
23
Exercises

23.1 Poisson introduction
1. Suppose that ⌦ is bounded and that 1  p < q  1. Prove that Lq(⌦) ⇢ Lp(⌦). Is this inclusion still

valid when ⌦ is not bounded? Give your justification.
2. Prove the convergence estimate of (23.1)

(23.1) µ j � u(x j) = O(h2)

3. Find your weakest assumption on u so that the variational principle is valid. Prove your result.
4. Let ⌦ = (0, 1)2 be partitioned by uniform grids of size h and consider the finite di↵erence, finite element

and finite volume methods for (23.7).

(23.2)
⇢��u = f , in ⌦,

u = 0, on @⌦,

where

� =

8

>

>

<

>

>

:

d2

dx2 , d =, 1
@2

@x2 +
@2

@y2 , d = 2.

a) Prove that the sti↵ness matrices from all these three di↵erent methods are a scalar multiple of the
matrix given (23.3).

(23.3) A = tridiag(�I, B,�I), B = tridiag(�1, 4,�1).

b) After proper scaling, interpret the finite element and the finite volume methods as a finite di↵erence
method with right hand sides obtained by proper average of f .

c) Derive the truncation errors for all the above three finite di↵erence schemes.
5. Using any computing language, for linear finite element method for the Poisson equation with pure

Dirichlet boundary condition,
a) write a code for a uniform grid on the unit square and (0, 1)2 and solve the Poisson equation on the

unit square with the exact solution given by

(23.4) u(x, y) = sin(x(1 � x))y2(1 � y)2.

Assume that uh is the linear finite element approximation defined on a uniform triangulation with
mesh size h. Evaluate, for h = 1/4, 1/8, 1/16

kuI � uhk0,⌦, |uI � uh|1,⌦ and kuI � uhk0,1,⌦
where uI is the interpolation of u. Determine the order of the above quantities with respect to h for
each of the three di↵erent quadrature schemes (that are exact for Pk with k = 0, 1, 2 respectively)
applied to evaluate the right hand side of the corresponding algebraic systems.
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b) write a code for any general unstructured grid given by the data structures described in this chapter.
6. Consider the following two-point boundary value problem:

( Lu ⌘ �"u00 + u0 = 0, 0 < x < 1,
u(0) = 1, u(1) = 0,

(23.5)

the exact solution is

u(x) =
1 � e�(1�x)/"

1 � e�1/" .

Design your finite di↵erence, finite volume and finite element methods for solving the above problem
for very small ", say " = 10�8. Compare your numerical results with the exact solution for di↵erent
mesh sizes.

7. Consider the following elliptic boundary value problems

�r · (a(x, y)r)u = f (x, y), (x, y) 2 ⌦,
@u
@⌫
= g(x, y), (x, y) 2 @⌦

where a is positive function and, f and g satisfy the consistent condition

(23.6)
Z

⌦
f =

Z

@⌦
g

Assume that ⌦ = (0, 1)2 which is partitioned by a uniform grid of size h.
a) Design a finite di↵erence scheme and analyze its solvability
b) Design a finite element scheme and analyze its solvability
c) Design a finite volume scheme and analyze its solvability
d) Test and compare your results for a concrete problem that has the exact solution as given in (23.4)

8. Let ⌦ = (0, 1)2 and consider a partition of ⌦ by a criss-cross grid (see Figure ??) and its corresponding
linear finite element space.

a) Using lexigraphical ordering of the grid, find the sti↵ness matrix for the corresponding finite element
discretization of the Poisson equation.

b) At each grid point, derive the corresponding finite di↵erence scheme and analyze the truncation
error for such a finite di↵erence scheme.

9. Consider the Poisson problem
(

��u = f , in ⌦
u = 0, on @⌦

Let f be piecewise constant on the initial mesh T0. Assume that Tk+1 satisfies the interior node property
with respect to Tk, i.e. each element ⌧ 2 Mk, whereMk denotes the set of marked elements, contains
at least one node of Tk+1 in the interior of ⌧ and each side of ⌧. An consequence of this property is the
following discrete lower a posterior bound:

Cl⌘
2
k(uk,Mk)  kuk � uk+1k21,

where ⌘k is the posteriori estimator satisfies the following upper bound:

ku � ukk21  Cu⌘
2
k(uk,Tk).

Assume that Döruler marking strategy is used, i.e. the setMK satisfies

⌘k(uk,Mk) � ✓⌘k(uk,Tk), ✓ 2 (0, 1].

Show that
ku � uk+1k1  ↵ku � ukk1,

with some constant ↵ 2 (0, 1].
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10. (1)Derive the variational formulation for the Poisson equation with the Robin boundary condition

(23.7)
⇢ ��u = f , in ⌦,

(↵u + �ru · n) = g, on @⌦,

(2) Write out the sti↵ness matrix of the finite element problem in the terms of basis functions.
(3) Derive the corresponding minimization problem, and prove the equivalence between the variational
form and the minimization problem.

11. Let e 2 E(T ) be an interiori edge in the triangulation with nodes xi and x j, and shared by two triangles
⌧1 and ⌧2. Denoted the angle in ⌧ opposing to e by ✓⌧E .

a) Derive the following identity

ai j = �
1
2

(cot ✓⌧1
E + cot ✓⌧2

E ).

b) Prove that ai j  0 if and only if the following Delaunay condition is satisfied:

✓⌧1
E + ✓

⌧2
E  ⇡

c) † Prove that if the Delaunay condition is satisfied for all interior edges in the triangulation (such
a triangulation is called Delaunay triangulation), the finite element solution is nonnegative for the
equation ��u = f (with homogeneous Dirichlet boundary condition) if f � 0.

12. Consider a sequence of uniform grid on interval [0, 1] as follows:

0 = xk
0 < xk

1 < · · · < xk
Nk+1 = 1, xk

j =
j

Nk + 1
, k = 1, 2, · · · , J,

with hk = 1/(Nk + 1) and Nk = 2k � 1. On each level k, we have the standard linear finite element space
Vk

h with standard nodal basis functions �k
i . Denote all the interior nodes xk

j , j = 1, 2, · · · ,Nk on level k
by Nk, the so-called hierarchical basis (HB) refers to a special set of nodal basis functions

{�k
i : xk

i 2 Nk\Nk�1, k = 1, · · · , J}.

It is often to more convenient to use the scaled HB as follows

{hk�
k
i : xk

i 2 Nk\Nk�1, k = 1, · · · , J},

and with proper scaling, we shall denote the scaled HB by { i}, i = 1, · · · , 2J � 1 as shown in Figure
23.1.
If we use the HB to solve the Laplace problem

⇢�u00 = f , on (0, 1),
u(0) = u(1) = 0.

on the J-th level uniform grid, show that the corresponding sti↵ness matrix is diagonal.
13. Define curl� = ( @�@x2

,� @�
@x1

) and rotv = @v2
@x1
� @v1

@x2
, consider the following problem

(23.8)
�graddivu + curlrotu = f, in ⌦

n · u = g, on @⌦
rotu = h, on @⌦

a) Prove that �graddiv + curlrot is a vector Laplace, i.e.

�graddiv + curlrot =
✓�� 0

0 ��
◆

.
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Fig. 23.1. One dimensional Hierarchical basis

b) Consider g = 0 and h = 0, and define the space

V := {u 2 H1(⌦)2|u · n = 0 on @⌦}.

then the weak form of (23.8) is: Find u 2 V , such that

(23.9) (rotu, rotv) + (divu, divv) = (f, v), 8v 2 V.

If we discretize the above weak form by finite element method on the unstructured grid, show that
the sti↵ness matrix A is sparse and symmetric positive definite.

c) Consider the unit square domain ⌦ := [0, 1] ⇥ [0, 1]. Let the exact solution to be

uD =

 

cos(⇡x) cos(⇡y) � 1
cos(⇡x) cos(⇡y) � 1

!

,

and

f =
 

2⇡2 cos(⇡x) cos(⇡y)
2⇡2 cos(⇡x) cos(⇡y)

!

, g = uD · n, and h = rotuD,
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• Use finite di↵erence or finite element method to solve the problem (23.8) with the above given
data f, g, and h.

• Compare the numerical solution uh with the given exact solution uD and check whether it con-
verges to the exact solution by computing ||µD�µh ||l2p

N
where µD and µh are the vectors correspond-

ing to the exact solution uD and uh respectively, and N is the number of degrees of freedom.
d) Consider the L-shaped domain ⌦ := [�1, 1]2\([0, 1] ⇥ [�1, 0]) as shown in Figure 23.2. Define

Fig. 23.2. L-shaped domain

� := r2/3 sin(2✓/3) in polar coordinate and uD := curl�. Let

f =
 

0
0

!

, g = uD · n, and h = rotuD,

• Verify that uD is a solution to the problem (23.8). (Note that �� = 0).
• Use finite di↵erence or finite element method to solve the problem (23.8) with the above given

data f, g, and h.
• Compare the numerical solution with the given exact solution uD and check whether it converges

to the exact solution by computing ||µD�µh ||l2p
N

where µD and µh are the vectors corresponding to
the exact solution uD and uh respectively, and N is the number of degrees of freedom.

14. Still consider the L-shaped domain, and use finite di↵erence or finite element method to solve the prob-
lem (23.8) with

f =
 

1
0

!

, g = h = 0.

Compare the numerical solution with the following numerical solution, see Figure 23.3. If your nu-
merical solution are di↵erent from the given numerical solution, which one is correct and explain your
reasons.

23.2 Mesh

1. The triangulation {Th : h 2 @} is said to be shape-regular if

(23.10) sup
h2@

max
⌧2Th

h⌧
⇢⌧
 �1

where ⇢⌧ denotes the radius of the ball inscribed in ⌧. Prove that (23.10) is equivalent to the following
well-known minimum angle condition:
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Fig. 23.3. Vector field of the numerical solution

(23.11) inf
h2@

min
⌧2T h

✓⌧ � ✓0 > 0

where ✓⌧ is the minimum interior angle of ⌧ for ⌧ 2 T h and ✓0 is a constant.
2. Prove that if the triangulation {Th : h 2 @} satisfies (23.10), then

sup
h2@

max
⌧,⌧02T h, ⌧\⌧0,;

h⌧
h⌧0
<⇠ 1.

23.3 Linear finite element

1. Corresponding to the triangulations Th, the finite element spaces Sh = Sh(⌦) is defined by

Sh(⌦) = {v 2 C(⌦̄) : v|⌧ 2 P1(⌧), 8 ⌧ 2 Th}.

It is easy to see that Sh(⌦) ⇢ H1(⌦). We further define that

Sh
0(⌦) = Sh(⌦) \ H1

0(⌦).
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a) Show that Sh is indeed a subspace of H1(⌦).
b) Assume that @⌦ is curved but piecewise convex. Define

(23.12) Sh = {v : v 2 S h(⌦̄h), v|⌦\⌦h is the natural linear extention}

and

(23.13) Sh
0 = {v : v 2 S h

0(⌦̄h), v|⌦\⌦h = 0}.

Prove that Sh ⇢ H1(⌦) and Sh
0 ⇢ H1

0(⌦).
c) Prove, for the space Sh defined as above,

kvk0,⌦\⌦h
<⇠ hkvk1 8 v 2 Sh.

2. a) Solve
⇢��u = �4, (x, y) 2 ⌦,

u = x2 + y2, (x, y) 2 @⌦,
on squared domain [0, 1] ⇥ [0, 1] with both structured mesh and unstructured mesh.

b) Solve
8

>

>

>

>

<

>

>

>

>

:

��u = f (x, y), (x, y) 2 ⌦,
u = x2 + y2, (x, y) 2 �D,

@u
@n
= 2x, (x, y) 2 �N .

on the following square domain [0, 1] ⇥ [0, 1].

�D

�D

�D �N

Fig. 23.4. Square domain

3. Given g 2 H�1/2(@⌦), define a proper weak solution to the following boundary value problem
(

�u = 0, in ⌦,
u = g, on @⌦.

If uh 2 S h is the discrete harmonic function such that uh = Qhg on @⌦, prove that

ku � uhk  hskgk� 1
2+s,@⌦, 0  s  1.
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4. Solve
8

>

>

>

>

<

>

>

>

>

:

��u = �2ex+y, (x, y) 2 ⌦,
u = ex+y, (x, y) 2 �D,

@u
@n
= ex+y, (x, y) 2 �N .

using linear finite element on the following domain with structured triangular mesh. And then verify
numerically that

ku � uhk0 + hku � uhk1 = O(h2).
(Hint: Try to use the data structures introduced in class.)

�
�

�
�

�

@
@

@
@
@

�D

�D �D

�D �N

(1, 0)

(1, 1)(0, 1)

(0.5, 0.5)

(0, 0)

Fig. 23.5. Computational domain

5. Let T be a triangle element with vertices xi and �i are the corresponding barycentric coordinates, i =
1, 2, 3. Let ni be the unit outward normal vector of the face Fi and di be the distance from xi to Fi. Prove
that

r�i = �
1
di

ni.

6. Let ⌦ 2 R2 be a simply connected domain. Define the Sobolev space:

H(div,⌦) := {v 2 (L2(⌦))2 : divv 2 L2(⌦)},

where div := (@x, @y)>. Define also the homogeneous space

H0(div,⌦) := {v 2 H(div,⌦) : v · n = 0, on @⌦}.

The exact sequence below is well known.

(23.14) H1
0(⌦)

curl���! H0(div,⌦)
div��! L2

0(⌦).

Here the exact sequence (23.25) means:

(23.15) {v 2 H0(div,⌦) : divv = 0} = curlH1
0(⌦), and L2

0(⌦) = divH0(div,⌦).

a) Define the Raviart-Thomas elements by FEMdiv := (Kd, Pd
K ,N

d
K), where

i. Kd is a triangule;
ii. Pd

K = ↵
e

+ �
 x

y

�

, where ↵
e

2 R2 is a constant vector and � 2 R.
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iii. Nd
K = {dd

i,K}i=1,2,3, with dd
i,K('

e

) =
R

ei
'
e

· nids, where ei is the edge of K, and ni the normal unit
vector of ei.

Prove that the finite element is unisolvent, and give an explicit formulation of their nodal basis
functions using barycentric coordinates.

b) Given a triangular triangulation Th, define the finite element spaces

HRT
h (div,⌦) := {vh 2 (L2(⌦))2 : vh 2 Pd

K 8K 2 Th,

Z

e
vh · ne is continuous across e},

and
HRT

h0 (div,⌦) := {vh 2 HRT (div,⌦) :
Z

e
vh · ne = 0 on e ⇢ @⌦}.

Prove that HRT
h (div,⌦) ⇢ H(div,⌦) and HRT

h0 (div,⌦) ⇢ H0(div,⌦).
c) Define the nodal interpolation operators by

Id
h : H(div,⌦)! HRT

h (div,⌦), such that
Z

e
Id
h v · ne =

Z

e
v · ne.

Show that
Id
h H0(div,⌦) = HRT

h0 (div,⌦).

d) Let Qh be the space of piecewise constants defined on Th, and Q̊h = Qh \ L2
0(⌦), where L2

0(⌦) =
{q 2 L2(⌦),

R

⌦
q = 0}. Moreover, let ⇧0 : L2(⌦) ! Qh be the projection operator. Prove the

commutativity hold below:
⇧0 � div = div � Id

h , on H(div,⌦).

e) Let Vh be the continuous linear element on Th, and Vh0 = Vh \ H1
0(⌦). Prove the discrete exact

sequences below:

(23.16) Vh0
curl���! HRT

h0 (div,⌦)
div��! Q̊h,

The meaning of the discrete exact sequences are similar to (23.15), namely

{v 2 HRT
h0 (div,⌦) : divv = 0} = curlVh0(⌦), and Q̊h = divHh0(rot,⌦).

23.4 Sobolev Spaces
1. The Sobolev space of index (m, p) is defined by

Wm,p(⌦) def
= {v 2 Lp(⌦) : D↵v 2 Lp(⌦) if |↵|  m},

with a norm k·km,p,⌦ given by

(23.17) kvkpm,p,⌦
def
=

X

|↵|m

kD↵vkpLp(⌦),

We will have occasions to use the seminorm | · |m,p,⌦ given by

|v|pm,p,⌦
def
=

X

|↵|=m

kD↵vkpLp(⌦).

Prove that Wm,p(⌦) is a Banach space.
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2. Given s = m + � with � 2 (0, 1) and integer m � 0, define
W s,p(⌦) = {v 2 Wm,p(⌦) : |v|s,p < 1}

where

(23.18) |v|ps,p,⌦ =
X

|↵|=m

Z

⌦

Z

⌦

|D↵v(x) � D↵v(y)|p
|x � y|n+�p dx dy

with a norm k·ks,p given by

(23.19) kvkps,p,⌦ = kvk
p
m,p + |v|ps,p.

Prove that W s,p(⌦) is a Banach space.
3. Assume that ⌦ = ⌦1 [ ⌦2 with d = dist (⌦1 \ ⌦2,⌦2 \ ⌦1) > 0. Then

kvks,p,⌦ <⇠ d�(s+ n
p )(kvks,p,⌦1 + kvks,p,⌦2 )

4. Prove

(23.20) (1 + |⇠|2)m 
X

|↵|m

⇠2↵ <⇠ (1 + |⇠|2)m.

5. Prove

(23.21)
Z

Rn

|ei⇠·⌘ � 1|2
|⌘|n+2s d⌘ = C(n, s)|⇠|2s, 0 < s < 1

where C(n, s) is a positive constant depending on n and s.
6. Assume that a function v is defined in ⌦, and ev is the zero extension of v to Rn, i.e. ev equals to v in ⌦,

and equals to zero in Rn

Omega. Define

eW s,p
0 (⌦) = {v 2 W s,p(⌦) : ev 2 W s,p(Rn)} ,

with a norm
kvk⇠s,p,⌦ := kevks,p,Rn .

Prove that eW s,p
0 (⌦) is a Banach space.

7. Prove that, if mp > d, then
kuvkm,p,⌦ . kukm,p,⌦kvkm,p,⌦.

8. For � 2 (0, 1), prove that
Z

⌦c

dy
|x � y|n+�p �

1
dist(x, @⌦)�p .

9. Given s > 0, the Sobolev space H�s(⌦) is defined to be the dual space of Hs(⌦), namely

H�s(⌦) =
⇣

Hs
0(⌦)

⌘⇤
.

Prove that the space H�s(⌦) defined as above is identical to the space that is the completion of the space
L2(⌦) iwth respect to the following Lax negative norm:

kvk�s,⌦ = sup
�2Hs(⌦)

(v, �)0,⌦

k�ks,⌦
.

Furthermore, the above norm is equivalent to the dual norm for H�s(⌦).
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10. Let B0 and B1 be two Banach spaces with B1 continuously embedded and dense in B0, definite for
p 2 [1,1)

K(t, u) = inf
u0+u1=u

⇣

ku0kpH0
+ tpku1kpH1

⌘1/p
, u0 2 B0, u1 2 B1.

The intermediate space Bs,p is defined by

Bs,p =
n

u 2 B0 : kukBs,p < 1
o

,

where

kukBs,p =

 

Z 1

0
t�spK p(t, u)

dt
t

!1/p

.

Prove that for any u 2 B1,

kukBs,p  Cskuk1�s
B0
kuksB1

,

with Cs = (ps(1 � s))�1/p.

23.5 Interpolation, Projection and Error Estimates

1. Explain directly why L2 projection can be extended to the space H�1.
2. Define Galerkin projection Ph : H1

0(⌦)! S h
0 as

A(Phu, v) = A(u, v), 8u 2 H1
0(⌦), v 2 S h

0.

Prove that lim
h!0

Phu = u, for any u 2 H1
0(⌦).

3. Ph is the Galerkin projection defined as above. Assume that U 2 H1
0(⌦) is the solution to

A(U, �) = (F, �), 8� 2 H1
0(⌦).

Prove that

kU � PhUk � CkU � PhUk21/kFk.

4. Ph is the Galerkin projection defined as above. Construct a counter example to show that Ph cannot be
stable in Lp norm if p < 1.

5. Establish the following estimate

ku � Phuk1�↵ . h↵�
1
2+"kuk 1

2+"
, 0 < "  3/2.

6. Define L2 projection Qh : L2(⌦)! S h
0 as

(Qhu, v) = (u, v), 8u 2 L2(⌦), v 2 S h
0.
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23.6 Discontinuous Galerkin

1. Consider the following two-point boundary value problem:
( Lu ⌘ �"u00 + u0 = 0, 0 < x < 1,

u(0) = 1, u(1) = 0,
(23.22)

the exact solution is

u(x) =
1 � e�(1�x)/"

1 � e�1/" .

Design your finite di↵erence, finite volume and finite element methods for solving the above problem
for very small ", say " = 10�8. Compare your numerical results with the exact solution for di↵erent
mesh sizes.

2. Consider the quadratic finite element on a triangular in 2-D and construct its nodal basis {�i}6i=1 by
barycenter coordinates such that

�i(x j) =
(

1, i = j
0, i , j

where x1, x2, and x3 are the vertices of the triangular and x4, x5, and x6 are the midpoints of the edges.

3. We consider the 3-D Morley element, which is defined by the triple (T, PT ,DT ) with
• T is a tetrahedron;
• PT = P2(T );
• DT = {di}i=1:10, such that for ' 2 H2(T ),

di(') =
?

Fi

@'

@nFi

, Fi is a face of T, i = 1 : 4

and
di+4(') =

?

ei

', ei is an edge of T, i = 1 : 6.

See Figure 23.6(left). The finite element space is defined by

Mh = {wh 2 L2(⌦) : wh|T 2 P2(T ),
?

e
wh is continuous at any edge e,

and
?

F

@wh

@nF

is continuous across any interior face F}.

a) Prove that the 3-D Morley element is unisolvent.
b) Let F be an interior face of the triangulation. Prove that

>

F rwh is continuous across the face for any
wh 2 Mh.

4. Let Mh0 be the Morley element space associated with H2
0(⌦), and VCR

h0 be the Crouzeix-Raviart element
space associated with H1

0(⌦). Denote VCR
h0 := VCR

h0 ⇥ VCR
h0 . Let rh be the piecewise-defined gradient

operator; let curlh be the rotation of rh; and let divh be the piecewise-defined divergence operator.
Define eVCR

h0 := {vh 2 VCR
h0 : divhvh = 0}. Show that curlhMh0 = eVCR

h0 .
5. The rectangle Morley element is defined by (Q, PM

Q ,D
M
Q ) with

a) Q is a rectangle;
b) PM

Q = P2(Q) + span{x3, y3};
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8 MING WANG AND JINCHAO XU

m \ d 1 2 3

1 � �
� �

�

�

2

�

� �

3

�

� ��
Table 1. Degrees of Freedom

element for n = 2 and its generalization to n � 2 (see Wang and Xu [39]). For

m = 3 and n = 3, we obtain a new cubic element on a simplex that has 20 degrees

of freedom.

2.2. Unisolvent property and canonical nodal interpolation. We need to

show the PT -unisolvent property of our new finite element. First, we show a crucial

property.

Lemma 2.1. Let 1  k  m and F 2 FT,k. Then for any v 2 Hm(T ), the integrals

of its all (m � k)-th order derivatives on F
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Fig. 23.6. Illustration of the 3D elements. Left: 3D MWX element; right: WX element for 3D 6th order problem.

c) the components of DM
Q = {dM

i , d
M
i+4}i=1:4 for any v 2 H2(Q) are:

dM
i (v) = v(ai), ai the vertices of Q;

dM
i+4(v) =

?

ei

@nei
vds, ei the edges of Q.

a) Prove the PQ unisolvence of the rectangle Morley element;
b) Establish a set of nodal basis functions.

6. We consider the 3-D WX element for 6th order problem, which is defined by the triple (T, PT ,DT ) with
• T is a tetrahedron;
• PT = P3(T );
• DT = {di}i=1:20, such that for ' 2 H3(T )

di(') =
?

Fi

@2'

@n2
Fi

, Fi is the face of T, i = 1 : 4.

d2i+3(') =
?

ei

@'

@⌫L
ei

, d2i+4(') =
?

ei

@'

@⌫R
ei

, eiis the edge of T,

⌫L
ei

and ⌫L
ei

is the two unit vectors perpendicular to ei, i = 1 : 6.

and
di+16(') = '(ai), ai is the vertices of T, i = 1 : 4.

See Figure 23.6(right). The finite element space is defined by

WXh = {wh 2 L2(⌦) : wh|T 2 P3(T ),
?

F

@2wh

@n2
F

is continuous across interior face F,
?

e

@wh

@⌫L
e

and
?

e

@wh

@⌫R
e

are continuous at edge e, and wh(a) is continuous at vertex a}.
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a) Prove that the 3-D WX element for 6th order problem is unisolvent.
b) Let F be an interior face of the triangulation. Prove that

>

F r
2wh is continuous across the face for

any wh 2 Mh.
c) Let e be an edge of the triangulation. Prove that

>

e rwh is continuous at the edge for any wh 2 Mh.

7. Consider the Kirchho↵ plate model

min
w2H2(⌦)\H1

0 (⌦)

1
2

h

(1 � ⌫)kr2wk20,⌦ + ⌫k�wk20,⌦
i

� ( f ,w)

The minimizer u 2 H2(⌦) \ H1
0(⌦) satisfies the following 4-th order PDE

8

>

>

>

<

>

>

>

:

�2u = f , in ⌦,
u = 0, on @⌦,
Bu = 0, on @⌦.

Derive the explicit form of the operator B.

8. Consider the Poisson equation

(23.23)
⇢��u = f , in ⌦,

u = 0, on @⌦,

Discretized by the non-conforming P1 finite element method ((5.2.1) in the lecture note). Describe and
prove its consistency and stability. (Please use the definitions of consistency and stability in the lecture
notes (Chapter 7) to prove your results)

9. For the Poisson equation (23.23) discretized by the following non-symmetric interior discontinuous
Galerkin (NIPG) method: Find uh 2 Vh = {vh 2 L2(⌦) : vh|K 2 P1(K) 8K 2 Th}

Bh(uh, vh) =
Z

⌦
f vhdx, 8vh 2 Vh,

where

Bh(uh, vh) :=
Z

⌦
rhuh · rhvh dx �

Z

Eh

{rhuh} · [vh] ds +
Z

Eh

[uh] · {rhvh} ds +
Z

Eh

⌘

he
[uh] · [vh] ds,

Describe and prove its consistency and stability. (Please use the definitions of consistency and stability
in the lecture notes (Chapter 7) to prove your results)

23.7 Mixed finite element
1. Find conditions for A 2 Rn⇥n and B 2 Rn⇥m such that the following matrix is nonsingular:

✓ A B⇤
B 0

◆

2. Assuem that A 2 Rn⇥n is SPD and B 2 Rn⇥m is of full-rank. Prove that the following “preconditioned
matrix” (with S = BA�1B⇤):

✓A 0
0 S

◆�1 ✓A B⇤
B 0

◆

only has three distinctive eigenvalues: 1, (1 ±
p

5)/2. Determine the multiplicity of these eigenvalues.

422



CHAPTER 23. EXERCISES Jinchao Xu

3. Let A 2 Rn⇥n, B 2 Rm⇥n, such that A is symmetric positive definite on ker(B). Show that

min
Bx=0

(
1
2

xtAx � bx)

exists uniquely.
4. We consider the computational domain [0, 1] ⇥ [0, 1] with the uniform grid as shown in Figure 23.16.

We use the P0
2 � P�1

0 element to discretize the Stokes problem

(23.24)

8

>

>

<

>

>

:

��u + rp = f in⌦,
divu = 0 in⌦,

u = 0 on @⌦.

a) Write out the finite element problem;
b) Write out the sti↵ness matrix of the finite element problem in the form of



A Bt

B 0

�

, and write A and
B in terms of basis functions.

Fig. 23.7. The computational domain.

5. Prove that det(A) is the unique function of n variables satisfying that
• it is multilinear,
• it is skewsymmetric,
• det(e1, e2, · · · , en) = 1.
Hint: Denote the i-th column of A by Ai. We consider det(A) as det(A1, A2, ·, An). By being multilin-
ear, it means that det(↵1A1, · · · ,↵nAn) = ↵1 · · ·↵n det(A1, · · · , An), and det(A1, . . . , A(1)

i + A(2)
i , . . . , An) =

det(A1, . . . , A(1)
i , . . . , An) + det(A1, . . . , A(2)

i , . . . , An), for any i and any A(1)
i and A(2)

i . By being skewsym-
metric, it means det(· · · , Ai, · · · , Aj · · · ) = � det(· · · , Aj, · · · , Ai · · · ), 8i , j.

6. Show that exterior derivatives satisfy di+1di = 0, 0  i  n � 1. Consider n = 2 and 3.
7. Let K be a tetrahedron, and f be a face of K. Denote u = a + b ⇥ x. Show that if

R

e u · ⌧e = 0 for any
edge e of f , then u ⇥ n f = 0, with n f the normal vector of f .

8. Let ⌦ 2 R2 be a simply connected domain. Define the Sobolev space:

H(div,⌦) := {v 2 (L2(⌦))2 : divv 2 L2(⌦)},

where div := (@x, @y)>. Define also the homogeneous space
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H0(div,⌦) := {v 2 H(div,⌦) : v · n = 0, on @⌦}.

The exact sequence below is well known.

(23.25) H1
0(⌦)

curl���! H0(div,⌦)
div��! L2

0(⌦).

Here the exact sequence (23.25) means:

{v 2 H0(div,⌦) : divv = 0} = curlH1
0(⌦), and L2

0(⌦) = divH0(div,⌦).

a) Define the Raviart-Thomas elements by FEMdiv := (Kd, Pd
K ,N

d
K), where

i. Kd is a triangule;
ii. Pd

K = ↵
e

+ �
 x

y

�

, where ↵
e

2 R2 is a constant vector and � 2 R.

iii. Nd
K = {dd

i,K}i=1,2,3, with dd
i,K('

e

) =
R

ei
'
e

· nids, where ei is the edge of K, and ni the normal unit
vector of ei.

Prove that the finite element is unisolvent, and give an explicit formulation of their nodal basis
functions using barycentric coordinates.

b) Given a triangular triangulation Th, define the finite element spaces

HRT
h (div,⌦) := {vh 2 (L2(⌦))2 : vh 2 Pd

K 8K 2 Th,

Z

e
vh · ne is continuous across e},

and
HRT

h0 (div,⌦) := {vh 2 HRT (div,⌦) :
Z

e
vh · ne = 0 on e ⇢ @⌦}.

Prove that HRT
h (div,⌦) ⇢ H(div,⌦) and HRT

h0 (div,⌦) ⇢ H0(div,⌦).
c) Define the nodal interpolation operators by

Id
h : H(div,⌦)! HRT

h (div,⌦), such that
Z

e
Id
h v · ne =

Z

e
v · ne.

Show that
Id
h H0(div,⌦) = HRT

h0 (div,⌦).

d) Let Qh be the space of piecewise constants defined on Th, and Q̊h = Qh \ L2
0(⌦), where L2

0(⌦) =
{q 2 L2(⌦),

R

⌦
q = 0}. Moreover, let ⇧0 : L2(⌦) ! Qh be the projection operator. Prove the

commutativity hold below:
⇧0 � div = div � Id

h , on H(div,⌦).

e) Let Vh be the continuous linear element on Th, and Vh0 = Vh \ H1
0(⌦). Prove the discrete exact

sequences below:

(23.26) Vh0
curl���! HRT

h0 (div,⌦)
div��! Q̊h,

The meaning of the discrete exact sequences are similar to that of (23.27) and (23.25). Namely

{v 2 HRT
h0 (div,⌦) : divv = 0} = curlVh0(⌦), and Q̊h = divHh0(rot,⌦).
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9. Let ⌦ 2 R2 be a simply connected domain. Define the Sobolev spaces:

H(rot,⌦) := {v 2 (L2(⌦))2 : rotv 2 L2(⌦)},
where rot := (�@y, @x)>. Define also the homogeneous space

H0(rot,⌦) := {v 2 H(rot,⌦) : v ⇥ n = 0, on @⌦}.
The exact sequence below is well known.

(23.27) H1
0(⌦)

grad���! H0(rot,⌦)
rot��! L2

0(⌦).

Here the exact sequence means:

{v 2 H0(rot,⌦) : rotv = 0} = gradH1
0(⌦), and L2

0(⌦) = rotH0(rot,⌦).

a) Define FEMrot := (Kr, Pr
K ,N

r
K), where

i. Kr is a triangule;
ii. Pr

K = ↵
e

+ �
�y

x

�

, where ↵
e

2 R2 is a constant vector and � 2 R.

iii. Nr
K = {dr

i,K}i=1,2,3, with dr
i,K('

e

) =
R

ei
'
e

· ⌧ei ds, where ei is the edge of K, and ⌧ei the tangential
unit vector of ei.

Prove that the finite element is unisolvent, and give an explicit formulation of their nodal basis
functions using barycentric coordinates.

b) Again, given a triangular triangulation Th, define the finite element spaces

HRT
h (rot,⌦) := {vh 2 (L2(⌦))2 : vh 2 Pr

K 8K 2 Th,

Z

e
vh · ⌧e is continuous across e}.

and
HRT

h0 (rot,⌦) := {vh 2 HRT (rot,⌦) :
Z

e
vh · ⌧e = 0 on e ⇢ @⌦}.

Prove that HRT
h (rot,⌦) ⇢ H(rot,⌦) and HRT

h0 (rot,⌦) ⇢ H0(rot,⌦).
c) Define the nodal interpolation operators by

Ir
h : H(rot,⌦)! HRT

h (rot,⌦), such that
Z

e
Ir
hv · ⌧e =

Z

e
v · ⌧e.

Show that
Ir
hH0(rot,⌦) = HRT

h0 (rot,⌦).

d) Let Qh be the space of piecewise constants defined on Th, and Q̊h = Qh \ L2
0(⌦), where L2

0(⌦) =
{q 2 L2(⌦),

R

⌦
q = 0}. Moreover, let ⇧0 : L2(⌦) ! Qh be the projection operator. Prove the

commutativity hold below:
⇧0 � rot = rot � Ir

h, on H(rot,⌦),

e) Let Vh be the continuous linear element on Th, and Vh0 = Vh \ H1
0(⌦). Prove the discrete exact

sequences below:

(23.28) Vh0
grad���! HRT

h0 (rot,⌦)
rot��! Q̊h.

The meaning of the discrete exact sequences is

{v 2 HRT
h0 (rot,⌦) : rotv = 0} = gradVh0(⌦), and Q̊h = rotHh0(rot,⌦).
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10. Let U and V be two Hilbert spaces, with inner products (·, ·)U and (·, ·)V respectively. LetB(·, ·) : U⇥V !
R be a continuous bilinear form

(23.29) B(u, v)  kBkkukUkvkV .

Assume the inf-sup condition holds:

(23.30) inf
u2U

sup
v2V

B(u, v)
kukUkvkV

= inf
v2V

sup
u2U

B(u, v)
kukUkvkV

= ↵ > 0.

Let Uh ⇢ U and Vh ⇢ V be two nontrivial subspaces of U and V respectively, and the discrete inf-sup
condition holds:

(23.31) inf
uh2Uh

sup
vh2Vh

B(uh, vh)
kuhkUkvhkV

= inf
vh2Vh

sup
uh2Uh

B(uh, vh)
kuhkUkvhkV

= ↵h > 0.

Consider the following variational problem: Find u 2 U such that

(23.32) B(u, v) = h f , vi, 8 v 2 V,

where f 2 V⇤ and h·, ·i is the pairing between V⇤ and V , and its discretisation: find uh 2 Uh, such that

(23.33) B(uh, vh) = h f , vhi, 8 vh 2 Vh.

Prove

(23.34) ku � uhkU 
kBk
↵h

inf
wh2Uh

ku � whkU .

11. Let ⌦ ⇢ R2 be a connected polygonal domain, and Th be a triangle triangulation of ⌦. Let VCR
h0 be

the nonconforming P1 element space associated with H1
0(⌦), and denote VCR

h0 := VCR
h0 ⇥ VCR

h0 . Define
Q̃h := {qh 2 L2(⌦),

R

⌦
qh = 0, qh|T is constant, 8T 2 Th}. Prove the inf-sup condition:

(23.35) inf
qh2Q̃h

sup
vh2VCR

h0

(qh, divhvh)
|vh|1,hkqhk0,⌦

& 1.

12. Consider the following Stokes problem

(23.36)

8

>

>

<

>

>

:

��u + rp = f in⌦,
divu = 0 in⌦,

u = 0 on @⌦.

where the domain ⌦ = [0, 1] ⇥ [0, 1]. Please use the P0
2 � P�1

0 element to discretize this problem with
the uniform mesh (h = 0.25, 0.125, 0.0625, 0.03125), and solve the relevant linear system. Treat the
numerical solution uh and ph on the mesh with h = 0.03125 as the “exact” solution to compute the L2

for ph and H1 error for uh on other meshes, and write down a report.
13. (reserve) Prove the Cea lemma and Strang lemma.
14. (reserve) Prove the inf-sup condition given the existence of Fortin operator.
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23.8 Adaptive finite element methods
1. Let Tk+1 be a conforming and shape regular triangulation which is refined from a conforming and shape

regular triangulation Tk. Let uk+1 and uk be solutions of the model Poisson equation in linear finite
element spaceVk+1 andVk respectively. Show the following orthogonality

ku � uk+1k2a = ku � ukk2a � kuk+1 � ukk2a
2. Let Tk+1 be a conforming and shape regular triangulation which is refined from a conforming and shape

regular triangulation Tk using Döruler marking strategy by using a given ✓ 2 (0, 1). Let uk+1 and uk be
solutions of the model Poisson equation in linear finite element space Vk+1 and Vk respectively. Show
the following contraction of the error estimator:

⌘2(uk,Tk + 1)  ⇢⌘2(uk,Tk),

where ⇢ 2 (0, 1) depends only on the shape regularity of Tk and the parameter ✓.
3. Let ⌧ be a non-degenerated triangular (i.e. ↵0  |e|

|e0 |  �0) with vertices x1, x2, and x3.
a) Show that

Z

⌧
v2 � h2

⇣

v2(x1) + v2(x2) + v2(x3)
⌘

b) Show that
Z

⌧
|rv|2 . h�2

Z

⌧
v2,

and
Z

⌦
|rv|2 . h�2

Z

⌦
v2.

4. Let A be the sti↵ness matrix of the model Poisson problem discretized on a conforming and shape
regular triangulation in two dimensions by using linear finite element method. Show that the condition
number of A is bounded as follows

(A)  CN(1 + | log(Nhmin(N)2)|),
where N is the number of degrees of freedom and hmin = min{h⌧ : ⌧ 2 T }.

23.9 Jacobi and Gauss-Seidel methods for consistently ordered matrices

1. The Gauss-Seidel iterative scheme for solving linear system Ax = b with A 2 RN⇥N and x,b 2 RN is
defined by

x(m)
i =

1
Aii

(bi �
X

j<i

Ai jx(m)
j �

X

j>i

Ai jx(m�1)
j ), i = 1 : N,

where
n

x(m)
o

, m = 0, 1, . . . , is the iterative sequence..
a) Decompose A = D + L +U, where D is a diagonal matrix, L is a lower triangle matrix, and U is an

upper triangle matrix. Show that the Gauss-Seidel iterative scheme can be written in the form

x(m) = x(m�1) + (D + L)�1(b � Ax(m�1)).

b) For ! 2 R+, define the modified Gauss-Seidel iterative scheme:

x(m) = x(m�1) + (!�1D + L)�1(b � Ax(m�1)).

Assume A is symmetric positive definite. Prove that the modified Gauss-Seidel iterative scheme
converges for any initial guess x(0), if and only if 0 < ! < 2.
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2. Let V be a linear vector space, with (·, ·) an inner product defined thereon. Let A : V ! V be an SPD
operator, and define an alternative inner product (·, ·)A := (A·, ·) on V . For an operator C : V ! V , define
its adjoint operator with respect to (·, ·) by Ct : V ! V , such that

(Ctw, v) = (w,Cv), 8w, v 2 V,

and its adjoint operator with respect to (·, ·)A by C⇤ : V ! V , such that

(C⇤w, v)A = (w,Cv)A, 8w, v 2 V.

a) For an operator B : V ! V , show that

⇢(I � BA) = ⇢((I � BA)⇤(I � BA)),

where B = Bt + B � BtAB, and ⇢(·) means the spectral radius of an operator.
b) For an operator C : V ! V , define its A�norm by

kCkA := sup
v2V\{0}

kCvkA
kvkA

,

with kvk2A = (Av, v) for v 2 V . Show that

⇢((I � BA)⇤(I � BA)) = k(I � BA)⇤(I � BA)kA = kI � BAk2A.
3. Consider solving the following Poisson problem on a unit square ⌦ = [0, 1] ⇥ [0, 1]

(

��u = 1, in ⌦,
u = 0, on @⌦,

by finite di↵erence method (standard 5-point stencil) on uniform mesh with meshsize h. Denote the
resulting linear system by Ax = b.

a) Use Gauss Seidel method to solve the resulting linear system. Stopping criterion is kb�Axkk
kb�Ax0k  10�8

and the initial guess is the zero vector. Make a table to record the number of iterations for di↵erent
h.

b) Use SOR method to solve the resulting linear system. Stopping criterion is kb�Axkk
kb�Ax0k  10�8 and the

initial guess is the zero vector. Make a table to record the number of iterations for di↵erent h and
the relaxation parameter !. Numerically determine the best !

c) Use the SOR method to solve the resulting linear system with theoretically best relaxation parameter

!opt =
2

1 +
p

1 � ⇢(D�1A)2
,

where D is the diagonal of A and ⇢(M) denote the spectral radius of matrix M. Stopping criterion
is kb�Axkk
kb�Ax0k  10�8 and the initial guess is the zero vector. Make a table to record the number of

iterations.
d) Use conjugate gradient method to solve the resulting linear system. Stopping criterion is kb�Axkk

kb�Ax0k 
10�8 and the initial guess is the zero vector. Make a table to record the number of iterations for
di↵erent h.

4. Consider using subspace correction method to solve Au = f ,
a) Show that the parallel subspace correction method for Au = f is equivalent to the modified Jacobi

method for A
e

u
e

= f
e

:
u
e

m = u
e

m�1 + R
e

( f
e

� A
e

u
e

m�1)
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b) Show that the successive subspace correction method for Au = f is equivalent to the modified G-S
method for A

e

u
e

= f
e

:
u
e

m = u
e

m�1 + (R
e

�1 + L
e

)�1( f
e

� A
e

u
e

m�1).

5. Assume that eA is a block tridiagonal matrix with invertible diagonal block and ! , 0. Then if � is a
nonzero eignvalue of MS OR = (D � !E)�1(!F + (1 � !)D), any scalar µ that satisfies

� + ! � 1 = �1/2!µ

is an eignvalue of MJ , which is defined as MJ = I � D�1
eA. If eA is symmetric so that MJ only has real

eignvalues, prove that
a) ⇢(MS OR) < 1 i↵ ⇢(MJ) < 1 and 0 < ! < 2.
b) If SOR converges,

!opt =
2

1 +
p

1 � ⇢(MJ)2
= arg min

!
⇢(MS OR(!)),

and

min
!
⇢(MS OR(!)) =

1 �
p

1 � ⇢(MJ)2

1 +
p

1 � ⇢(MJ)2
.

6. Consider solving the linear system of equations

Au = f,

by the method of subspace correction. Here A 2 Rn⇥n : Rn 7! Rn is symmetric positive definite.
a) Consider the simple decomposition of Rn

(23.37) Rn =

n
X

i=1

span{ei},

where ei is the i-th column of the identity matrix. Show that the parallel subspace correction method
is just the Jacobi iterative method.

b) Consider the same decomposition (23.64), show that the successive subspace correction method is
just the Gauss-Seidel iterative method.

7. Consider the Poisson equation
(

��u = f , in ⌦
u = 0, on @⌦

discretized by linear finite element method on a uniform triangulation grid (see Figure 6) of ⌦ = [0, 1]⇥
[0, 1] with mesh size h. Here, we have

0 = x0 < x1 < · · · < xn+1 = 1, x j =
j

n + 1
, ( j = 0, · · · , n + 1).

and
0 = y0 < y1 < · · · < yn+1 = 1, y j =

j
n + 1

, ( j = 0, · · · , n + 1).

The weak form is: Find uh 2 Vh, such that

(23.38) a(uh, vh) = ( f , vh), 8 vh 2 Vh
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Fig. 23.8. Two-dimensional uniform grid for finite element method

where a(uh, vh) =
R

⌦
ruhrvh and ( f , vh) =

R

⌦
f vh, and Vh is the corresponding linear finite element

space. Take vh = �h
i, j where �h

i, j is the basis function at point (xi, y j), from (23.67), we have

4ui, j � ui�1, j � ui+1, j � ui, j�1 � ui, j+1 = fi, j,

where fi, j = ( f , �h
i, j). This leads to the following linear system of equations.

Au = f.

where A = tridiag(�I,B,�I) and B = tridiag(�1, 4,�1) and u = (ui, j) and f = (fi, j) with i and j both
follow the lexicographic ordering.
Implement the following Gauss-Seidel method:

Gauss-Seidel method: [u] = GS(u, f, n)

Given an initial guess u0, consider the Gauss-Seidel iteration as follows:

Choose right hand side f and initial guess u0 freely (constant right hand side and random initial guess are
recommended), and set the tolerance to be Tol = 10�6. Make a table to report the number of iterations,
convergence factor (kf � Aukk/kf � Auk�1k ), and CPU time for h = 2�3, 2�4, 2�5, 2�6.

8. Following problem 2, we use two-grid method to solve the resulting linear system of equations. For the
find grid, we choose h = 2�J with a given integer J and n = 2J � 1. For the coarse grid, we choose
H = 2h = 2�(J�1) and nH = 2J�1 � 1. In the implementation of the two-grid method, we do not need to
form A explicitly, what we need is just the action of A on a vector u, i.e. v = Au. The following algorithm
shows the action of A

Action of A: [v] = Action(u, n)

The restriction and prolongation are implemented as follows:

Restriction: [rH] = restrict(rh, nH)

Prolongation: [eh] = prolongate(eH , nH)

Now, one step of the two-grid method with GS smoother is defined as follows:

Two-grid method: [u] = TwoGrid(u, f, n, nH)

Given an initial guess u0, please implement the two-grid iteration as follows:

Choose right hand side f and initial guess u0 freely (constant right hand side and random initial guess are
recommended), and set the tolerance to be Tol = 10�6. Make a table to report the number of iterations,
convergence factor (kf � Aukk/kf � Auk�1k ), and CPU time for J = 3, 4, 5, 6.
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9. (Optional) In this problem, we use multigrid method to linear system of equations. MG method is based
on the following nested spaces

V1 ⇢ V2 ⇢ · · · ⇢ VJ ,

where Vl, l = 1, 2, · · · , J, are linear finite element spaces on uniform grids with mesh size hl = 2�l and
nl = 2l � 1. Recursive implementation of the MG method with GS smoother is defined as follows:

MG method: [ul] = MultiGrid(ul, fl, l)

Given an initial guess u0, please implement the MG iteration as follows:

Choose right hand side f and initial guess u0 freely (constant right hand side and random initial guess are
recommended), and set the tolerance to be Tol = 10�6. Make a table to report the number of iterations,
convergence factor (kf � Aukk/kf � Auk�1k ), and CPU time for J = 3, 4, 5, 6.

10. Prove that Jacobi method converges for any 2 ⇥ 2 symmetric positive definite matrices.

23.10 Finite di↵erence method

Exercise 1. Prove that

u0(x) =
u(x + h

2 ) � u(x � h
2 )

h
+ O(h2),

u00(x) =
u(x + h) � 2u(x) + u(x � h)

h2 + O(h2).

Exercise 2. Consider the domain (0, 1), xi = ih, 0  i  N and h = 1/N. Let {� j}Nj=1 be those piecewise
linear polynomials which is continuous at internal points and satisfy that

� j(xi) =
(

1 i = j
0 i , j .

Prove that

uh(x) =
N

X

j=1

uh(x j)� j(x), 8uh 2 Vh.

Exercise 3. Consider the domain (0, 1), xi = ih, 0  i  N and h = 1/N. Basis functions {� j}Nj=1 are defined
in Exercise 2. Prove that

Z 1

0
�0j�1�

0
j =

Z 1

0
�0j�

0
j+1 = �

1
h
, 1 < j < N

Z 1

0
(�0j)

2 =
2
h
, 1  j  N.

Therefore, the finite element equation is reduced to

(23.39)
�µ j�1 + 2µ j � µ j+1

h
= f j, 1  j  N,

where f j =
R 1

0 f� j. Thus, the finite element method and the finite di↵erence method give the same equation.
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Exercise 4. For the 1D Poisson equation in (0, 1)

(23.40)
(

�u00 = f in (0, 1),
u(0) = u(1) = 0,

define the operators

(Lu)(x) = �u00(x), (Lhu)(x) =
�u(x + h) + 2u(x) � u(x � h)

h2 ,

prove that for smooth enough u,
Lu �Lhu = O(h2).

Furthermore, let uh be the solution of (Lhuh)(xi) = f (xi) with uh(0) = uh(1) = 0. Suppose the solution u and
source term f are smooth enough, then

max
i
|u(xi) � uh(xi)| = O(h2).

Exercise 5. For the 1D Poisson equation in (0, 1)

(23.41)
(

�u00 = f in (0, 1),
u(0) = u(1) = 0,

let uh be the solution of (Lhuh)(xi) = f (xi) with uh(0) = uh(1) = 0. Suppose the solution u and source term
f are smooth enough, then

(23.42) max
i
|u(xi) � uh(xi)| = O(h2).

Now we set u = sin ⇡x, and then f = �⇡2 sin ⇡x. Implement the finite di↵erence method and verify the above
convergence rate shown in (23.42).

23.11 Basic finite element methods
Exercise 6. Let w be a locally integrable function in ⌦ (denoted by Lloc(⌦)), prove that

w = 0 a.e.()
Z

⌦
w' = 0,8' 2 C10 (⌦).

Exercise 7. Derive the finite element formulation for the 1D Poisson equation (4.11) on non-uniform grid.

Exercise 8. Consider two di↵erent triangulations on the unit square ⌦ = (0, 1)2: the uniform grid (Fig. 23.9)
and the criss-cross grid (Fig. 23.10).

(a) For the uniform grid, let uh =
P

i j ui, j�i, j, where �i, j is the nodal basis function associated with the
grid point (xi, yi). Then the finite element formulation

a(uh, �i j) = ( f , �i j)

can be written as

(23.43)
�ui, j�1 � ui, j+1 + 4ui, j � ui�1, j � ui+1, j

h2 =
1
h2 f̃i, j.

Here
f̃i, j =

1
h2

Z

⌦
f (x, y)�i j(x, y).

(b) Prove that f̃i, j � f (xi, yi) = O(h2) for the uniform grid.
(c) Derive the following finite element formulation on criss-cross grid in the form of (23.43):
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Fig. 23.9. Uniform triangulation of the domain (0, 1)2

Fig. 23.10. Criss-cross triangulation of the domain (0, 1)2

• At the (xi, y j) node,

(23.44)
(ruh,r�i, j)

h2 + �u(xi, yi) =
�ui+ 1

2 , j+
1
2
� ui� 1

2 , j� 1
2
+ 4ui, j � ui+ 1

2 , j� 1
2
� ui� 1

2 , j+
1
2

h2 + �u(xi, yi) = O(h2),

( f , �i, j)
h2 � f (xi, yi) = f̃i, j � f (xi, yi) =

1
3

f (xi, y j) + O(h2).

• At the node (xi+ 1
2
, y j+ 1

2
),
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(23.45)
(ruh,r�i+ 1

2 , j+
1
2
)

h2 + �u(xi+ 1
2
, y j+ 1

2
) =
�ui, j � ui+1, j+1 + 4ui+ 1

2 , j+
1
2
� ui, j+1 � ui+1, j

h2 + �u(xi+ 1
2
, y j+ 1

2
) = O(h2),

( f , �i+ 1
2 , j+

1
2
)

h2 � f (xi+ 1
2
, y j+ 1

2
) = f̃i+ 1

2 , j+
1
2
� f (xi+ 1

2
, y j+ 1

2
) = �1

3
f (xi+ 1

2
, y j+ 1

2
) + O(h2).

(d) Prove that for the criss-cross grid

f̃i, j 6�! f (xi, y j), f̃i+ 1
2 , j+

1
2
6�! f (xi+ 1

2
, y j+ 1

2
).

Namely, the corresponding finite element scheme is not consistent with the finite di↵erence scheme in classic
case.

(e) Find the su�cient condition for the triangulation such that the corresponding finite element scheme
is consistent with the finite di↵erence scheme.

Exercise 9. Let ⌧ be a d-dimensional simplex with vertices ai and �i(x) be the corresponding barycentric
coordinate. Prove that

�i(x) =
|⌧i|
|⌧| ,

where |⌧i| is the volume of the sub-simplex 4a1···ai�1 xai+1···ad+1 .

Exercise 10. Suppose ⌦ is bounded, let v 2 H1
�D
= {u 2 H1(⌦), u|�D = 0, |�D| > 0}, then

kvk0,⌦  C(⌦)krvk0,⌦.

Exercise 11. (Dual of H1
0(⌦)) We first give the L2 pairing for f 2 L2(⌦) as

h f , vi =
Z

⌦
f v,

then define the norm k · k�1,⌦ as

k f k�1,⌦ = sup
v2H1

0

R

⌦
f v

|v|1,⌦
.

Prove that
H�1(⌦) = L2(⌦)

k·k�1,⌦

is a representation of (H1
0)⇤.

Exercise 12. Assume that ⌦ ✓ Rd, ⌦̂ ✓ Rd are two open bounded domains. And F : ⌦̂ ! ⌦ is an a�ne
map s.t. x = F(x̂) = Bx̂ + x0, where x0, x 2 ⌦, x̂ 2 ⌦̂. For a given function û(x̂), we define u(x) = û(F�1(x)).

Note that for any multi-index ↵ = (↵1, · · · ,↵d) with |↵| =
d
P

i=1
↵i = m, we define a multi-linear m-form as

[Dm
x u(x)](e1, e1, · · · , e1

|          {z          }

↵1

, e2, e2, · · · , e2
|          {z          }

↵2

, · · · , ed, ed, · · · , ed
|          {z          }

↵d

) =
@↵

@x↵1
1 · · · @x↵d

d
,

where ei (i = 1, · · · , d) is the standard set of orthonormal basis of Rd. It can be verified that when u is smooth
enough, for a given index set I = {i1, i2, · · · , im} that satisfies

1. ik 2 {1, 2, · · · , d} (k = 1, 2, · · · ,m),
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2. there are ↵1 indices in I equal to 1, ↵2 indices in I equal to 2, and so on. That is, there are ↵k indices in
I equal to k (k = 1, 2, · · · , d),

we have

[Dm
x u(x)](ei1 , ei2 , · · · , eim ) =

@↵

@x↵1
1 · · · @x↵d

d
.

This is true because when function u is smooth enough, you can exchange the order of partial derivatives.

1. Prove that [Dxu(x)](⇠1) = rxu(x) · ⇠, for any ⇠ 2 Rd.
2. From the above description, we can conclude that û(x̂) = u(F(x)), prove that

[Dxu(x)](B⇠) = [Dx̂û(x̂)](⇠), 8⇠ 2 Rd.

3. Prove that

[Dm
x u(x)](B⇠1, B⇠2, · · · , B⇠m) = [Dm

x̂ û(x̂)](⇠1, ⇠2, · · · , ⇠m),

for any vectors ⇠i 2 Rd, 1  i  m.
4. Prove that

|u|m,K  c(detB)1/2kB�1km|û|m,K̂ ,
|û|m,K̂  c(detB)�1/2kBkm|u|m,K ,

where K is an element in ⌦, and K̂ is an element in ⌦̂. And c is a constant that only depends on m and
the space dimension d.

Exercise 13. Assume that

K = triangle = [a0, a1, a2] ✓ R2,

P = P2(K) = {p(x) : p(x) is a polynomial on K and its order  2},

N(v) = {v(a1) : 0  i  2} [
n

v(ai j) : 0  i < j  2
o

, ai j =
1
2

(ai + a j).

Prove that the triple (K,P,N) is a well-defined finite element space.

23.12 Sobolév spaces and finite element spaces

Exercise 14. Corresponding to the triangulations Th, the finite element spaces Sh = Sh(⌦) is defined by

Sh(⌦) = {v 2 C(⌦̄) : v|⌧ 2 P1(⌧), 8 ⌧ 2 Th}.
It is easy to see that Sh(⌦) ⇢ H1(⌦). We further define that

Sh
0(⌦) = Sh(⌦) \ H1

0(⌦).

1. Show that Sh is indeed a subspace of H1(⌦).
2. Assume that @⌦ is curved but piecewise convex. Define

(23.46) Sh = {v : v 2 S h(⌦̄h), v|⌦\⌦h is the natural linear extention}
and

(23.47) Sh
0 = {v : v 2 S h

0(⌦̄h), v|⌦\⌦h = 0}.

Prove that Sh ⇢ H1(⌦) and Sh
0 ⇢ H1

0(⌦).

435



23.13. MIXED METHODS Jinchao Xu

3. Prove, for the space Sh defined as above,

kvk0,⌦\⌦h
<⇠ hkvk1 8 v 2 Sh.

Exercise 15. Assume that ⌦ ✓ Rd is an open bounded domain, and that ⌦ = ⌦1 [ ⌦2. ⌦1 and ⌦2 are both
open, and ⌦1 \ ⌦ = ;, ⌦̄1 \ ⌦̄2 = �. Given a function v 2 [C1(⌦̄i)]3, i = 1, 2, prove that

1. v 2 H(curl,⌦) if v ⇥ n is continuous across �.
2. v 2 H(div,⌦) if v · n is continuous across �.

Exercise 16. Consider the finite element space for H(curl)

K = tetrahedron = [a0, a1, a2, a3] ✓ R3,

P(K) =
n

↵ + � ⇥ x, ↵,� 2 R3, x 2 K
o

,

N(v) =
8

>

<

>

:

Z

ei j

v · ⌧ei j , ei j = [ai, a j], 0  i < j  3, ⌧ei j is the unit tangential vector of edge ei j

9

>

=

>

;

.

Please solve the following problems.
1. Prove that P(K) is unisolvent with respect to N .
2. Construct the nodal basis in terms of barycentric coordinates for this given N .

Exercise 17. The finite element triple for H(curl) is defined as

K = tetrahedron = [a0, a1, a2, a3] ✓ R3,

P(K) =
n

↵ + � ⇥ x, ↵,� 2 R3, x 2 K
o

,

N(v) =
8

>

<

>

:

Z

ei j

v · ⌧ei j , ei j = [ai, a j], 0  i < j  3, ⌧ei j is the unit tangential vector of edge ei j

9

>

=

>

;

.

And the finite element triple for H(div) is defined as

K = tetrahedron = [a0, a1, a2, a3] ✓ R3,

P(K) =
n

↵ + �x : ↵ 2 R3, � 2 R, x 2 K
o

,

N(v) =
8

>

<

>

:

Z

Fi jk

v · nFi jk , F = [ai, a j, ak], 0  i < j < k  3, nFi jk is the unit outer normal vector of face Fi jk

9

>

=

>

;

.

Glue these finite element triples together to get the conforming finite element spaces, i.e. Hh(curl) ✓ H(curl),
and Hh(div) ✓ H(div).

23.13 Mixed Methods

Exercise 18. Let U and V be two Hilbert spaces, with inner products (·, ·)U and (·, ·)V respectively. Let
B(·, ·) : U ⇥ V ! R be a continuous bilinear form

(23.48) B(u, v)  kBkkukUkvkV .
Assume the inf-sup condition holds:

(23.49) inf
u2U

sup
v2V

B(u, v)
kukUkvkV

= inf
v2V

sup
u2U

B(u, v)
kukUkvkV

= ↵ > 0.
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Let Uh ⇢ U and Vh ⇢ V be two nontrivial subspaces of U and V respectively, and the discrete inf-sup
condition holds:

(23.50) inf
uh2Uh

sup
vh2Vh

B(uh, vh)
kuhkUkvhkV

= inf
vh2Vh

sup
uh2Uh

B(uh, vh)
kuhkUkvhkV

= ↵h > 0.

Consider the following variational problem: Find u 2 U such that

(23.51) B(u, v) = h f , vi, 8 v 2 V,

where f 2 V⇤ and h·, ·i is the pairing between V⇤ and V , and its discretisation: find uh 2 Uh, such that

(23.52) B(uh, vh) = h f , vhi, 8 vh 2 Vh.

Prove

(23.53) ku � uhkU 
kBk
↵h

inf
wh2Uh

ku � whkU .

Exercise 19. Let ⌦ 2 Rd be a connected domain with a Lipschitz boundary. Suppose we have the following
Korn’s inequality,

kuk1 <⇠ k✏(u)k1 + kuk0, 8u 2 (H1
0)d.

Use the standard contradiction argument and compact embedding to prove:

(23.54) kuk1 <⇠ k✏(u)k0, 8u 2 (H1
D)d.

where meas(�D) , 0.

Exercise 20. Consider the nodal value interpolation operator

Ihv =
n

X

i=1

v(xi)�i,

when x 2 R2, is it true that
kv � Ihvk0,⌦  Ch|v|1,⌦, 8v 2 H1(⌦)?

Please prove this inequality if it is true, and disprove it otherwise.

Exercise 21. Assume that
n

�⇤i
o

⇢ Vh, Vh is a space of piecewise linear functions. And

h�⇤j , �ii = (�⇤j , �i)L2(⌦) = �i j.

Then for any vh 2 Vh, vh =
n
P

i=1
vh(xi)�i, we have

h�⇤j , vhi = vh(x j).

Define interpolation ⇧hv =
n
P

i=1
(�⇤i , v)L2(⌦)�i. Prove that

1. k⇧hvkL2  CkvkL2 , for any v 2 L2(⌦).
2. kv � ⇧hvkL2  Ch|v|1,⌦, for any v 2 H1(⌦).
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Exercise 22. Let V and Q be two Hilbert spaces, with inner products (·, ·)V and (·, ·)Q respectively. Let
bilinear forms a(·, ·) : V ⇥ V 7! R and b(·, ·) : V ⇥ Q 7! R satisfy

a(u, v) CakukVkvkV
b(u, p) CbkukVkpkQ
a(u, u) ��akuk2V

sup
v2V

b(v, p)
kvkV

��bkpkQ,

for any u, v 2 V and p 2 Q. Moreover, assume that a(·, ·) is symmetric. Prove L(u, p; v, q) := a(u, v) +
b(u, p) + b(v, q) satisfies that for any u 2 U and p 2 Q

sup
v2V,q2Q

L(u, p; v, q)
(kvk2V + kqk2Q)1/2

� CL(kuk2V + kpk2Q)1/2

and write CL in terms of Ca, Cb, �a and �b.

Exercise 23. Consider variational form of Stokes problem: find (u, p) 2 V ⇥ Q = [H1
D(⌦)]d ⇥ L2(⌦) such

that
(

a(u, v) + b(v, p) = h f , vi,
b(u, q) = 0,(23.55)

where a(u, v) = 2(✏(u), ✏(v)), and b(v, q) = �(r · v, q). Prove that the solution to problem (23.55) satisfies

u = arg min
r·v=0

 

1
2

a(v, v) � h f , vi
!

.

Exercise 24. Consider the model problem:
(

�r · (rp) = g, in ⌦,
p = 0, on @⌦.

1. Prove that this probably is equivalent to the following formulation: find (u, p) 2 V ⇥ Q = H(div) ⇥ L2,
such that

(

(�1u, v) � (r · v, p) = 0,
�(r · u, q) = hg, qi,

for any (v, q) 2 V ⇥ Q. In particular, verify that the boundary condition p = 0 is implicitly (or naturally)
imposed in the above variational formulation.

2. It is proved (please refer to your class note for details) that this variational form is well-posed. That is, it
satisfies the inf-sup condition. Prove that if Vh = RT0, Qh = P�1

0 , the finite element discretization: find
(uh, ph) 2 Vh ⇥ Qh, such that for any (vh, qh) 2 Vh ⇥ Qh,

(

(�1uh, vh) � (r · vh, ph) = 0,
�(r · uh, qh) = hg, qhi.

satisfies the discrete inf-sup condition. RT0 is a conforming finite element space for H(div), whose finite
element triple is given by
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K = tetrahedron = [a0, a1, a2, a3] ✓ R3,

P(K) =
n

↵ + �x : ↵ 2 R3, � 2 R, x 2 K
o

,

N(v) =
8

>

<

>

:

Z

Fi jk

v · nFi jk : F = [ai, a j, ak], 0  i < j < k  3, nFi jk is the unit outer normal vector of face Fi jk

9

>

=

>

;

.

And P�1
0 is the piecewise constant, which is also a conforming finite element space of L2(⌦).

Exercise 25. Consider the model problem:
( �r · (rp) = g, in ⌦,

@p
@n = 0, on @⌦.

Identify the appropriate Sobolev spaces and derive a mixed variational formulation for the above prob-
lem.

Exercise 26. In 2D, assume that uh = (u1, u2)T 2 [H1
0(⌦)]2, where ⌦ = [0, 1] ⇥ [0, 1]. Uniform grid is used

(figure 23.11). Both u1 and u2 are discretized by piecewise linear functions. Please verify that if r · uh = 0,
and uh = 0 on @⌦, uh = 0 in ⌦.

Fig. 23.11. Uniform grid in 2D

Hint: Please determine the value of uh starting from the boundary.

Exercise 27. It can be proved that the problem: find (u, p) 2 V ⇥ Q such that
(

a(u, v) + b(v, p) = h f , vi, 8v 2 V,
b(u, q) � c(p, q) = hg, qi, 8q 2 Q,

is well-posed if the following conditions are satisfied:

a(u, v)  C1kukVkvkV ,(23.56)
c(pq)  C2kpkQkqkQ,(23.57)
b(v, q)  C3kvkVkqkQ,(23.58)
a(v, v) � M1kvkV , 8v 2 K = Ker(B),(23.59)
c(q, q) � M2kqkQ, 8q 2 H = Ker(B0),(23.60)

sup
v2V

b(v, q)
kvkV

� �kqkQ, 8q 2 H?.(23.61)

Please answer the following questions
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1. Whether the conditions (23.59) and (23.60) can be replaced by the corresponding inf-sup conditions?
2. Assume the answer to the above question is yes, are these conditions necessary for the well-posedness?

Exercise 28. Consider the mixed formulation of linear elasticity: find (u, p) 2 V ⇥ Q such that
(

µ(✏(u), ✏(v)) + (p, divv) = h f , vi, 8v 2 V,
(divu, q) � ��1(p, q) = 0, 8q 2 Q.

Assume that V = [H1(⌦)]d. If � ! 1, what will happen to the constants in the inf-sup conditions, namely,
the constants in (23.56)-(23.61)?

23.14 eXtended Galerkin method
Exercise 29. Assume that K ⇢ Rd is an arbitrary polygon domain, with boundary @K. Define

S (K) =
n

v = {v0, vb} : v0 2 L2(K), vb 2 L2(@K)
o

.

In weak Galerkin method, the weak gradient rw of v 2 S (K) is defined by

hrwv, qiK = �(v0,r · q)K + hvb, q · ni@K , 8q 2 [H1(K)]d.

1. Define the weak curl and weak div operators similarly.
2. Define weak Laplacian operator �wv by

h�wv, �iK = (v0,��)K � hvb,r� · ni@K + hvg · n, �i@K , 8� 2 H2(K),

for any v 2 W(K). Here, W(K) is defined by

W(K) =
n

v = {v0, vb,vg} : v0 2 L2(K), vb 2 L2(@K), vg 2 [L2(@K)]d}.
o

.

Please verify that

�wv = rw · rwv, 8v 2 W(K).

Exercise 30. Assume that Th is a shape regular polygon partition of the domain ⌦, and E0
h is the set of all

interior edges or faces of the mesh. Consider the Poisson equation with Dirichlet boundary
(

��u = f , in ⌦,
u = 0, on @⌦.

For give integer k � 1, on each element T , define local weak finite element space

S (k,T ) = {v = {v0, vb} : v0 2 Pk(T ), vb |e2 Pk(e)} ,

and the global weak finite element spaces S h and S 0
h as

S h =
n

v = {v0, vb} : v |T2 S (k,T ), vb |@T1\e= vb |@T2\e, T 2 Th, e 2 E0
h

o

,

S 0
h = {v 2 S h : vb |@⌦= 0} .

The weak Galerkin formulation of this Poisson equation is: find uh 2 S 0
h such that

(rwuh,rwvh) + s(uh, vh) = ( f , v0), 8vh = {v0, vb} 2 S 0
h.

Here, s(uh, vh) is the stabilization term to ensure the weak continuity of uh. Please identify the formulation
of s(uh, vh) for this finite element space. You may find the L2 projection operators are useful. Please specify
the projections you use and figure out the stabilization term.
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Exercise 31. For any element T 2 Th, assume that Q0 is the L2 projection from L2(T ) to Pk(T ), and thatQb
is the L2 projection from L2(T ) to Pk�1(e). We define projection operator Qh : H1(⌦) ! S h such that on
each element

Qhv = {Q0v0,Qbvb}.

And Qh is the L2 projection to [Pk�1(T )]d. Prove on a given element T ,

rw(Qh�) = Qh(r�), 8� 2 H1(T ).

Exercise 32. Assume that Th is a triangulation of the domain ⌦, and K 2 Th is an arbitrary element. Denote
by Eh the union of the boundaries of the elements K of Th, Ei

h = Eh\@⌦ is the set of interior edges and
E@h = Eh\Ei

h is the set of boundary edges. Let e be the common edge of two elements K+ and K�, and ni =

n|@Ki be the unit outward normal vector on @Ki with i = +,�. For v 2 T (Eh), let vi = v|@Ki , and similarly, for
q 2 [T (Eh)]2, we denote qi = q|@Ki . Then we define the average {·} and the jump [·] on e 2 Ei

h by

{v} = 1
2

(v+ + v�), [v] = v+n+ + v�n�,

{q} = 1
2

(q+ + q�), [q] = q+ · n+ + q� · n�.

If e 2 E@h, we set
[v] = vn, {q} = q on e 2 E@h,

where n is the outward unit normal.
For a scalar-valued function v and a vector-valued function w, after a direct manipulation, we have

(23.62)
X

K2Th

Z

@K
(vnK) ·w ds =

X

e2Eh

Z

e
[v] · {w} ds +

X

e2Ei
h

Z

e
{v}[w] ds.

Consider the Poisson equation with Dirichlet boundary condition
(

��u = f , in ⌦,
u = g, on @⌦.

On each element K 2 Th, u 2 H2(⌦) satisfies the following identity
Z

K
ru · rv dx �

Z

@K
(ru · n)v ds +

Z

@K
µ(u � unb)v ds =

Z

K
f v dx

for all the v 2 H2(Th). Here, unb is the value of the u on the edge of the neighbor element, and equal g on the
boundary. Adding over all the elements K 2 Th, we have

Z

⌦
ru · rhv dx �

X

K2Th

Z

@K
(ru · n)v ds +

X

K2Th

Z

@K
µ(u � unb)v ds =

Z

⌦
f v dx(23.63)

(a) Please prove the identity (23.62).
(b) Given a function space Vh =

n

v 2 L2 : v |K2 Pr(K), 8K 2 Th
o

, by the help of identity (23.62) and
(23.63), please derive the following Interior Penalty (IP) formulation for this Poisson equation in detail: find
uh 2 Vh such that
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ah(uh, vh) =
Z

⌦
f vh +

Z

@⌦
µgvh �

Z

@⌦
g
@vh

@n
, 8vh 2 Vh,

where n is the outer normal vector of @⌦. And ah(uh, vh) is given by

ah(uh, vh) =
Z

⌦
rhuh · rhvh �

Z

Eh

{rhuh} · [vh] �
Z

Eh

[uh] {rhvh} +
Z

Eh

µ[uh][vh].

Usually, we let the penalty constant µ = ⌘h�1.

Exercise 33. Define DG space

Vh =
n

v 2 L2 : v |K2 Pr(K), 8K 2 Th
o

.

Prove that for any v,w 2 Vh + H2(Th) \ H1
0(⌦),

ah(v,w)  CkvkDGkwkDG,

where C is a constant independent of h. And the DG norm is defined as and DG norm

kvk2DG =
X

K2Th

Z

K
|rv|2 dx +

X

K2Th

h2
K |v|22,K +

X

e2Eh

Z

e
h�1|[v]|2 ds.

Exercise 34. Define bilinear form

ah(uh, vh) =
Z

⌦
rhuh · rhvh �

Z

Eh

{rhuh} · [vh] �
Z

Eh

[uh] {rhvh} +
Z

Eh

⌘

h
[uh][vh],

and DG norm

kvk2DG =
X

K2Th

Z

K
|rv|2 dx +

X

K2Th

h2
K |v|22,K +

X

e2Eh

Z

e
h�1|[v]|2 ds.

Prove that for su�ciently large ⌘ > 0,

ah(vh, vh) � ↵kvhk2DG, 8vh 2 Vh.

And ↵ is a positive constant independent of h.

23.15 Multigrid

Exercise 35. Let Qh be the L2 projection to piecewise linear continuous space Vh. Prove that

kQhuk↵ . kuk↵, 8u 2 H↵
0 (⌦), 0  ↵  1.

Exercise 36. Given � 2 (0, 1), then

1
X

i, j

�|i� j|xix j 
2

1 � �

1
X

i=1

x2
i .
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23.16 Conjugate gradient method

Exercise 37. Show with the help of an example that if the step length ↵ is badly chosen, the gradient descent
might diverge.

Hint: The iteration for gradient descent is given by xk+1 = xk � ↵r f (xk). Consider the 1D case

Exercise 38. Verify that the functions Tk(t) given by (??) are indeed polynomials of degree k. hint: Use the
formula

cos(k + 1)x = � cos(k � 1)x + 2 cos kx cos x
and similar formula for cosh(k + 1)x to establish a recurrence relation between Tk(t).

Exercise 39. The conjugate-gradient method is applied to the minimization of a function. At some iteration
the following data were given: ri = (5, 3,�1)T and pi = (4,�2, 1)T . Why cannot these data be correct?

Exercise 40. Show that the conjugate-gradient method can be adjusted to take adavantage of some initial
guess x0 , 0 by taking r0 = b � Ax0.

Hint: Show that this is equivalent to applying the method to a related linear system with initial guess
equal to zero.

Exercise 41. Assume we have a diagonal matrix A of order of N = 100, the eigenvalues of which are in the
range of [10�p, 1], for p = 1, 2, 3, respectively. Since all eigenvalues of A are positive, A is SPD.
a) For each p, construct the diagonal matrix A with eigenvalues equally distributed in the range [10�p, 1],

i.e., �i = 10�p + i(1�10�p)
N�1 , i = 0, 1, . . . , N-1. Use both steepest descent and CG method (without pre-

conditioning) to solve Ax = b with b = rand(N,1) and the starting vector x0 = rand(N,1). Build a table
to compare the iteration steps or plot the residuals for both methods (Keep other parameters such as
tolerance the same). Which method converges faster?

b) Now let us consider another distribution of eigenvalues in the range[10�p, 1], i.e., �i = 10�p + (1 �
10�p) cos i⇡

2(N�1) , i = 0, 1, . . . , N-1. Then follow the same procedure as in (a). Compare the iteration steps
of (a) and (b). Which method converges faster? Can you explain?

(Hint: In (b), the eigenvalues are clustered close to 1.)

Exercise 42. If B 2 Rn⇥n is a symmetric and positive definite matrix, by choosing B as an approximation to
A�1, x ! Bx can be computed fast. Therefore we would have an equivalent linear system BAx = Bb. Aim
of preconditioning is to require that cond2(BA) ⌧ cond2(A), in order to have a faster convergence of the CG
method.

a) Let B 2 Rn⇥n be a given symmetric and positive definite matrix and consider the problem B
1
2 AB

1
2 y = B

1
2 b.

Derive the CG-algorithm to solve Ax = b, but reformulate it in order to obtain an algorithm where the
full matrix B

1
2 AB

1
2 is not used.

b) Let us consider the following preconditioners:
1) Jacobi method: BJ = D;
2) Symmetric Gauss-Seidel method: BS GS = (D + L) · (D�1(D + U));
3) Symmetric SOR method: BS S OR =

1
2�! (( 1

�! + L) · ( 1
!D)�1( 1

!D + U)) for ! = 1.5.

Using Matlab’s function pcg, test the CG-solver with and without the given preconditioners for the Poisson
matrix

A = diag(�Id, B, Id) 2 RN2⇥N2
, B = diag(�1, 4,�1) 2 RN⇥N ,

with Id 2 RN⇥N and the right-hand side b = (1 · · · 1) 2 RN2 for N = 1, . . . , 30. Plot the numbers of unknown
vs. the number of iterations.
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1. Consider solving the linear system of equations

Au = f,

by the method of subspace correction. Here A 2 Rn⇥n : Rn 7! Rn is symmetric positive definite.
a) Consider the simple decomposition of Rn

(23.64) Rn =

n
X

i=1

span{ei},

where ei is the i-th column of the identity matrix. Show that the parallel subspace correction method
(with exact subspace solver) is just the Jacobi iterative method.

b) Consider the same decomposition (23.64), show that the successive subspace correction method
(with exact subspace solver) is just the Gauss-Seidel iterative method.

2. Prove that Jacobi method converges for any 2 ⇥ 2 symmetric positive definite matrices.
3. Consider using subspace correction method to solve Au = f ,

a) Show that the parallel subspace correction method for Au = f is equivalent to the modified Jacobi
method for A

e

u
e

= f
e

:
u
e

m = u
e

m�1 + R
e

( f
e

� A
e

u
e

m�1)

b) Show that the successive subspace correction method for Au = f is equivalent to the modified G-S
method for A

e

u
e

= f
e

:
u
e

m = u
e

m�1 + (R
e

�1 + L
e

)�1( f
e

� A
e

u
e

m�1).

Define B
e

= (R
e

�1 + L
e

)�1, prove that B = ⇧B
e

⇧ 0, where B is the preconditioner of the original SSC
iteration

um = um�1 + B( f � Aum�1).

4. Consider the linear system Au = f . Here A : Rn⇥n ! Rn is an SPD matrix. Consider the following
iterative method

um = um�1 + B( f � Aum�1),(23.65)

where B is an arbitrary matrix. And we have a symmetrized iterative method,

um = um�1 + B̄( f � Aum�1),(23.66)

where B̄ = BT +B�BT AB. Construct an example such that the iteration (23.65) converges, while (23.66)
does not.

5. Assume that H is a Hilbert space, and Hi ⇢ H (i = 1, · · · ,m) is a sequence of subspaces. Assume that
PHi : H ! Hi are the projections defined by

(PHi u, v) = (u, vi), 8vi 2 Hi, i = 1, · · · ,m.

Prove that

lim
k!1

(PH1 · · · PHm )k = PH1\H2\···\Hm ,

where PH1\H2\···\Hm is the projection from H to H1 \ H2 \ · · · \ Hm.
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6. Consider the Poisson equation
(

��u = f , in ⌦
u = 0, on @⌦

discretized by linear finite element method on a uniform triangulation grid (see Figure 6) of ⌦ = (0, 1)⇥
(0, 1) with mesh size h. Here, we have

0 = x0 < x1 < · · · < xn+1 = 1, x j =
j

n + 1
, ( j = 0, · · · , n + 1).

and
0 = y0 < y1 < · · · < yn+1 = 1, y j =

j
n + 1

, ( j = 0, · · · , n + 1).

�
�

�
�
�
�

�
�

�
��

�
�
�

��
�
�

�
��

�
�
��� �

h =
1

n + 1

N = n2

Fig. 23.12. Two-dimensional uniform grid for finite element method

The weak form is: Find uh 2 Vh, such that

(23.67) a(uh, vh) = ( f , vh), 8 vh 2 Vh

where a(uh, vh) =
R

⌦
ruh · rvh and ( f , vh) =

R

⌦
f vh, and Vh is the corresponding linear finite element

space. Take vh = �h
i, j where �h

i, j is the basis function at point (xi, y j), from (23.67), we have

4ui, j � ui�1, j � ui+1, j � ui, j�1 � ui, j+1 = fi, j,

where fi, j = ( f , �h
i, j). This leads to the following linear system of equations.

Au = f.

where A = tridiag(�I,B,�I) and B = tridiag(�1, 4,�1) and u = (ui, j) and f = (fi, j) with i and j both
follow the lexicographic ordering.
Implement the following Gauss-Seidel method:

Gauss-Seidel method: [u] = GS(u, f, n)
1. For j = 1 : n
2. For i = 1 : n
3. ui, j  (fi, j + ui�1, j + ui+1, j + ui, j�1 + ui, j+1)/4
4. end For
5. end For

Given an initial guess u0, consider the Gauss-Seidel iteration as follows:

445



23.17. NONCONFORMING FINITE ELEMENT METHOD Jinchao Xu

1. k  0
2. While kf � Aukk/kf � Au0k > Tol
3. [uk+1] = GS(uk, f, n)
4. k  k + 1
5. end While

a) Choose right hand side f and initial guess u0 freely (constant right hand side and random initial
guess are recommended), and set the tolerance to be Tol = 10�6. Make a table to report the number
of iterations, convergence factor (kf � Aukk/kf � Auk�1k ), and CPU time for h = 2�3, 2�4, 2�5, 2�6.

b) Ti (i = 1, · · · , J) is a sequence of meshes formed by uniform refinement (figure 23.15), with mesh
size hi. Assume that

n

�(i)
k

oni

k=1
is the set of nodal basis function on Ti (i = 1, · · · , J). The expanded

Fig. 23.13. A sequence of uniformly refined mesh

system A
e

u
e

= f
e

can be formed by

A
e

=
⇣

(�(l)
i , �

(k)
j )

⌘

, i = 1, · · · , nl, j = 1, · · · , nk, l, k = 1, · · · , J,
f
e

(l)
i = ( f , �(l)

i ), i = 1, · · · , nl, l = 1, · · · , J.

Choose h1 = 2�3 (and hi+1 = hi/2), J = 4, form the expanded system A
e

u
e

= f
e

and use Gauss-Seidel
method to solve this expanded system.

23.17 Nonconforming finite element method

Exercise 43. Consider the Poisson problem with Dirichlet boundary condition
(

��u = f , x 2 ⌦,
u = 0, x 2 @⌦.

The variational form of this problem is: find u 2 H1
0 s.t.

a(u, v) = hu, vi, 8v 2 H1
0 ,

where a(u, v) = (ru,rv)L2 . Define space

VCR
h =

�

v : v |K2 P1(K), v is continuous at the midpoint of each edge
 

.

The non-conforming finite element discretization is: find uh 2 VCR
h s.t.
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ah(uh, vh) = ( f , vh)L2 , 8vh 2 VCR
h ,

where ah(uh, vh) =
P

K
(ruu,rvh)L2 . Prove the following error estimate holds

|u � uh|1,h :=
0

B

B

B

B

B

@

X

K

|u � uh|21,K
1

C

C

C

C

C

A

1/2

 Ch,

where C is a constant independent of h.

Exercise 44. Define space

VCR
h =

�

v : v |K2 P1(K), v is continuous at the midpoint of each edge
 

.

1. Find the nodal basis functions { 1, · · · , n} of VCR
h .

2. Prove that
R

⌦
 i jdx = 0, for any i , j.

23.18 Take-home exams

Due to October 21, 2018. Please try to do all the problems

1. Given

A0 =

0

B

B

B

B

B

@

1 �1 0
�1 2 �1

0 �1 1

1

C

C

C

C

C

A

, b =

0

B

B

B

B

B

@

�1
�1

2

1

C

C

C

C

C

A

2 R(A0)

a) Prove that A0 is positive semi-definite and find all the eigenvalues and eigenvectors of A0.
b) Prove that (A0 + ✏I)x = b is uniquely solvable for ✏ > 0 and also solvable (and unique up to a

constant vector) for ✏ = 0.
c) Apply the Gauss-Seidel method for (A0 + "I)x = b

8

>

>

>

<

>

>

>

:

a11xm
1 + a12xm�1

2 + a13xm�1
3 = b1

a21xm
1 + a22xm

2 + a23xm�1
3 = b2

a31xm
1 + a32xm

2 + a33xm
3 = b3

Using the initial guess x0 = b, record the minimal number of iteration m satisftying the stopping
criterion that kAxm � bk  10�6:

" # of iter = m
1.
10�1

10�2

10�3

10�4

10�5

10�6

10�7

10�8

10�9

0. [singular case]

d) Provide a theoretical analysis of kx�xmkA for small ✏ > 0 and ✏ = 0, respectively. Use this theoretical
result to justify the numerical results you got.

447



23.18. TAKE-HOME EXAMS Jinchao Xu

2. Assume that

K = tetrahedron = [a0, a1, a2, a3] ✓ R2,

P = P2(K) = {p(x) : p(x) is a polynomial on K and its order  2},

N(v) = {v(a1) : 0  i  3} [
n

v(ai j) : 0  i < j  3
o

, ai j =
1
2

(ai + a j).

Prove that the triple (K,P,N) is a well-defined finite element space.
3. Assume that ⌧ is a d-simplex in Rd (d = 2 or 3). Namely, ⌧ is a triangle in R2, and a tetrahedron in R3.
�i (i = 1, · · · , d + 1) is the barycentric coordinate at vertex i. Prove that

Z

⌧
�↵1

1 �
↵2
2 · · · �

↵d+1
d+1 dx = |⌧| d!↵1!↵2! · · ·↵d+1!

(d + ↵1 + ↵2 + · · · + ↵d+1)!
.

4. Define space

VCR
h =

�

v : v |K2 P1(K), v is continuous at the midpoint of each edge
 

.

a) On each element K, find the nodal basis in terms of barycentric coordinates �1, �2 and �3.
b) Find the nodal basis functions { 1, · · · , n} of VCR

h and prove that
R

⌦
 i jdx = 0, for any i , j.

c) Let Qh : L2(⌦) 7! VCR
h be the L2 projection. Given any f 2 L2(⌦), find explicit expression of ↵i( f )

such that

(Qh f )(x) =
n

X

i=1

↵i( f ) i(x)

d) Prove that, for any u 2 H1(⌦)

ku � QhukL2(⌦) = inf
vh2VCR

h

ku � vhkL2(⌦)  Ch|u|1,⌦.

5. For any smooth function v 2 C1, the interpolation operators are defined as

• ⇧hv =
N
P

i=1
v(ai)�(0)

i , where N is the total number of vertices in the mesh, ai are the vertices.

• ⇧curl
h v =

NE
P

i=1

⇣

R

ei
v · ⌧ei dl

⌘

�(1)
i , where NE is the total number of edges in the mesh, ei is the ith edge,

⌧ei is the unit tangential vector along the edge.

• ⇧div
h v =

NF
P

i=1

⇣

R

Fi
v · nFi ds

⌘

�(2)
i , where NF is the total number of faces in the mesh, Fi is the ith face,

nFi is the unit outer normal vector of the face Fi.

• ⇧0
h v =

NT
P

i=1

⇣

R

Ti
vdx

⌘

�(3)
i , where NT is the total number of elements (tetrahedrons) in the mesh, Ti is

the ith element.
Prove that all the diagrams shown in Fig. 5 are commutative, namely

a) grad⇧hv = ⇧curl
h gradv.

b) curl⇧curl
h v = ⇧div

h curlv.
c) div⇧div

h v = ⇧0
h divv.

6. Based on the nested sequence of grids as showing in Fig. 23.15, we have a nested sequence of linear
finite spaces

V1 ⇢ V2 ⇢ · · ·VJ = Vh,

448



CHAPTER 23. EXERCISES Jinchao Xu

0 �������! C1
grad�������! C1

curl�������! C1
div�������! C1 �������! 0

?

?

?

?

?

y

⇧h

?

?

?

?

?

y

⇧curl
h

?

?

?

?

?

y

⇧div
h

?

?

?

?

?

y

⇧0
h

R �������! H1
h

grad�������! Hcurl
h

curl�������! Hdiv
h

div�������! L2
h �������! 0

Fig. 23.14. Exact sequences and commutative diagrams

Fig. 23.15. A sequence of uniformly refined mesh

where Vk =
n

�k
i

onk

i=1
with

n

�k
i

onk

i=1
being the set of nodal basis function on mesh Tk (k = 1, · · · , J) Assume

that Rj : V 0j ! Vj represents the Jacobi method and ik is the inclusion operator from Vk to Vh. The
operator form of PSC is given by

Bh =

J
X

k=1

ikRki0k.

a) For any fh 2 V 0h, compute Bh fh in terms of nodal basis functions on all levels
n

�k
i : i = 1 : nk, k = 1 : J

o

.

b) Prove that the matrix representation of Bh is given by

B̃ =
J

X

k=1

IkD�1
k IT

k ,

where Dk is the diagonal matrix of the sti↵ness matrix on Vk, Ik is the restriction matrix between Vk
and Vh. That is, the (i, j)-th element of Ik is given by �k

j(xi), where xi is the ith node on mesh TJ .
7. We consider the following Stokes problem on the computational domain [0, 1] ⇥ [0, 1]:

(23.68)

8

>

>

<

>

>

:

��u + rp = f in⌦,
divu = 0 in⌦,

u = 0 on @⌦.

a) Define the a(·, ·) and b(·, ·) so that the variational formulation of the above Stokes equation is as
follows: Find u 2 V := (H1

0(⌦))2 and p 2 Q := L2
0(⌦) such that

(23.69)
⇢

a(u, v) + b(v, p) = hf, vi 8 v 2 V
b(u, q) = 0 8 q 2 Q.
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b) Let Vh ⇢ V consist of piecewise quadratic functions and Qh ⇢ Q consist of piecewise constant
functions. Write out the corresponding finite element discretization for the Stokes equations

c) Write out the sti↵ness matrix of the finite element problem in the form of


A BT

B 0

�

, and write A and
B in terms of certain basis functions for Vh and Qh.

d) Prove that B has full rank.

Fig. 23.16. The computational domain.

8. Assuem that A 2 Rn⇥n is SPD and B 2 Rn⇥m is of full-rank. Prove that the following “preconditioned
matrix” (with S = BA�1BT ):

✓A 0
0 S

◆�1 ✓

A BT

B 0

◆

only has three distinctive eigenvalues: 1, (1 ±
p

5)/2. Determine the multiplicity of these eigenvalues.

23.18.1 Final
Due time: 5pm, December 12, 2018

Instruction
1. You are required to work on all the problems.
2. No finite element software can be used to do the programming problem. Email me (via xu@math.psu.edu) all the

source code with your computational results.
3. Online submission of your solutions via email xu@math.psu.edu is encouraged.
4. If it is not 100% online submission, please place your hand-written solutions to the exam problems under the door

of my o�ce: 314 McAllister Building
Problem: Consider the following 2nd order elliptic boundary value problem

(23.70)
(�r · (↵ru) = f , in ⌦,

u = 0, on @⌦.

The Hybridized DG formulation of problem (23.70) is: Find (ph, uh, ûh) 2 Qh ⇥ Vh ⇥ Mh such that for any
(qh, vh, v̂h) 2 Qh ⇥ Vh ⇥ Mh,

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

P

K
(cK ph, qh)K +

P

K
(uh,r · qh)K �

P

K
hûh, qh · ni@K = 0,

P

K
(r · ph, vh)K �

P

K
⌧huh, vhi@K +

P

K
⌧hûh, vhi@K = �h f , vhi,

�P

K
hph · n, v̂hi@K +

P

K
⌧huh, v̂hi@K �

P

K
⌧hûh, v̂hi@K = 0,

(23.71)
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where K 2 Th is an arbitrary element and cK = (↵ |K)�1. The operator form of the left-hand side of the above
system is:

✓A B0
B �C

◆

B0 is the adjoint operator of B. Here,
✓

A
✓ph
uh

◆

,
✓qh
vh

◆◆

=
X

K

✓

AK

✓ph
uh

◆

,
✓qh
vh

◆◆

K
,

✓

B
✓ph
uh

◆

, v̂h

◆

=
X

K

✓

BK

✓ph
uh

◆

, v̂h

◆

K
.

And
✓

AK

✓ph
uh

◆

,
✓qh
vh

◆◆

K
=

✓(cK ph, qh)K + (uh,r · qh)K
(r · ph, vh)K � ⌧huh, vhi@K

◆

,
✓

BK

✓ph
uh

◆

, v̂h

◆

K
= �hph · n, v̂hi@K + ⌧huh, v̂hi@K .

Define finite element space

Qh =
⇢

q 2
h

L2(⌦)
i2

: q |K2 (P0)2 + P0x
�

,

Vh =
n

v 2 L2(⌦) : v |K2 P0
o

,

Mh =
n

v̂ 2 L2(Eh) : v |e2 P0 and v |E@h=0

o

.

Here, P0 is constant space. Eh is the union of all edges in the mesh Th and E@h = Eh \ @⌦.

1. We can discretize problem (23.70) by mixed finite element method with the lowest order Raviart-
Thomas element. That is, find (ph, uh) 2 QRT

h ⇥ Vh, such that for any (qh, vh) 2 QRT
h ⇥ Vh,

(

(cph, qh) + (uh,r · qh) = 0,
�(r · ph, vh) = h f , vhi.(23.72)

Here the QRT
h is defined as

QRT
h =

(

q 2
h

L2(⌦)
i2

: q |K2 (P0)2 + P0x,
Z

e
[q] = 0,8e 2 Ei

h

)

,

where Ei
h = Eh \ E@h is the set of all inner edges in the mesh Th.

a) Verify that the following are local basis functions of QRT
h and Vh in element K = [a1, a2, a3] respec-

tively

(23.73)
�i =

x � ai

2|K| , where the D.O.Fs are NRT
e (q) =

Z

e
q · n, 8e 2 @K.

'i = 1, where the D.O.F is NV
K (u) =

1
|K|

Z

K
v.

b) Prove that the solution (ph, uh) to this problem (23.72) is the same with the solution (ph, uh) to
problem (23.71) when ⌧ = 0.
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2. We also can discretize problem (23.70) by non-conforming finite element method with CR element,
which is defined as

VCR
h =

(

vh 2 L2(⌦) : vh |K2 P1(K),
Z

e
[vh] = 0, 8e 2 Ei

h, and vh = 0 at midpoints of e 2 E@h
)

.

The non-conforming finite element discretization of problem (23.70) is: find uh 2 VCR
h such that for any

vh 2 VCR
h ,

X

K

Z

K
↵ruh · rvh = h f , vhi.(23.74)

a) Verify that the local basis functions of VCR
h corresponding to the D.O.F NCR

e (u) = 1
|e|

R

e u in element
K are 1 � 2�i, where �i are the barycentric coordinates in K. Then, the local basis functions of Mh
corresponding to NCR

e (·) are

�̂e =

(

1 on e,
0 otherwise.

The one-to-one correspondence between the basis functions of VCR
h and Mh can be given by the

D.O.Fs NCR
e (·).

b) For piecewise constant ↵, prove that the sti↵ness matrix of problem (23.74) is exactly the same with
C+BA�1BT of HDG when ⌧ = 0 under the one-to-one correspondence between VCR

h and Mh above,
where C + BA�1BT is the matrix form of Schur complement C + BA�1B0.

c) Find out the exact relationship between the HDG when ⌧ = 0 and the CR elements.
3. For any ⌧ � 0, prove that the Schur complement C+BA�1B0 or its matrix form C+BA�1BT is symmetric

positive definite.
4. Consider the case that ⌦ = [0, 1] ⇥ [0, 1] and that ↵ = 1. This ⌦ is partitioned into two triangles by a

line connecting (0, 0) and (1, 1) (see figure 23.17 for the mesh and the indices for of vertices, edges and
elements).

a) Compute the sti↵ness matrix and right hand side of HDG formulation (23.71) with ↵ = 1. Hint: On
each element K, the basis functions of Qh are given by

✓1
0

◆

,
✓0
1

◆

,
x � x0

h
,

where x0 is right-angled vertex of element K. The basis functions of (ph, uh) on each element are
suggested to be written together to make A block-diagonal.

b) Compute the sti↵ness matrix for the RT mixed finite element formulation (23.72) by using the basis
functions in (23.73).

c) Compute the sti↵ness matrix for nonconforming CR element for (23.74).
5. For the uniform mesh of ⌦ = [0, 1] ⇥ [0, 1] with mesh size h (figure 23.18), find the matrix form of the

operator
✓A B0
B �C

◆

.

6. Implement this HDG discretization. The computation domain is ⌦ = [0, 1] ⇥ [0, 1]. Use uniform grid to
partition ⌦ (figure 23.18). Verify the correctness of your code by convergence test. That is, choose the
exact solution to be

u(x, y) = sin(⇡x)sin(⇡y),

and ↵ = 1. Compute the corresponding f and use it in your code. For h = 1, 1/2, 1/4, 1/8, 1/16, 1/32,
evaluate kuh � ukL2 and kph � pkL2 . If the code is correct, you should be able to see the first order
convergence when ⌧ = 0. That is to say, if the mesh size if halved, the error is also halved. Please report
the numerical behavior when ⌧ > 0.
a
e
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Fig. 23.17. A coarse mesh

Fig. 23.18. Uniform mesh
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