — 1
~ \cos(mx) cos(y) — 1)

and

B 27% cos(rrx) cos(ny)
~ \272 cos(nx) cos(y)

), g =1up-n, and h = rotup,
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e Use finite difference or finite element method to solve the problem (23.8) with the above given
dataf, g, and h.
e Compare the numerical solution u;, with the given exact solution up and check whether it con-

leo—punlly

verges to the exact solution by computing where up and y;, are the vectors correspond-

ing to the exact solution up and uy, respectively, and N is the number of degrees of freedom.
d) Consider the L-shaped domain Q := [-1, 112\([0, 1] x [-1,0]) as shown in Figure 23.2. Define

4

-1 0 1

Fig. 23.2. L-shaped domain

¢ = r*3sin(26/3) in polar coordinate and up, := curlg. Let

0
f= (O)’ g =1up-n, and h = rotup,

e Verify that up is a solution to the problem (23.8). (Note that 4¢ = 0).

o Use finite difference or finite element method to solve the problem (23.8) with the above given
data f, g, and A.

e Compare the numerical solution with the given exact solution up and check whether it converges

lep =l
VN

to the exact solution by computing where pp and yy, are the vectors corresponding to

the exact solution up and uy, respectively, and N is the number of degrees of freedom.
14. Still consider the L-shaped domain, and use finite difference or finite element method to solve the prob-

lem (23.8) with
1
f=| ] g=h=0.
o) ¢

Compare the numerical solution with the following numerical solution, see Figure 23.3. If your nu-
merical solution are different from the given numerical solution, which one is correct and explain your

reasons.
23.2 Mesh
1. The triangulation {77, : h € N} is said to be shape-regular if
h
(23.10) supmax — < 0
heX 7€Th Pr

where p, denotes the radius of the ball inscribed in 7. Prove that (23.10) is equivalent to the following
well-known minimum angle condition:
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Fig. 23.3. Vector field of the numerical solution

inf min 6; > 6y > 0
heX 7T,

(23.11)

where 0; is the minimum interior angle of 7 for T € 7, and 6, is a constant.
2. Prove that if the triangulation {77, : h € N} satisfies (23.10), then

h
max < <.

sup
el 0 N

hel
23.3 Linear finite element
1. Corresponding to the triangulations 77, the finite element spaces 8" = S"(Q) is defined by
S"@Q={veC@:veP(r), YreT.
It is easy to see that S"(Q) c H'(Q). We further define that

ShQ) = S"Q) N H)(Q).
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a) Show that S" is indeed a subspace of H'(Q).
b) Assume that 9Q is curved but piecewise convex. Define

(23.12) S'={v:veSshQy, vlo\@, 1s the natural linear extention}
and
(23.13) Sy ={v:veSy@,viag, =0}

Prove that 8" ¢ H'(Q) and S ¢ H}(Q).
¢) Prove, for the space S" defined as above,

h
[Vllo,ove, S AL YveS™

2. a) Solve
—Au = —4, (x,y) € Q,
{ u=x>+y% (x,y) €0Q,
on squared domain [0, 1] x [0, 1] with both structured mesh and unstructured mesh.
b) Solve
_Au:f(x»y), (x,y)eg,
u=x>+y*, (x,y)elp,
ou
— =2x, (x,y)el'y.
on

on the following square domain [0, 1] x [0, 1].

I'p

FD FN

I'p

Fig. 23.4. Square domain

3. Given g € H™'/2(9Q), define a proper weak solution to the following boundary value problem

Au =0, in Q,
u=g, onoQ.

If u;, € S" is the discrete harmonic function such that u;, = Qg on dQ, prove that

ll = unll < RlIgI_1 460> O < s < 1.
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. Solve
—Au = =2, (x,y) € Q,
u= exﬂ" (x’,)’) € FD’
0
A ety (x,y) € I'y.
on

using linear finite element on the following domain with structured triangular mesh. And then verify
numerically that

2
llu = upllo + hllu — uplly = Oh”).
(Hint: Try to use the data structures introduced in class.)

0, 1) 1,1)

I'p I'p

FD FN
(0.5,0.5)

0,0) I'p (1,0)

Fig. 23.5. Computational domain

. Let T be a triangle element with vertices x; and A; are the corresponding barycentric coordinates, i =
1,2, 3. Let n; be the unit outward normal vector of the face F; and d; be the distance from x; to F;. Prove
that

1

VA, = —d—ini.
. Let Q € R? be a simply connected domain. Define the Sobolev space:
H(div, Q) := {v € (L*(R))* : divv € L*(Q)},
where div := (d,,d,)". Define also the homogeneous space
Hy(div,Q) :={ve H(div,Q) : v-n = 0, on 0Q}.

The exact sequence below is well known.

(23.14) H(Q) =5 Hy(div, @) = 12(Q).

Here the exact sequence (23.25) means:

(23.15) {v € Hy(div, Q) : divv = 0} = curlH}(2), and L}(Q) = divHy(div, Q).

a) Define the Raviart-Thomas elements by FEMgy, := (K, P4, N%), where
i. K% is a triangule;

ii. P‘é =a+p [)yc], where @ € R? is a constant vector and 3 € R.
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iii. N4 = {de},-zl,zg, with d;{K(f) = fe ¢ - mids, where ¢; is the edge of K, and n; the normal unit

vector of e;.
Prove that the finite element is unisolvent, and give an explicit formulation of their nodal basis
functions using barycentric coordinates.
b) Given a triangular triangulation 77, define the finite element spaces

HfT(div, Q) :={v, € (LZ(Q))2 1V, € P‘}(\/K €T, fvh -, is continuous across e},

and
HYl (div, Q) := {v;, € H* (div, Q) : f vy -1, =0one C IR}

Prove that H{" (div, Q) ¢ H(div, Q) and H{! (div, Q) C Hy(div, Q).
c¢) Define the nodal interpolation operators by

I 2 H(div, Q) — HX"(div, ), such that fl,‘jv -n, = fv - n,.

e

Show that
1! Hy(div, Q) = HFT (div, Q).

d) Let Q, be the space of piecewise constants defined on 77, and Q) = Q) N L2(Q), where L3(Q) =

{g € [X(Q), qu = 0}. Moreover, let 1T, : L>(Q) — Q; be the projection operator. Prove the
commutativity hold below:
I o div = div o I{, on H(div, Q).

e) Let V), be the continuous linear element on 77, and V,,p = V;,; N H(') (). Prove the discrete exact
sequences below:

rl . di o
(23.16) Vio — HET(div, Q) = 0y,
The meaning of the discrete exact sequences are similar to (23.15), namely

{v e HRT (div, Q) : divv = 0} = curlV)o(Q), and Qj, = divHjo(rot, Q).

23.4 Sobolev Spaces

1. The Sobolev space of index (m, p) is defined by

WP Q) € v e LP(Q) : DY € LP(Q) if |a] < m),

with a norm |||, o given by
def
(23.17) ML ,0 S D D™, g,
||l<m
We will have occasions to use the seminorm | - |, o given by

def
W oS D IDIL, g

lal=m

Prove that W™7(Q) is a Banach space.
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. Given s = m + o with o € (0, 1) and integer m > 0, define
WSP(Q) = {ve W™"P(Q) 1 |v]yp < oo}

where

(23.18) LPEDY f f |DQVFC)__ ﬁj‘)(y)wdx dy
L Jada lx—orer

with a norm |||l , given by

(23.19) I, o = VIl + MIE .

Prove that W5P(Q) is a Banach space.
. Assume that Q = Q U ©, with d = dist (1 \ 25,8, \ ;) > 0. Then

Mlsp0 S d (Wil po) + VIl pr)

. Prove
(23.20) (L+1EP)" < Y £ <A+,
le|<m
. Prove
e — 1|2
(23.21) f —| = dn=Cm,s)EPs, 0<s<l1
n nn A

where C(n, s) is a positive constant depending on 7 and s.

. Assume that a function v is defined in Q, and Vv is the zero extension of v to R”, i.e. v equals to v in Q,
and equals to zero in R”
Omega. Define

Wg’p Q) ={ve W (Q): ve W"R"},
with a norm
IV o = [Pz

Prove that VV(‘;"’ (Q) is a Banach space.
. Prove that, if mp > d, then
|Iuv||m,p,9 S ”u”m,p,Q”V”m,p,Q‘

. For o € (0, 1), prove that

f dy - 1

o |x —y|rror T dist(x, 0Q)P

. Given s > 0, the Sobolev space H™*(£) is defined to be the dual space of H*(£2), namely
H™(Q) = (HyQ) .

Prove that the space H™*(£2) defined as above is identical to the space that is the completion of the space
L*(Q) iwth respect to the following Lax negative norm:

v, P
Vll-s,0 = sup ——.
gers@) 18lls,0

Furthermore, the above norm is equivalent to the dual norm for H™*(Q).
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10. Let By and B; be two Banach spaces with B; continuously embedded and dense in By, definite for
pEll,o0)

. 1/p
— 14 P 14
Kty = inf (lolly, + e learlly, )™ wo € Bo. wy € By.
The intermediate space B, j, is defined by

B, = {u € By : |lullg,, < 00}’

00 dl 1/p
”MHBYW = (f t_Spr(t, M)T) .
0

1_
s, < Cyllullly Il

where

Prove that for any u € By,

with Cy = (ps(1 — 5))~1/7.

23.5 Interpolation, Projection and Error Estimates

—

. Explain directly why L? projection can be extended to the space H~'.
2. Define Galerkin projection P, : Hé(Q) ) ’6 as

A(Pyu,v) = A(u,v), Yu € H)(Q), v Sy
Prove that ,111_r>r(1) Pyu = u, for any u € H)(Q).
3. Py, is the Galerkin projection defined as above. Assume that U € HO1 (9) is the solution to
A(U.x) = (F.x), Yx € Hy(Q).
Prove that
U - PyUIl > CI|U — PLUII;/IIF|I.

4. Py, is the Galerkin projection defined as above. Construct a counter example to show that P, cannot be
stable in L” norm if p < oo.
5. Establish the following estimate

1 ~
u— Prulli—o S A7 277|ull1 <e< .
lu = Ppulli—e < h*72%] l14es O <3/2

+&°

6. Define L? projection @y : L*(2) — Sb as

(Qupu,v) = (u,v), Yu € LZ(Q), Ve Sg.
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23.6 Discontinuous Galerkin

1. Consider the following two-point boundary value problem:

Lu=-eu +u =0, 0<x<1,
(23.22) {

u) =1, u(l)=0,
the exact solution is
1= e—(l—x)/s
1—ele

Design your finite difference, finite volume and finite element methods for solving the above problem

for very small g, say & = 1078, Compare your numerical results with the exact solution for different
mesh sizes.

u(x) =

2. Consider the quadratic finite element on a triangular in 2-D and construct its nodal basis {¢,-}le by
barycenter coordinates such that

(1 =
¢I(x]) = {0’ l;t]

where x1, x;, and x3 are the vertices of the triangular and x4, x5, and x¢ are the midpoints of the edges.

3. We consider the 3-D Morley element, which is defined by the triple (7', Py, D7) with
e T is atetrahedron;
e Pr=PyT);
e Dy = {d;}i=1.10, such that for ¢ € H*(T),

0
di(SD):JC —¢, F;is afaceof T, i=1:4
Fi 61’1}7,.
and

diva(p) = cho, ejis anedgeof T, i=1:6.

i

See Figure 23.6(left). The finite element space is defined by

M, ={w, € LZ(Q) s wilr € Po(T), J[Wh is continuous at any edge e,
e

3Wh . . . .
and JC is continuous across any interior face F}.
F YUng

a) Prove that the 3-D Morley element is unisolvent.
b) Let F be an interior face of the triangulation. Prove that fF Vwy, is continuous across the face for any

wy, € My,
4. Let M be the Morley element space associated with HS(Q), and V}%R be the Crouzeix-Raviart element
space associated with Hj(Q). Denote VX := ViR x ViR, Let V, be the piecewise-defined gradient

operator; let curl;, be the rotation of V; and let div,, be the piecewise-defined divergence operator.
Define V% :={vj € Vi& : divav;, = 0}. Show that curl, My = V%.
5. The rectangle Morley element is defined by (Q, P}, Df)) with
a) Q is a rectangle;
b) PY = P,(Q) + spani{x®,y*};
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o N
V v

Fig. 23.6. Illustration of the 3D elements. Left: 3D MWX element; right: WX element for 3D 6th order problem.

c) the components of D’g ={dM,dM,}i-1.4 for any v € H*(Q) are:
dlM v) = v(a;), a; the vertices of Q;

d%4(v) = fana vds, e; the edges of Q.

a) Prove the Py unisolvence of the rectangle Morley element;
b) Establish a set of nodal basis functions.

6. We consider the 3-D WX element for 6th order problem, which is defined by the triple (T, Pr, Dr) with
e T is atetrahedron;

o Pr=P3T);
o Dy ={d;}i=10, such that for @ E H3(T)

P .
di(p) = ——, Fiis thefaceof 7, i=1:4.
F, Ong.

0 0 .
dri3(p) = JL; ﬁ riva(p) = Jf % e;is the edge of 7,
vé and vé is the two unit vectors perpendicular to e;,i = 1 : 6.
and
div16(p) = p(a;), a; is the verticesof T, i =1 : 4.
See Figure 23.6(right). The finite element space is defined by

0

2
Wh . . . .
on is continuous across interior face F,
n
F

WX, = v € LX) wilr € (7). f
F
(9W/1 aW/, . . .
——7 an ——x are continuous at edge e, and wy(a) is continuous at vertex a}.
A
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a) Prove that the 3-D WX element for 6th order problem is unisolvent.

b) Let F be an interior face of the triangulation. Prove that Jg V2w, is continuous across the face for
any w, € M.

c) Let e be an edge of the triangulation. Prove that fe Vwy, is continuous at the edge for any wy, € M,.

7. Consider the Kirchhoff plate model

1
min (A =WV o + VAW o] - W
Weyz@m;(@z[( VAW o + VAW o | = (£, w)

The minimizer u € H*(Q) N HOl (Q) satisfies the following 4-th order PDE

Au=f, inQ,
u=0, on 09,
Bu=0, ondQ.

Derive the explicit form of the operator B.

8. Consider the Poisson equation

~Mu = f, inQ,
(23.23) { Z:g, on 60,

Discretized by the non-conforming P1 finite element method ((5.2.1) in the lecture note). Describe and
prove its consistency and stability. (Please use the definitions of consistency and stability in the lecture
notes (Chapter 7) to prove your results)

9. For the Poisson equation (23.23) discretized by the following non-symmetric interior discontinuous
Galerkin (NIPG) method: Find uj, € Vj, = {v, € L*(Q) : vplx € PI(K) VK € T3}

By (up, vy) = ffvhdx, Vv, € Vy,
Q

where

By, (up, vp) = f Vipup - Vivy dx — f {Vhup} - [vilds + f [up] - {Vpvitds + f hl[uh] - [vilds,
o

8/, Sh 6/1 €

Describe and prove its consistency and stability. (Please use the definitions of consistency and stability
in the lecture notes (Chapter 7) to prove your results)

23.7 Mixed finite element

1. Find conditions for A € R™" and B € R™"™ such that the following matrix is nonsingular:
A B*
B0
2. Assuem that A € R™" is SPD and B € R™™ is of full-rank. Prove that the following “preconditioned
matrix” (with S = BA™'B*):
A0\ (A B
0S B 0
only has three distinctive eigenvalues: 1, (1 + V5)/2. Determine the multiplicity of these eigenvalues.
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3. Let A e R™", B € R™", such that A is symmetric positive definite on ker(B). Show that
. (1 ‘Ax— )
min(= -
Bx=0 2x oo

exists uniquely.
4. We consider the computational domain [0, 1] X [0, 1] with the uniform grid as shown in Figure 23.16.

We use the P) — P! element to discretize the Stokes problem

divu = 0 in Q,
u =0 o0noQ.

—Au+Vp=finQ,
(23.24)
a) Write out the finite element problem;

15
‘g 1(3; , and write A and

b) Write out the stiffness matrix of the finite element problem in the form of

B in terms of basis functions.

Fig. 23.7. The computational domain.

5. Prove that det(A) is the unique function of n variables satisfying that
e it is multilinear,
e itis skewsymmetric,
o det(er,ep, -+ ,e,) = 1.
Hint: Denote the i-th column of A by A;. We consider det(A) as det(A;,A», -, A,). By being multilin-
ear, it means that det(a1Aq, - - , @,A,) = a1 -+ @, det(A,--- ,A,), and det(Aq, ... ,AEI) +A§2), LA =
det(Aq, ... ,Aﬁl), oAy +det(Aq,. .. ,Al(.z), ...,A,), for any i and any Al(.l) and Af.z). By being skewsym-
metric, it means det(- -+ ,A;, -+ ,A;--+) = —det(-+- ,Aj,-- JA;-), Vi £ ]

6. Show that exterior derivatives satisfy d;.1d; = 0,0 <i <n— 1. Consider n = 2 and 3.

7. Let K be a tetrahedron, and f be a face of K. Denote u = a + b X x. Show that if fe u- 7, = 0 for any
edge e of f, then u x n; = 0, with n; the normal vector of f.

8. Let Q € R? be a simply connected domain. Define the Sobolev space:
H(div, Q) := {v € (L*(Q))* : divv € L*(Q)},

where div := (d,,d,)". Define also the homogeneous space
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Hy(div, Q) :={ve H(div,Q) : v-n = 0, on 0Q}.

The exact sequence below is well known.

(23.25) HIQ) =5 Ho(div, ) = 12(Q).
Here the exact sequence (23.25) means:
{v € Hy(div, Q) : divv = 0} = curlHy(Q), and L}(Q) = divHy(div, Q).

a) Define the Raviart-Thomas elements by FEMgy := (K¢, P4, N%), where
i. K% is a triangule;
il. P‘,i( =a+p [;], where @ € R? is a constant vector and 3 € R.
e d _ d
iii. N, = {dl.,K
vector of e;.
Prove that the finite element is unisolvent, and give an explicit formulation of their nodal basis

functions using barycentric coordinates.
b) Given a triangular triangulation 77, define the finite element spaces

}i=123, with de(g) = fe,»f - myds, where ¢; is the edge of K, and n; the normal unit

HfT(div, Q) :={v, € (L2(Q))2 LV, € P‘,QVK €T, fv,, - n, is continuous across e},

e

and
HY (div, Q) = {v, € H*" (div, Q) : f vy -n, = 0one C dQ).

Prove that HX” (div, ) ¢ H(div, @) and HX! (div, Q) C Hy(div, Q).

¢) Define the nodal interpolation operators by

I1: H(div, Q) —» HF" (div, Q), such that fl,‘fv -n, = fv - n,.

e

Show that
1! Hy(div, Q) = HET (div, Q).

d) Let Q) be the space of piecewise constants defined on 7, and On = 0N L%(Q), where L%(_Q) =
g € LX(Q), qu = 0}. Moreover, let ITy : L*(Q) — O, be the projection operator. Prove the

commutativity hold below:
My o div =divo I, on H(div, Q).

e) Let V}, be the continuous linear element on 7, and Vo = V;, N Hé (). Prove the discrete exact
sequences below:

url . div o
(23.26) Vio — HET (div, Q) = Oy,
The meaning of the discrete exact sequences are similar to that of (23.27) and (23.25). Namely

{v e HRI (div, Q) : divv = 0} = curlV,o(Q), and Qj, = divHj(rot, ).
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9. Let Q € R? be a simply connected domain. Define the Sobolev spaces:
H(rot, Q) := {v € (L*(Q))* : rotv € L*(Q)},
where rot := (=8, d,)". Define also the homogeneous space
Hy(rot, Q) := {v e H(rot,2) : vxn =0, on 0Q}.

The exact sequence below is well known.

d T
(23.27) HL\(Q) £5 Hy(rot, @) = L2(Q).
Here the exact sequence means:
{v € Hy(rot, Q) : rotv = 0} = gradH, '(©Q), and LZ(Q) = rotHy(rot, Q).
0 0
a) Define FEM,q := (K", P}, N), where
i. K" is a triangule;
i. P =a+p [ _xy], where ¢ € R? is a constant vector and 8 € R.

iii. Ng = {di’;K}i:]’z’g,, with dl.”K(f) = feif - 7., ds, where ¢; is the edge of K, and 7, the tangential

unit vector of e;.
Prove that the finite element is unisolvent, and give an explicit formulation of their nodal basis
functions using barycentric coordinates.
b) Again, given a triangular triangulation 77, define the finite element spaces

H]’fT(rot, Q) :={v, € (Lz(Q))2 v, € PR VK eTy, fv;, - T, 1S continuous across e}.

and
H;fOT(rot, Q) :={v, € H (rot, Q) : fvh -1, =0o0ne C 0Q}.
e

Prove that H{' (rot, Q) C H(rot, ) and HX! (rot, Q) C Hy(rot, Q).
¢) Define the nodal interpolation operators by

I : H(rot, Q) — HY' (rot, Q), such that fIZV T, = fv"re.
e

e

Show that
I Hy(rot, Q) = HX (rot, Q).

d) Let O, be the space of piecewise constants defined on 7, and On=0,N L%(Q), where L(z)(.Q) =
{qg € LX(Q), qu = 0}. Moreover, let I7) : L*(Q) — O, be the projection operator. Prove the

commutativity hold below:
Il orot =roto I}, on H(rot, Q),

e) Let V), be the continuous linear element on 7, and Vo = V;, N H(l) (). Prove the discrete exact

sequences below:

rad o
(23.28) Vio = HRT (rot, @) = 0.
The meaning of the discrete exact sequences is

{ve H,IfoT (rot, Q) : rotv = 0} = gradV),0(£2), and Q°h = rotHy(rot, Q).
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10. Let U and V be two Hilbert spaces, with inner products (-, -)y and (-, -)y respectively. Let B(:,-) : UXV —

11.

13.
14.

R be a continuous bilinear form
(23.29) B(u,v) < 1Bllllully[vily-
Assume the inf-sup condition holds:

(23.30) inf sup M = inf su M =a>0.

uel yey lullylvily — veV ueu llullulvily

Let U, € U and V;, C V be two nontrivial subspaces of U and V respectively, and the discrete inf-sup
condition holds:

Bup,vp) . B(up,vn) @ >0

(23.31) - V) -
un€Un y,ev, lupllolivally — vaeViw,eu, llunllulvally

Consider the following variational problem: Find u € U such that
(23.32) B(u,v) ={f,v), Yvey,

where f € V* and (., -) is the pairing between V* and V, and its discretisation: find u;, € Uy, such that

(23.33) B(up, vi) = {fsvn)s Yvi € Vi
Prove
I8l .
(23.34) llu — uplly < — inf |lu — wylly.
ap wielUy,

Let 2 c R? be a connected polygonal domain, and 77, be a triangle triangulation of Q. Let V}%R be
the nonconforming P; element space associated with Hj(£2), and denote V& := ViR x ViR, Define
0, = {qn € L*(Q), j;) gn = 0, gulris constant, ¥V T € 77,). Prove the inf-sup condition:

. ,div,v
(23.35) inf sup ~dmdVavi)
00 y,ever [Valiallgnllo.o

. Consider the following Stokes problem

diva = 0 in Q,
u=0onoQ.

-Adu+Vp=finQ,
(23.36)

where the domain Q = [0, 1] X [0, 1]. Please use the P(z) - Py I element to discretize this problem with
the uniform mesh (2 = 0.25,0.125,0.0625,0.03125), and solve the relevant linear system. Treat the
numerical solution u;, and pj, on the mesh with 7 = 0.03125 as the “exact” solution to compute the I?

for pj, and H' error for u;, on other meshes, and write down a report.
(reserve) Prove the Cea lemma and Strang lemma.
(reserve) Prove the inf-sup condition given the existence of Fortin operator.
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23.8 Adaptive finite element methods

1. Let 741 be a conforming and shape regular triangulation which is refined from a conforming and shape
regular triangulation 7. Let ug,; and u; be solutions of the model Poisson equation in linear finite
element space V.1 and V; respectively. Show the following orthogonality

2 2 2
ot — vayesr Il = oo — waielly = lotwrr — ully

2. Let 7141 be a conforming and shape regular triangulation which is refined from a conforming and shape
regular triangulation 7% using Doruler marking strategy by using a given 6 € (0, 1). Let us,; and u; be
solutions of the model Poisson equation in linear finite element space Vi, and V; respectively. Show
the following contraction of the error estimator:

(i T + 1) < (s, T,
where p € (0, 1) depends only on the shape regularity of 7 and the parameter 6.

3. Let 7 be a non-degenerated triangular (i.e. ¢ < ld < Bo) with vertices x1, x», and x3.

le’|
a) Show that
[ 20 () 2+ v2)

f VP < f 2,
f IVv]> < h™2 f V2.
Q Q

4. Let A be the stiffness matrix of the model Poisson problem discretized on a conforming and shape
regular triangulation in two dimensions by using linear finite element method. Show that the condition
number of A is bounded as follows

K(A) < CN(1 + [10g(Nhmin(N)?)]),

where N is the number of degrees of freedom and Ay, = min{h, : 7€ T}

b) Show that

and

23.9 Jacobi and Gauss-Seidel methods for consistently ordered matrices

1. The Gauss-Seidel iterative scheme for solving linear system Ax = b with A € R¥¥ and x,b € R" is
defined by
1

Xf.m) = —(b, - E Ain(.m) — E Ain(.m_l)), i=1 IN,
Aii — J — J
J<i Jj>i
where {x(’”)}, m=0,1,...,1s the iterative sequence..

a) Decompose A = D + L + U, where D is a diagonal matrix, L is a lower triangle matrix, and U is an
upper triangle matrix. Show that the Gauss-Seidel iterative scheme can be written in the form

x" =x"D 4+ D+L)" (b - Ax").
b) For w € R, define the modified Gauss-Seidel iterative scheme:
x™ = x"D 4 (w'D + L) (b — Ax"D).

Assume A is symmetric positive definite. Prove that the modified Gauss-Seidel iterative scheme
converges for any initial guess x), if and only if 0 < w < 2.
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2. Let V be a linear vector space, with (-, -) an inner product defined thereon. Let A : V — V be an SPD

operator, and define an alternative inner product (-, -)4 := (A-,-) on V. For an operator C : V — V, define
its adjoint operator with respect to (+,+) by C* : V — V, such that

(C'w,v) = (w,Cv), Yw,v eV,
and its adjoint operator with respect to (+,-)4 by C* : V. — V, such that
(C*'w,v)a = (W,Cv)s, YW,ve V.
a) For an operator B : V — V, show that
p( = BA) = p((I - BA)'(I - BA)),

where B = B' + B — B'AB, and p(-) means the spectral radius of an operator.
b) For an operator C : V — V, define its A—norm by

ICVIla
IClla := sup ,
veV\{0} [Vl

with ||v||i = (Av,v) for v € V. Show that

p(U = BAY'(I - BA)) = |[(I - BAY'(I - BA)llx = Il - BAII}.
3. Consider solving the following Poisson problem on a unit square 2 = [0, 1] x [0, 1]

-Adu=1, inQ,
u=0, on 09,

by finite difference method (standard 5-point stencil) on uniform mesh with meshsize h. Denote the
resulting linear system by Ax = b.

Ak
a) Use Gauss Seidel method to solve the resulting linear system. Stopping criterion is H <1078
and the initial guess is the zero vector. Make a table to record the number of iterations for different
h

. . . . . . . —_ k
b) Use SOR method to solve the resulting linear system. Stopping criterion is ”Z_ﬁi()” < 107% and the
initial guess is the zero vector. Make a table to record the number of iterations for different # and
the relaxation parameter w. Numerically determine the best w

¢) Use the SOR method to solve the resulting linear system with theoretically best relaxation parameter

2
Wopt = — P
1+ VT=p(D 1A

where D is the diagonal of A and p(M) denote the spectral radius of matrix M. Stopping criterion
io Ib=AR
'S p-A0]
iterations.

d) Use conjugate gradient method to solve the resulting linear system. Stopping criterion is

< 107® and the initial guess is the zero vector. Make a table to record the number of

lb-Ax
lb—-Ax0l =
10~ and the initial guess is the zero vector. Make a table to record the number of iterations for
different A.
4. Consider using subspace correction method to solve Au = f,
a) Show that the parallel subspace correction method for Au = f is equivalent to the modified Jacobi
method for Au = f:

W ="+ R(f - Au"
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b) Show that the successive subspace correction method for Au = f is equivalent to the modified G-S
method for Au = f:

um :k[/mfl + (Bfl +L)fl(i_égm7])'

5. Assume that A is a block tridiagonal matrix with invertible diagonal block and w # 0. Then if Ais a
nonzero eignvalue of Mgor = (D — wE)™ (wF + (1 — w)D), any scalar y that satisfies

A+w—-1=2"wu

is an eignvalue of M, which is defined as M; = [ — DA If A is symmetric so that M, only has real

eignvalues, prove that
a) P(MSOR) <1 lﬂ:p(M]) <land 0 < w < 2.
b) If SOR converges,

2

Wopy = ————
" e T p(M, 2

= arg min p(Ms or(w)),

and

1 — /1 - p(M))?
L+ T=p(M; 2

HEHP(MSOR((U)) =

6. Consider solving the linear system of equations
Au = f,

by the method of subspace correction. Here A € R™" : R" i R” is symmetric positive definite.
a) Consider the simple decomposition of R”

n

(23.37) R" = Z spanfe;},
i=1

where ¢; is the i-th column of the identity matrix. Show that the parallel subspace correction method
is just the Jacobi iterative method.
b) Consider the same decomposition (23.64), show that the successive subspace correction method is
just the Gauss-Seidel iterative method.
7. Consider the Poisson equation
{—Au =f, inQ

u=0, on 09

discretized by linear finite element method on a uniform triangulation grid (see Figure 6) of 2 = [0, 1] X
[0, 1] with mesh size h. Here, we have

0=xp<x; < <xpy =1, x,:nil, (j=0,---,n+1)
and .

O=yo<y1 <+ <Y1 =1, yj:nil’ (j=0,---,n+1).
The weak form is: Find u;, € V}, such that
(23.38) a(up,vy) = (fyvn), Yvp eV
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Fig. 23.8. Two-dimensional uniform grid for finite element method

where a(uy,v,) = fg Vu, Vv, and (f,v,) = fg fvin, and V), is the corresponding linear finite element
space. Take v;, = q)f i where qﬁZ ; is the basis function at point (x;,y;), from (23.67), we have

AU — Uiy — Uis1j — Ui jo1 — Ui jer = fij,
where f; ; = (f, ¢ff - This leads to the following linear system of equations.
Au =f.
where A = tridiag(—I, B, —I) and B = tridiag(—1,4,~1) and u = (u;;) and f = (f; ;) with i and j both
follow the lexicographic ordering.

Implement the following Gauss-Seidel method:

Gauss-Seidel method: [u] = GS(u, f, n)

Given an initial guess u%, consider the Gauss-Seidel iteration as follows:

Choose right hand side f and initial guess u® freely (constant right hand side and random initial guess are
recommended), and set the tolerance to be Tol = 1076, Make a table to report the number of iterations,

convergence factor (||f — AuX||/|[f — Au*~!|| ), and CPU time for h = 273,274,275 276,
. Following problem 2, we use two-grid method to solve the resulting linear system of equations. For the

find grid, we choose & = 27/ with a given integer J and n = 27 — 1. For the coarse grid, we choose
H =2h=2"Y"Dand ny = 2/~! — 1. In the implementation of the two-grid method, we do not need to

form A explicitly, what we need is just the action of A on a vector u, i.e. v = Au. The following algorithm
shows the action of A

Action of A: [v] = Action(u, n)

The restriction and prolongation are implemented as follows:

Restriction: [r] = restrict(r’, ny)

Prolongation: [e"] = prolongate(e”, ny)

Now, one step of the two-grid method with GS smoother is defined as follows:

Two-grid method: [u] = TwoGrid(u,f, n,ng)

Given an initial guess u°, please implement the two-grid iteration as follows:

Choose right hand side f and initial guess u® freely (constant right hand side and random initial guess are
recommended), and set the tolerance to be Tol = 10~°. Make a table to report the number of iterations,
convergence factor (||f — AuX||/|[f — Au*~!|| ), and CPU time for J = 3, 4,5, 6.
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9. (Optional) In this problem, we use multigrid method to linear system of equations. MG method is based
on the following nested spaces
VicV,c---CVy,

where V;, [ = 1,2,---,J, are linear finite element spaces on uniform grids with mesh size h; = 27" and
n; = 2/ — 1. Recursive implementation of the MG method with GS smoother is defined as follows:

MG method: [u;] = MultiGrid(uy, f;, )

Given an initial guess u’, please implement the MG iteration as follows:

Choose right hand side f and initial guess u® freely (constant right hand side and random initial guess are
recommended), and set the tolerance to be Tol = 107°. Make a table to report the number of iterations,

convergence factor (||[f — Au¥||/|[f — Au*~!|| ), and CPU time for J = 3,4,5,6.
10. Prove that Jacobi method converges for any 2 x 2 symmetric positive definite matrices.

23.10 Finite difference method

Exercise 1. Prove that \ N
M(X+ E) - M()C— E)

u'(x) = - +O(h),
W) = u(x+ h) — 21:1(2)() +u(x —h) . O(hz).

Exercise 2. Consider the domain (0,1), x; = ih, 0 < i < Nand h = 1/N. Let {¢ j}ljyzl be those piecewise
linear polynomials which is continuous at internal points and satisfy that

Ll
%@0={>§¢?

Prove that
N

0 () = Y un(x);(x), Yy € V.

J=1

Exercise 3. Consider the domain (0, 1), x; = ih, 0 < i < N and & = 1/N. Basis functions {¢ ,-}N are defined

j=1
in Exercise 2. Prove that
1 1 1
L ¢;19; = f(; PP =~ 3 I<j<N

1 ) 2
Y=, 1<j<N.
lk%) A J

Therefore, the finite element equation is reduced to

—Hj-1 + 24— [

(23.39) Y

=f, 1<j<N,

where f; = fol f¢;. Thus, the finite element method and the finite difference method give the same equation.
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Exercise 4. For the 1D Poisson equation in (0, 1)

{ -u” =f in(0,1),

(23.40) W(0) = WD) = 0,

define the operators

—u(x + h) + 2u(x) — u(x — h)

(Lu)(x) = —u"(x),  (Lpu)(x) = 7

prove that for smooth enough u,
Lu— Ly =OK).

Furthermore, let u;, be the solution of (L,u)(x;) = f(x;) with u;(0) = u;(1) = 0. Suppose the solution u and
source term f are smooth enough, then

max [u(x;) — up(x;)| = O(h?).

Exercise 5. For the 1D Poisson equation in (0, 1)

—u’ =f in(0,1),
(23.41) {u(o) —w1) =0,

let uy, be the solution of (Lyuy)(x;) = f(x;) with u,(0) = u,(1) = 0. Suppose the solution u and source term
f are smooth enough, then

(23.42) max |u(x;) — up(x;)| = O(h?).

Now we set # = sinzx, and then f = —n? sin x. Implement the finite difference method and verify the above
convergence rate shown in (23.42).

23.11 Basic finite element methods

Exercise 6. Let w be a locally integrable function in Q (denoted by Lio.(£2)), prove that
w=0 ae fwga =0,Y¢ € C7(Q).
Q

Exercise 7. Derive the finite element formulation for the 1D Poisson equation (4.11) on non-uniform grid.

Exercise 8. Consider two different triangulations on the unit square Q = (0, 1)*: the uniform grid (Fig. 23.9)
and the criss-cross grid (Fig. 23.10).
(a) For the uniform grid, let u, = 3;; u; j¢; ;, where ¢; ; is the nodal basis function associated with the

grid point (x;, y;). Then the finite element formulation
aup, ij) = (f, ¢ij)
can be written as
—Ujjo1 — Uijet T AU~ Uiy — Ui 1

(23.43) n = ﬁﬁ’f'

Here

~ 1
Jij= n Lf(x,Y)¢ij(xa »).

(b) Prove that f; j — f(x;, ;) = O(h?) for the uniform grid.
(c) Derive the following finite element formulation on criss-cross grid in the form of (23.43):
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i—1,j+1 ij+1 it1j41
l}
i-1, G i+1,
i—1,j—1 i1 it1,j-1
Fig. 23.9. Uniform triangulation of the domain (0, 1)?
i—1,j+1 ij+1 it1j+1
V2h
JL i—1i+3 i+1+3
i 1] L i+1,j
-1i-4 CIn
i—1,j-1 ij—1 itLj—1
Fig. 23.10. Criss-cross triangulation of the domain (0, 1)?
e Atthe (x;,y;) node,
(23.44)
(Vun, Vi) THiy et T Uiy AU Uit oy~ U >
— + Au(x;, y;) = - 7 - + Au(x;, y;) = O(h”),
(f’ ¢i,j)

~ 1
T3 = Oy = fiy = Oy = 3 Fiy) + OU).
e Atthenode (x;,1,y;,.1),
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(23.45)
(Vup, Vo1 1) —Uij = Uird et F AU L L~ Ul — Ui
g+l s . . ; . 2
Ay = w +Aulxisysyjay) = OGO,
(.f’¢1'+l j l)
2:J%3 F

1
2 - f(xi+%’yj+%) = fi+%,j+% - f(xi+%’yj+%) = —gf(xﬂ%,yﬁ%) + O(hz)

(d) Prove that for the criss-cross grid
ﬁ,j 7L’f(xi’)’j)’ ﬁ+%’j+% 7L>f(xi+%7yj+%)-

Namely, the corresponding finite element scheme is not consistent with the finite difference scheme in classic
case.
(e) Find the sufficient condition for the triangulation such that the corresponding finite element scheme

is consistent with the finite difference scheme.
Exercise 9. Let 7 be a d-dimensional simplex with vertices a; and A;(x) be the corresponding barycentric
coordinate. Prove that -

T

Ai(x) = —,
Il

where |7;| is the volume of the sub-simplex Ag, .., xas, ag.; -
Exercise 10. Suppose 2 is bounded, let v € H}D ={uec H(Q), ulr, = 0,|p| > 0}, then
[Vllo.o < C(ENVVIlo.0-

Exercise 11. (Dual of Hé (Q)) We first give the L? pairing for f € L*(Q) as

(f,V>=ffV,
Q

then define the norm || - |- ¢ as
Jo IV
Ifll-1.0 = sup =—.
veH} V1,0
Prove that "
HYQ=129Q) *

is a representation of (Hé )*.

Exercise 12. Assume that Q C R?, O ¢ R? are two open bounded domains. And F : O — Qis an affine
map s.t. x = F(%) = BX + xy, where xo, x € Q, & € Q. For a given function (%), we define u(x) = 4(F~'(x)).

d
Note that for any multi-index @ = (a1, -, @g) with |a| = ), @; = m, we define a multi-linear m-form as
i=1

a(l/

[D?u(x)](el9el,“' 5€1,€2,€0,° " , €2, " ,€4,€4," " ,ed) = m,
1 d

) 6%} (7}

where e; (i = 1,- - - , d) is the standard set of orthonormal basis of R?. It can be verified that when u is smooth
enough, for a given index set I = {i}, s, - ,i,} that satisfies

L e{l,2,---,d}(k=1,2,--- ,m),
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2. there are ¢ indices in 7 equal to 1, @, indices in 7 equal to 2, and so on. That is, there are oy indices in
Tequaltok (k=1,2,---,d),

we have
a(l

ar . 7
ox, Ox,

[DYu(x)(ei,, ey 5 ei,) =

This is true because when function u is smooth enough, you can exchange the order of partial derivatives.

1. Prove that [D,u(x)|(¢)) = V,u(x) - €, for any & € RY.
2. From the above description, we can conclude that &i(%) = u(F(x)), prove that

[Du(x)(BE) = [Dsi(R)](£), V& € RY.
3. Prove that
(D" u(x))(BE), B, -+ -, BEy) = [DIGA(R)I(Er, E2v -+ Em)s

for any vectors & € R, 1 <i <m.
4. Prove that

lulw i < c(detB)|B~|1"[ad,,

~ -1/2
|, & < c(detB)™"?|IBI" |l k.

where K is an element in ©, and K is an element in Q. And ¢ is a constant that only depends on m and
the space dimension d.

Exercise 13. Assume that

K = triangle = [ag,a;,a2] C R?,
P = P,(K) = {p(x) : p(x)is a polynomial on K and its order < 2},

Ny)={(a;): 0<i<2}U {v(a,-j) :0<i<j< 2}, ajj = %(a,- +aj).

Prove that the triple (K, P, N) is a well-defined finite element space.

23.12 Sobolév spaces and finite element spaces

Exercise 14. Corresponding to the triangulations 77, the finite element spaces S" = S"(Q) is defined by
S'(Q=(eC@):vlePi(x), YreT.
It is easy to see that S*(Q) c H'(Q). We further define that
SkQ) = S"Q) N H)(©Q).

1. Show that S" is indeed a subspace of H'(Q).
2. Assume that 9Q is curved but piecewise convex. Define

(23.46) S" = {v:veShQ), Vg, is the natural linear extention}
and
(23.47) St ={v:veShQy,vloo, =0}

Prove that S"* ¢ H'(Q) and Sg C Hé ().
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3. Prove, for the space S" defined as above,
Voo, S AV VveS"
Exercise 15. Assume that Q C R is an open bounded domain, and that Q = Q; U ©,. Q; and ©, are both

open, and Q, N Q =0, Q; N Q, = I'. Given a function v € [C'(2))]?, i = 1, 2, prove that

1. v € H(curl, Q) if v X n is continuous across I
2. v € H(div, Q) if v - n is continuous across I.

Exercise 16. Consider the finite element space for H(curl)

K = tetrahedron = [ag, a;, as,a3] C R?,
P(K) = {a/+ﬂ><x, a,BeR’ xe K}

NW) = {f VT € = laj,a;],0 < i< j<3, 1, is the unit tangential vector of edge e,-j}.
Please solve the following problems.

1. Prove that P(K) is unisolvent with respect to .
2. Construct the nodal basis in terms of barycentric coordinates for this given N.

Exercise 17. The finite element triple for H(curl) is defined as
K = tetrahedron = [ag, a, a», az] € R,

P(K):{a/+ﬂ><x, a,ﬁ€R3,x€K},

NW) = {f VT € =lai,a;],0<i<j<3, 7, is the unit tangential vector of edge eij}.

€ij
And the finite element triple for H(div) is defined as
K = tetrahedron = [ao, aj, a2, a3] € R>,

P(K)={a+px: acR’ BeR, xe K},

NW) = {f veng,, F=la,a;,a], 0<i< j<k<3, ng, is the unit outer normal vector of face F,-jk}.
Fljk .

Glue these finite element triples together to get the conforming finite element spaces, i.e. Hj(curl) € H(curl),
and Hj(div) € H(div).

23.13 Mixed Methods

Exercise 18. Let U and V be two Hilbert spaces, with inner products (-, )y and (:,-)y respectively. Let
B(-,-) : UV — R be a continuous bilinear form

(23.48) B(u,v) < IBllllullo vy
Assume the inf-sup condition holds:
(23.49) inf sup M = inf su M =a>0.

el ey lullulvily — veV yeu llullolivily
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Let U, c U and V, c V be two nontrivial subspaces of U and V respectively, and the discrete inf-sup
condition holds:

. B(uyp, vy . B(uy, v
(23.50) inf sup Bl v inf sup Bl v a, > 0.
€U e, Nunllullvally — vweVi yeu, llunllullvally

Consider the following variational problem: Find u € U such that
(23.51) Bu,v) ={f,v), Yvey,

where f € V* and (., -) is the pairing between V* and V, and its discretisation: find u;, € Uy, such that

(23.52) B(up, vi) = {f,vi), Y vy € V.
Prove
18I .
(23.53) lle — uplly < — inf |lu = wylly.
ayp wiely

Exercise 19. Let Q € RY be a connected domain with a Lipschitz boundary. Suppose we have the following
Korn’s inequality,
llly < lleG@lls + llullo, ~ Vu € (Hp)”.

Use the standard contradiction argument and compact embedding to prove:
(23.54) lll < lle@llo,  Yu € (Hp)".

where meas(I'p) # 0.
Exercise 20. Consider the nodal value interpolation operator

Iy = Zn] v(xi) @i,

i=1

when x € R2, is it true that
v = Ivlloo < Chivlyg, Yve H'(Q)?

Please prove this inequality if it is true, and disprove it otherwise.

Exercise 21. Assume that {¢l*} C Vy, Vy, is a space of piecewise linear functions. And
(93, 90> = (9}, P12 = i

n
Then for any v, € Vj,, vy, = Z vi(x;)¢;, we have

i=

(@5 vi) = valx)).
n
Define interpolation I7,v = 3 (#], v)12(0)¢i. Prove that
i=1

1. |l Tvll2 < Clllp2, for any v € L*(Q).
2. v = vl < Chivlio, for any v € H'(Q).
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Exercise 22. Let V and Q be two Hilbert spaces, with inner products (-,-)y and (-,-)o respectively. Let
bilinear forms a(-,-) : VXV Rand b(-,-) : V X Q — R satisfy

a(u, v) <Cgllullvvily

b(u, p) <Cyllullvlipllo

a(u, u) 2yllully,

b(v, p)

sup ——— 2%,lpllo,
wev vl ¢
for any u,v € V and p € Q. Moreover, assume that a(-,-) is symmetric. Prove L(u, p;v,q) := a(u,v) +

b(u, p) + b(v, q) satisfies that for any u € U and p € Q

L(u, p;v,q) 2 21172
——— > Cr(lull + plis)Y
vevgeo (VIR + llgl3)! ©

and write Cy, in terms of Cy, Cp, ¥, and y,.

Exercise 23. Consider variational form of Stokes problem: find (1, p) € V x Q = [H} ()] x L*(22) such
that

(23.55) { ZEZ: ;)) * l())(v p) = {f.v),

where a(u, v) = 2(e(u), €(v)), and b(v, q) = —(V - v, q). Prove that the solution to problem (23.55) satisfies
— arg min (2a(v,) — (£,)
u—argén_vlzr(l) Za v,V f,v)].

Exercise 24. Consider the model problem:

-V-&Vp) =g, inQ,
p =0, on0Q.

1. Prove that this probably is equivalent to the following formulation: find (u, p) € V x Q = H(div) x L?,
such that

{ «u,v) = (V-v,p) =0,
~-V-u,q) =g, 9,

for any (v, g) € V x Q. In particular, verify that the boundary condition p = 0 is implicitly (or naturally)
imposed in the above variational formulation.
2. Itis proved (please refer to your class note for details) that this variational form is well-posed. That is, it

satisfies the inf-sup condition. Prove that if V;, = RTy, Qi = P ! the finite element discretization: find
(upn, pr) € Vi X Qp, such that for any (vy,, gn) € V), X Qp,

& ", vi) = (V- vp, pi) = 0,
—(V - up, qn) =g qn)-

satisfies the discrete inf-sup condition. RT is a conforming finite element space for H(div), whose finite
element triple is given by
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K = tetrahedron = [ag, a;, a», a3] € R3,

PK) = {a'+,8x: aeRS,,BER, XEK},

N@w) = {f veng, : F=la,a;,a4], 0<i<j< k < 3, ng,, is the unit outer normal vector of face F,-jk}.
Fijk

And P; !'is the piecewise constant, which is also a conforming finite element space of L*(Q).

Exercise 25. Consider the model problem:

-V - («Vp) =g, in Q,
% =0, on Q.

Identify the appropriate Sobolev spaces and derive a mixed variational formulation for the above prob-
lem.

Exercise 26. In 2D, assume that u;, = (u;, u)? € [Hé ()%, where Q = [0, 1] x [0, 1]. Uniform grid is used
(figure 23.11). Both u; and u, are discretized by piecewise linear functions. Please verify thatif V - u;, = 0,
and u, = 0 on 092, uy, = 01in Q.

Fig. 23.11. Uniform grid in 2D

Hint: Please determine the value of uy, starting from the boundary.

Exercise 27. It can be proved that the problem: find (u, p) € V X Q such that

a(u,v) + b(v,p) = (f,v), Vvey,
b(u,q) — c(p,q) =g q), Yq € O,

is well-posed if the following conditions are satisfied:

(23.56) a(u,v) < Cillullvvlly,

(23.57) c(pg) < Callpligligllo,

(23.58) b(v,q) < Cslvllvligllo,

(23.59) a(v,v) > Mi|vlly, Yv € K = Ker(B),
(23.60) c(q,q) = Maligllg, Vg € H = Ker(B'),
23.61) sup 22D > Blglg, Vg € H-.

vev  [IVIlv

Please answer the following questions
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1. Whether the conditions (23.59) and (23.60) can be replaced by the corresponding inf-sup conditions?
2. Assume the answer to the above question is yes, are these conditions necessary for the well-posedness?

Exercise 28. Consider the mixed formulation of linear elasticity: find (u, p) € V X Q such that

u(e(u), €(v)) + (p,divv) = (f,v), Vv €V,
(divu, q) — /l‘l(p, q) =0, Yg e Q.

Assume that V = [H' (Q)]. If 1 - oo, what will happen to the constants in the inf-sup conditions, namely,
the constants in (23.56)-(23.61)?

23.14 eXtended Galerkin method

Exercise 29. Assume that K ¢ R? is an arbitrary polygon domain, with boundary dK. Define
S(K) = {v = (vo. v} : vo € L2(K), v, € LK)}

In weak Galerkin method, the weak gradient V,, of v € §(K) is defined by

Vv, @k = —(v0, V- @)k + (v, @ - Nk, Vq € [H'(K)]".

1. Define the weak curl and weak div operators similarly.
2. Define weak Laplacian operator 4,,v by

(Awv, B = (0, AB)k = (v, V- Mgk + (v, - 1, P, Y € HA(K),
for any v € W(K). Here, W(K) is defined by
W(K) = {v = {vo, vi, v} 1 vo € LK), vp € L2(K), v, € [L2OK))}.
Please verify that
A,v =V, -V,v, Yv e W(K).

Exercise 30. Assume that 7, is a shape regular polygon partition of the domain £, and 82 is the set of all
interior edges or faces of the mesh. Consider the Poisson equation with Dirichlet boundary

—Au = f, in Q,
u=0, onof.

For give integer k > 1, on each element 7', define local weak finite element space
Sk, T) ={v =1{vo, v} : vo € Pi(T), vp |€ Pi(e)},
and the global weak finite element spaces S, and S 2 as
Sy = {V ={vo, ) : vire Sk, T), vp lor,ne= Vb lorones T € Th, € € 82},
SY={veS,: vplag=0}.
The weak Galerkin formulation of this Poisson equation is: find u;, € 52 such that
(Vustth, Vv + 5, vi) = (f,v0), Yvi = {vo, v} € S,

Here, s(up, vy) is the stabilization term to ensure the weak continuity of u;,. Please identify the formulation

of s(uy, vy,) for this finite element space. You may find the L? projection operators are useful. Please specify
the projections you use and figure out the stabilization term.
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Exercise 31. For any element T € 77, assume that Qy is the L? projection from L*(T) to P;(T), and thatQ,

is the L2 projection from L*(T) to Pi_1(e). We define projection operator Q;, : H'(Q) — S}, such that on
each element

Onv = {Qovo, OpVp)-

And Qy, is the L? projection to [Pi_1(T))?. Prove on a given element T,

V. (Ond) = Qu(Ve), Vo € H'(T).

Exercise 32. Assume that 77 is a triangulation of the domain _Q,.and K € 77}, is an arbitrary element. Denote
by & the union of the boundaries of the elements K of 73, &, = &,\02 is the set of interior edges and
82 = 8h\8§l is the set of boundary edges. Let e be the common edge of two elements K* and K-, and n' =
n|gx: be the unit outward normal vector on 0K’ with i = +, —. For v € T(&p), let v = v|gk:, and similarly, for
g € [T(En)]?, we denote ¢’ = qlyx:. Then we define the average {-} and the jump [-]on e € 82 by

v} = %(VJr +v7), vl=vet +vn,
1
{q} = z(q+ +q), [ql=q"-n"+q -n".

Ifee 82, we set
[vl]=vn, {q}=q oneec &9,

where n is the outward unit normal.
For a scalar-valued function v and a vector-valued function w, after a direct manipulation, we have

(23.62) Zfa(vnk)~wdszz [v]-{w}ds+z (V{[w] ds.
K

KeTh, ecg, V¢ ecs V¢
Consider the Poisson equation with Dirichlet boundary condition

—Au = f, in Q,
u=g, ondQ.

On each element K € 77, u € H*(Q) satisfies the following identity

fVu-Vvdx— (Vu-n)vds+f ,u(u—u”b)vdsszvdx
K oK aK K

for all the v € H>(7}). Here, u™ is the value of the u on the edge of the neighbor element, and equal g on the
boundary. Adding over all the elements K € 7, we have

23.63 Vu-Vyvdx — Vu-n)vd —""d:fd
( ) fgu avdx ZLK(un)vs+Z£K/,t(u u"’ywds vax

KeT), KeTh

(a) Please prove the identity (23.62).
(b) Given a function space V), = {v el?: vike P(K), VK € ‘77,}, by the help of identity (23.62) and

(23.63), please derive the following Interior Penalty (IP) formulation for this Poisson equation in detail: find
uy € Vj, such that
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v
ah(uh,vh)=ffvh+f ,Uth—f ga—h, Vv, € Vp,
Q 0Q 2 on

where n is the outer normal vector of 0Q. And a;,(uy, vy,) is given by

ah(uh»vh)zfvhuh'vhvh_f {thh}'[vh]_f[uh] {Vth}+fﬂ[uh][Vh]~
Q 8/, 8/; Sh

Usually, we let the penalty constant u = ngh~".

Exercise 33. Define DG space
Vi={veL: vike PuK), VK € T;}.
Prove that for any v, w € Vj, + H*(75,) N H}(Q),

ap(v,w) < ClVlIpglIwllpg,

where C is a constant independent of /. And the DG norm is defined as and DG norm

WP = Z fle|2dx+ Z W2 e + Zf B IP ds.

KeTh KeTh ecsy,

Exercise 34. Define bilinear form

ah(uh,vh):fvhuh'vhvh—f {thh}'[vh]_f[uh] {thh}"‘f %[uh][vh]a
Q 8/, 8;, 8/

h

and DG norm

Mg = f|Vv|2dx+ D B+ Zf )P ds.

KeTy KeT;, e€&y

Prove that for sufficiently large n > 0,
an(vp, i) = alvillsg, Yvu € Vi

And « is a positive constant independent of 4.

23.15 Multigrid

Exercise 35. Let Q), be the L? projection to piecewise linear continuous space V},. Prove that
IQnulle < llulle,  Yu € Hj(Q), 0<a<l

Exercise 36. Given vy € (0, 1), then

=/l . 5 . 2
lEjy x'xjsl—y,g X; .

i=1
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23.16 Conjugate gradient method

Exercise 37. Show with the help of an example that if the step length « is badly chosen, the gradient descent
might diverge.
Hint: The iteration for gradient descent is given by x,1 = xx — @V f(x;). Consider the 1D case

Exercise 38. Verify that the functions 7 () given by (2?) are indeed polynomials of degree k. hint: Use the
formula
cos(k+ 1)x = —cos(k — 1)x + 2cos kxcos x

and similar formula for cosh(k + 1)x to establish a recurrence relation between T (t).

Exercise 39. The conjugate-gradient method is applied to the minimization of a function. At some iteration
the following data were given: r; = (5,3,-1)7 and p; = (4, -2, 1)T. Why cannot these data be correct?

Exercise 40. Show that the conjugate-gradient method can be adjusted to take adavantage of some initial
guess xg # 0 by taking ry = b — Axp.

Hint: Show that this is equivalent to applying the method to a related linear system with initial guess
equal to zero.

Exercise 41. Assume we have a diagonal matrix A of order of N = 100, the eigenvalues of which are in the

range of [1077, 1], for p = 1, 2, 3, respectively. Since all eigenvalues of A are positive, A is SPD.

a) For each p, construct the diagonal matrix A with eigenvalues equally distributed in the range [1077, 1],
ie., A; = 1077 + %, i=0,1,...,N-1. Use both steepest descent and CG method (without pre-
conditioning) to solve Ax = b with b = rand(N,1) and the starting vector x0 = rand(N,1). Build a table

to compare the iteration steps or plot the residuals for both methods (Keep other parameters such as
tolerance the same). Which method converges faster?

b) Now let us ponsider another distribution of eigenvalues in the range[1077, 1], i.e., 4; = 1077 + (1 —
107P) cos ﬁ, i=0,1,...,N-1. Then follow the same procedure as in (a). Compare the iteration steps
of (a) and (b). Which method converges faster? Can you explain?

(Hint: In (b), the eigenvalues are clustered close to 1.)

Exercise 42. If B € R™" is a symmetric and positive definite matrix, by choosing B as an approximation to

A~', x = Bx can be computed fast. Therefore we would have an equivalent linear system BAx = Bb. Aim
of preconditioning is to require that cond,(BA) < cond,(A), in order to have a faster convergence of the CG
method.

a) Let B € R™" be a given symmetric and positive definite matrix and consider the problem B2AB: y= B3b.
Derive the CG-algorithm to solve Ax = b, but reformulate it in order to obtain an algorithm where the

full matrix Bz AB? is not used.

b) Let us consider the following preconditioners:
1) Jacobi method: B; = D;
2) Symmetric Gauss-Seidel method: Bsgs = (D + L) - (D™'(D + U));
3) Symmetric SOR method: Bssor = 7=((= + L) - (1 D) (LD + U)) forw = 1.5.

Using Matlab’s function pcg, test the CG-solver with and without the given preconditioners for the Poisson
matrix

A = diag(~1;, B, 1;) € RN | B = diag(~1,4, 1) e RV,

with I, € RV and the right-hand side b = (1---1) e RV for N = 1, . . ., 30. Plot the numbers of unknown
vs. the number of iterations.
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1. Consider solving the linear system of equations
Au = f,

by the method of subspace correction. Here A € R™" : R” i R" is symmetric positive definite.
a) Consider the simple decomposition of R"

n

(23.64) R" = Z span{e;},

i=1

where ¢; is the i-th column of the identity matrix. Show that the parallel subspace correction method
(with exact subspace solver) is just the Jacobi iterative method.
b) Consider the same decomposition (23.64), show that the successive subspace correction method
(with exact subspace solver) is just the Gauss-Seidel iterative method.
2. Prove that Jacobi method converges for any 2 X 2 symmetric positive definite matrices.
3. Consider using subspace correction method to solve Au = f,
a) Show that the parallel subspace correction method for Au = f is equivalent to the modified Jacobi
method for Au = f:

u" ="+ RO - Au"

b) Show that the successive subspace correction method for Au = f is equivalent to the modified G-S
method for Au = f:

W= R DT - AT,

Define B = (R™! + L)™', prove that B = IT1BII’, where B is the preconditioner of the original SSC
iteration

W™ ="+ B(f — Au™ ).

4. Consider the linear system Au = f. Here A : R™" — R" is an SPD matrix. Consider the following
iterative method

(23.65) W™ = u" + B(f — Au™Y),
where B is an arbitrary matrix. And we have a symmetrized iterative method,
(23.66) W™ ="+ B(f — A",

where B = B” + B— BT AB. Construct an example such that the iteration (23.65) converges, while (23.66)
5. dAos:fanlloet.that H is a Hilbert space, and H; ¢ H (i = 1,--- ,m) is a sequence of subspaces. Assume that
Py, : H — H; are the projections defined by
(Puu,v) =W, vi), Yvi € Hy, i=1,--- ,m.
Prove that

. k_
lim (Py, « - Ph,)" = Puyntn-nH,»
k—o0

where Py, nm,n.-nH, 18 the projection from H to Hi N Hy N --- N Hy,.

m
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6. Consider the Poisson equation
—du=f, inQ
u=0, on 09

discretized by linear finite element method on a uniform triangulation grid (see Figure 6) of Q = (0, 1) X
(0, 1) with mesh size h. Here, we have

O=xp<x; <+ <Xpq1 =1, xj:nil’ G=0,---,n+1).
and )
0:y0<y1<...<yn+1:], yj:n-{-l’ (j:(),...7n+]).

Fig. 23.12. Two-dimensional uniform grid for finite element method

The weak form is: Find u;, € V}, such that
(23.67) a(up,vi) = (fyivn), Yvp €V

where a(uy,,vy) = fQVuh - Vv, and (f,vy) = fg fvy, and V}, is the corresponding linear finite element
space. Take v, = ¢l'.fj where ¢f.fi is the basis function at point (x;, y;), from (23.67), we have

AU j = Ui1j = Uierj — Ui jo1 — Ui o1 = fij,
where f; ; = (f, qﬁgj). This leads to the following linear system of equations.
Au =f.
where A = tridiag(-1, B, —I) and B = tridiag(—-1,4,-1) and u = (u;;) and f = (f; ;) with i and j both

follow the lexicographic ordering.
Implement the following Gauss-Seidel method:

Gauss-Seidel method: [u] = GS(u, f,n)
I.LFor j=1:n

2' FOr = 1 ‘n

i: en;iFfo(r_ (Fij + Uit + Usrj + U jog + Ugjen) /4
5. end For

Given an initial guess u’, consider the Gauss-Seidel iteration as follows:
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D=

k<0

While ||f - Au"lL/||f — AuY|| > Tol
[UF1] = GS(U*, f, n)
ke—k+1

. end While

a) Choose right hand side f and initial guess u® freely (constant right hand side and random initial
guess are recommended), and set the tolerance to be Tol = 107%. Make a table to report the number
of iterations, convergence factor (||f — Auf||/|[f — Au*~!|| ), and CPU time for h = 273,274,275,276,

b) 7; (i =1,---,J) is a sequence of meshes formed by uniform refinement (figure 23.15), with mesh
size h;. Assume that {q);(')}z;l is the set of nodal basis function on 7; (i = 1,--- ,J). The expanded

Fig. 23.13. A sequence of uniformly refined mesh

system Au = f can be formed by
A=(@"¢), i=1 i, =1 Lk=1,00- ],
=M i=1 o =1,

Choose i = 273 (and hiyq = h;/2), J = 4, form the expanded system Au = i and use Gauss-Seidel
method to solve this expanded system.

23.17 Nonconforming finite element method

Exercise 43. Consider the Poisson problem with Dirichlet boundary condition

—Au = f, x € Q,
u=0, x€of.

The variational form of this problem is: find u € Hé s.t.

a(u,v) = (u, vy, Yve H},

where a(u,v) = (Vu, Vv);2. Define space

VER ={v: v |ge Pi(K), v is continuous at the midpoint of each edge} .

The non-conforming finite element discretization is: find u;, € VfR s.t.
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an(un, vi) = (f,vi)pz, Vv € VIR,

where ay,(uy, vi) = X.(Vuy, Vvp)2. Prove the following error estimate holds
K

1/2
2
|t — wplyp = [Zlu - ”h|1,K] < Ch,
K

where C is a constant independent of &.

Exercise 44. Define space
VhCR ={v: v|ge P1(K), vis continuous at the midpoint of each edge} .

1. Find the nodal basis functions {11, - - , ¥} of V{¥.
2. Prove that fQ Yiyjdx = 0, for any i # j.

23.18 Take-home exams

Due to October 21, 2018. Please try to do all the problems

1-1 0 -1
AO:[—I 2—1], b:[—%)eR(Ao)

1. Given

0-1 1

a) Prove that A is positive semi-definite and find all the eigenvalues and eigenvectors of Ay.

b) Prove that (Ag + €l)x = b is uniquely solvable for € > 0 and also solvable (and unique up to a
constant vector) for € = 0.

¢) Apply the Gauss-Seidel method for (Ag + el)x = b

a“x’]” + auxg"_] + a13x’3”‘1 =b;
a2|x'1” + azzx’z" + a23x§”1 =b
a31x’]" + a32xgl + a33xg” = b3
Using the initial guess x° = b, record the minimal number of iteration m satisftying the stopping
criterion that [|[AxX™ — b|| < 107°:
e #of iter =m
1

107!
1072
1073
1074
1073
10-°
1077
108
107°
0. [singutarcase]

d) Provide a theoretical analysis of ||x—x"||4 for small € > 0 and € = 0, respectively. Use this theoretical
result to justify the numerical results you got.
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2. Assume that

K = tetrahedron = [ag,a;,as,a3] C R2,
P = Pr(K) = {p(x) : p(x)is apolynomial on K and its order < 2},

N)={v(a): 0<i<3)U{way): 0<i<j<3), aij=%(a,-+aj).

Prove that the triple (K, P, N) is a well-defined finite element space.

3. Assume that 7 is a d-simplex in RY (d = 2 or 3). Namely, 7 is a triangle in R?, and a tetrahedron in R
A (i=1,---,d+ 1) 1is the barycentric coordinate at vertex i. Prove that

d!aq!a/z!-~~a/d+1!
(d+(11 +a2+'-~+ad+1)!'

[ ar=m
T
4. Define space

VER = {v: v |ge Pi(K), v is continuous at the midpoint of each edge} .

a) On each element K, find the nodal basis in terms of barycentric coordinates A;, A, and A3.
b) Find the nodal basis functions {,- - , ¥} of VhCR and prove that J;) Yy jdx = 0, for any i # j.

¢) Let Oy, : L*(Q) = VR be the L? projection. Given any f € L*(Q), find explicit expression of ¢;(f)
such that

QN = > @i Fi(x)
i=1

d) Prove that, for any u € H'(Q)

lle — OQnutllz2) = inf |l — vplli20) < Chlul; .
V/ZEVhCR

5. For any smooth function v € C*, the interpolation operators are defined as

N
o [Iv=73, v(a,-)q}go), where N is the total number of vertices in the mesh, a; are the vertices.

i=1

. H;““v = Ig ( fe v Tgidl) ¢§1), where NE is the total number of edges in the mesh, e; is the ith edge,
7., is the {;riit tangential vector along the edge.

. H,‘lﬁvv = ]g ( fF,- V- nplds) ‘f’,@’ where NF is the total number of faces in the mesh, F; is the ith face,
ng, is thel :ulnit outer normal vector of the face F;.

NT
° H}?v = ( fT vdx) ¢53>, where NT is the total number of elements (tetrahedrons) in the mesh, 7; is
i=1
the ith element.
Prove that all the diagrams shown in Fig. 5 are commutative, namely

a) gradll,v = Hfl““gradv.
b) curl/Zi"™y = I curly.
c) divH,‘l“Vv = H,?divv.
6. Based on the nested sequence of grids as showing in Fig. 23.15, we have a nested sequence of linear

finite spaces
VicV,c-- V=V,
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grad curl div
0 c= c> c> c= 0
th J(H/x;ur] lnﬁi\' lng
grad N curl . div
R Hl ——— H HEY L 0

Fig. 23.14. Exact sequences and commutative diagrams

Fig. 23.15. A sequence of uniformly refined mesh

where V, = {(f)f‘}:il with {¢f‘}zl being the set of nodal basis function on mesh 7 (k = 1,--- , J) Assume
that R; : VJ’. — V; represents the Jacobi method and i is the inclusion operator from Vi to Vj,. The
operator form of PSC is given by

J
By = ixRyil.
k=1

a) For any fj, € V;, compute By, in terms of nodal basis functions on all levels

{zj)k'i:l:nk,k:l:J}.

f

b) Prove that the matrix representation of By, is given by
J
B=> D',
k=1

where Dy is the diagonal matrix of the stiffness matrix on Vj, I; is the restriction matrix between Vj
and Vj,. That is, the (i, j)-th element of I; is given by ¢’]‘.(x[), where x; is the ith node on mesh 77.
7. We consider the following Stokes problem on the computational domain [0, 1] x [0, 1]:

divu = 0 in Q,
u=0o0noQ.

—Au+Vp=finQ,
(23.68)

a) Define the a(-,-) and b(:,-) so that the variational formulation of the above Stokes equation is as
follows: Find u € V := (H}(2))* and p € Q := L3(Q) such that

(23.69)

a(,v)+b(v,p)=f,v)VveV
{ bu,g) =0 VgeQ.
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b) Let V;, ¢ V consist of piecewise quadratic functions and Q;, C Q consist of piecewise constant
functions. Write out the corresponding finite element discretization for the Stokes equations

T
¢) Write out the stiffness matrix of the finite element problem in the form of [‘g % ], and write A and

B in terms of certain basis functions for Vj, and Qj,.
d) Prove that B has full rank.

Fig. 23.16. The computational domain.

8. Assuem that A € R™" is SPD and B € R™™ is of full-rank. Prove that the following “preconditioned
matrix” (with S = BA™'BT):
A0\ (A BT
0Ss B 0
only has three distinctive eigenvalues: 1, (1 + V5)/2. Determine the multiplicity of these eigenvalues.

23.18.1 Final

Due time: Spm, December 12, 2018
Instruction

1. You are required to work on all the problems.

2. No finite element software can be used to do the programming problem. Email me (via xu@math.psu.edu) all the
source code with your computational results.

3. Online submission of your solutions via email xu@math.psu.edu is encouraged.

4. If it is not 100% online submission, please place your hand-written solutions to the exam problems under the door
of my office: 314 McAllister Building

Problem: Consider the following 2nd order elliptic boundary value problem
-V (aVu) = f, in Q,
u=0, on 0.

The Hybridized DG formulation of problem (23.70) is: Find (pj, up, ity) € Qp X Vi, X My, such that for any
(Gn> Vi, V1) € Op X Vi X M,

(23.70)

%(CKP;“%)K + %(Mh,v “qn)K — %(ﬁh,% “mysx =0,
(23.71) %(V “Phs VK — %T@ih’ Vi)ok + %T@th, viok = —(f> Vi),

= 2Xpn - n,Vpak + 2 Tun, Vo — X Tln, Vpdox = 0,
K K K
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where K € 7, is an arbitrary element and cx = (@ | )"'. The operator form of the left-hand side of the above
system is:

(7 %)

#’ is the adjoint operator of 8. Here,

And
(ﬂk (5;,) , (%))K _ ((CKPh, gnk + (up, V - CIh)K),

n)>\vh (V- pr,vidx — wun, vidox

(BK (5:) , \7/1) = —(pn - 1, Vn)ax + T(n, Vn)ok -
K
Define finite element space

2. n]? 2
01 ={ae[2@ + qlke R0+ Poxl,
Vi={veX@: vike Pof.
My ={p e L2@Ep) : vl Poand v g}

Here, Py is constant space. &, is the union of all edges in the mesh 7, and 82 =&,NoQ.

1. We can discretize problem (23.70) by mixed finite element method with the lowest order Raviart-
Thomas element. That is, find (p;, uy) € OF X Vj,, such that for any (g, vi) € O X V,

(23.72)

(cpn.qn) + (up, V- qp) =0,
=V pp,vi) = f.vn)-

Here the OF" is defined as
2 .
0y = {q e[L@] : qlke @0’ +Pox, f [q] = 0,Ye € 6;},
e

where 82 =&\ 82 is the set of all inner edges in the mesh 77,.
a) Verify that the following are local basis functions of ﬁfT and V}, in element K = [a;, a,, a3] respec-
tively

X—a

i = Tmi, where the D.O.Fs are NfT(q) = fq -n, VYeedk.
(23.73) y

1
@i =1, where the D.O.Fis Ny(u) = — f V.
K| Jk

b) Prove that the solution (py, u;) to this problem (23.72) is the same with the solution (pp, u;) to
problem (23.71) when 7 = 0.
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. We also can discretize problem (23.70) by non-conforming finite element method with CR element,
which is defined as

VR = {vh € L*(Q) : vy ke Pi(K), f [vi] = 0, Ve € &, and v;, = 0 at midpoints of e € 82}.

The non-conforming finite element discretization of problem (23.70) is: find u;, € VhCR such that for any

vy € VhCR,

(23.74) Z f aVuy, - Vv, = (f, vp).
K K

a) Verify that the local basis functions of VlfR corresponding to the D.O.F N¢R(u) = I_i\ fe u in element
K are 1 — 21;, where A; are the barycentric coordinates in K. Then, the local basis functions of M},
corresponding to NER(-) are

- 1 one,
¢e = {

0 otherwise.

The one-to-one correspondence between the basis functions of VhCR and M), can be given by the

D.O.Fs NCR(.).
b) For piecewise constant a, prove that the stiffness matrix of problem (23.74) is exactly the same with

C + BA~'BT of HDG when 7 = 0 under the one-to-one correspondence between VhCR and M), above,

where C + BA™' B is the matrix form of Schur complement C + BA~'B'.
¢) Find out the exact relationship between the HDG when 7 = 0 and the CR elements.

. For any 7 > 0, prove that the Schur complement C+BA ' B’ or its matrix form C+BA~' BT is symmetric
positive definite.

. Consider the case that Q = [0, 1] X [0, 1] and that @ = 1. This Q is partitioned into two triangles by a
line connecting (0, 0) and (1, 1) (see figure 23.17 for the mesh and the indices for of vertices, edges and
elements).

a) Compute the stiffness matrix and right hand side of HDG formulation (23.71) with @ = 1. Hint: On
each element K, the basis functions of Q, are given by

B 0 =5

where X is right-angled vertex of element K. The basis functions of (pj,u;) on each element are
suggested to be written together to make A block-diagonal.
b) Compute the stiffness matrix for the RT mixed finite element formulation (23.72) by using the basis
functions in (23.73).
¢) Compute the stiffness matrix for nonconforming CR element for (23.74).
. For the uniform mesh of Q = [0, 1] X [0, 1] with mesh size & (figure 23.18), find the matrix form of the

operator
A B
B8 -C)-

. Implement this HDG discretization. The computation domain is £ = [0, 1] X [0, 1]. Use uniform grid to
partition Q (figure 23.18). Verify the correctness of your code by convergence test. That is, choose the
exact solution to be

u(x,y) = sin(nx)sin(mry),

and @ = 1. Compute the corresponding f and use it in your code. For h = 1,1/2,1/4,1/8,1/16,1/32,
evaluate ||, — ull;2 and ||py — pll;2. If the code is correct, you should be able to see the first order
convergence when 7 = 0. That is to say, if the mesh size if halved, the error is also halved. Please report
the numerical behavior when 7 > 0.

a
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(1,1)
(1,0)
Fig. 23.17. A coarse mesh
i—1,j+1 ij+1 i+1,5+1
h
i—1,7 iE) i+ 1,7
i—1,7—1 ij—1 i+1,j-1

Fig. 23.18. Uniform mesh
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