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Non-symmetric and/or indefinite problems

¢! In this chapter, we give a brief discussion on a class of problems whose underlying PDE operators are
not symmetric positive definite. Two classes of problems will be considered.
We will mainly use some perturbation arguments to study these problems.

10.1 Some examples

10.1.1 General second elliptic boundary value problems

10.1.2 Second order problems with complex coefficients
We consider the following problems:

(10.1) -V (aVu) =f.

with boundary condition u = 0.
LetV = H(l)(Q) be the Sobolev spaces of complex functions. The variational formulation of (10.1) is:
FindueV

(10.2) a(u, ¢) = (@Vu, Vo) = (f,¢) Ve V.

Uniqueness

To study the well-posedness of the problem (10.4), let us first study the uniquess. We assume that u € V
is such that:

(10.3) aw,$)=0 VpeV.

We need to see under which conditions that only u = 0 satisfies (10.3). To see this, let us first derive an
equivalent formulation of (10.4).
We write:
a=a+iB,u=u+iv,f = f+ig.

We note that
aVu = (aVu — bVv) + i(bVu + aVv).

It is easy to see that (10.4) is equivalent to: Find u € V such that

(10.4) Re(aVu, Vg) + Im(aVu, Vy) = (f, ¢) + (g, ¥), Vo, p e V.
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10.2. NONSYMMETRIC AND/OR INDEFINITE LINEAR PROBLEM#hchao Xu

Let
w= (), ¢ = (6.4
and
a(u, @ = Re(aVu, V¢) + Im(aVu, V¢) = (aVu — bVv, V@) + (bVu + aVv, V).
Then
a((u,v), (u,v)) = (aVu, Vu) + (aVv, Vv)
and

a((u,v), (u, —v)) = (bVu, Vu) + (bVv, Vv).
Using the standard theory (such as Lax Milgram Lemma), we have

Lemma 69. The variational problem (10.4) has at most one solution if one of the following conditions is
satisfied:

1. There is a complex number 3y and a positive constant ¢, satisfying:
Re(Boa(x)) > ¢y, Vxe Q.
2. There are two constants «, 3 such that
aa(x) + Bb(x) = 6y > 0.

This condiiton implies
la(w, Bow)| = colVw?,  ¥w e V.

10.1.3 A perturbation result

Define the bilinear form
a(u,v) = (Vu, Vv).

Given any subspace V; C V, we define P;, P; : V - V; be the projections defined by
a(Pau,vy) = a(u,vy), a(Pu,v;) = a(u,v;), ueV,v;eV,.
It follows that
a(P; = Pu,v)) = a(Pu, v)) = a(Pyu, v;)
= a(Pi — Du,vi) — a; ' a((Pi = Du, )

=a;! f(a'i —a)(V(P; — Du, Vv;)
Q

This implies that, if @ is smooth and if V; C Hé (2)), then

I(P; = Piyuli o, < diam(Q))|ul; o,

10.2 Nonsymmetric and/or indefinite linear problems

In this section, we shall study a class of iterative methods for solving nonsymmetric or indefinite equa-
tions that are governed by some SPD systems. Straight iterative schemes as well as preconditioning tech-
niques will be discussed.

This section is based on some early work by Xu and Cai [.xu cai.] and Xu [.xu-ncs.]. In [.xu cai.], a
class of preconditioners are presented for GMRES type algorithms and in [.xu-ncs.] a class of linear iterative
methods are developed. The algorithms in both [.xu cai.] and [.xu-ncs.] are built upon a small subspace
solver and a given iterative method for the SPD operator that governs the equation, but the techniques used
in these two papers are quite different. In this paper, we shall give a unified treatment for these algorithms,
present some improved estimates and also propose some new preconditioners. We would like to mention that
certain modifications for the algorithms in [.xu-ncs.] have been made by Bramble, Leyk and Pasciak [.blp.].
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CHAPTER 10. NON-SYMMETRIC AND/OR INDEFINITE PROBLEMi$%chao Xu

Model problems
In this section, we shall discuss finite element discretizations for nonsymmetric and/or indefinite linear

partial differential equations. These results, mostly well-known, lay down the ground for the further analysis
of nonlinear problems.

Linear elliptic partial differential operators

Let @, B,y (with the ranges in R>2, R? and R! respectively) be smooth functions on @ satisfying, for
some positive constant ay, that

&a(é > aolél V&R
We shall study the following two linear operators
(10.1) Lv=—-div(e(x)Vv) and Lv=_Lv + B(x) - Vv + y(x)v.

Obviously £ : HI(Q) — H (@) is an isomorphism. Our basic assumption is that £ : H}(Q) —
H-1(Q) is also an isomorphism. (A simple sufficient condition for this assumption to be satisfied is that

y(x) 20,)¢
An application of the open mapping theorem yields

(10.2) il SNLvl-r Vv e HY(Q).

It is easy to see that if £ satisfies the above assumption, so does its formal adjoint:
Lru = —div(a(x)Vu + B(x)u) + y(x)u.
Namely L 7—(01 (Q) — H™'(Q) is also isomorphic and satisfies (10.2).

Corresponding to £ and f, we define two bilinear forms, for u, v € 7{0' (£), as follows

(10.3) A(u,v) = fa(x)Vu SVvdx, A(u,v)=Au,v) + f((,B -Vu)v + y(x)uv) dx.
Q Q

We shall often use the following well-known regularity result (using (10.2)).
Lemma 70. Ifu € (H(; (Q) and Lu € L2(Q), then u € H*(Q) and
lullz < Cll Lul

for some positive constant C depending on the coefficients of £ and the domain Q.

Finite element discretizations

We assume that Q is partitioned by a quasi-uniform triangulation 7, = {r;}. By this we mean that 7;’s
are simplexes of size & with & € (0, 1) and Q = U;T; and there exist constants Cy and C; not depending on &
such that each element 7; is contained in (contains) a ball of radius C; A (respectively Coh).

For a given triangulation T}, a finite element space V;, c V = 7{& (Q) is defined by

Vy={veC@Q) : v, €V, Vr1eTyvse =0}
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10.2. NONSYMMETRIC AND/OR INDEFINITE LINEAR PROBLEM#hchao Xu

where V" is the space of polynomial of degree not greater than a positive integer r. For a given v € C(Q),
v; € V;, will denote the standard nodal value interpolation of v.
It is well-known that (cf. [.ciarlet 1978.]) V), satisfies the following approximation property

(10.4) inf {[lv = xllo,p + Allv = xll p} < B Wlips
/\/Eq/h
forallve(Wf,(Q)ﬁ'Hol(Q),ZskS r+land1 < p<oo.
Let P, : V — YV, be the standard Galerkin projection defined by
(10.5) APyv.x) = A, x) ¥ x € V.

Using Lemma 70 and a standard duality argument, we have

(10.6) v =Pl S kvl Y veV.

For the nonsymmetric and/or indefinite problems, the following result (based on Schatz [.Schatz 1974.]), is
of fundamental importance.

Lemma 71. If h < 1, then

Ao, Ao,
(10.7) oy < sup 205D g il < sup A )

Y v, €V
vev,  llelh vev, el

The same results are also valid for € < 1 if A in (10.7) is replaced by A, defined by

Ac(u,v) = f(a/f(x)Vu Vv + (Be - Vu)v + ye(x)uv) dx
Q

with the functions ae, Be, Ve € Loo(Q) satisfying
llr = @ello,o + 118 = Bello,o + 1Y = Yello,o = 62
where 6. = o(1) as € — 0.
Proof. Since L : H}(2) — H~'(Q) is an isomorphism, we have

AV w
gl < sup 20w 1)
weV ||W||1

Note that, by definition and (10.6)

A(vh, Pyw) = A(vh, w) — A(vh, w— Pyw)
= A(vp, w) + (A — A) (v, w — Ppw)
> Ap, w) = cllvallilw = Ppwll
> A, w) = crhllvalliwll;.

The proof of the first estimate in (10.7) then follows by using the fact that ||P,wl|; < ||w||;. The proof of the

second estimate is similar.
For the form A.(:, -), it follows from the assumption that
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CHAPTER 10. NON-SYMMETRIC AND/OR INDEFINITE PROBLEMi$%chao Xu

A, @) = A(vi, @) — cSellvalli Il -

The desired result then follows easily if e < 1. O
Now, define P, : V — V), by

(10.8) APy, x) = Av,x) Y x € V.
Following (10.7) and Lemma 70, we have
Lemma 72. If h < 1, then Py, is well-defined and

llw — Pyull + hllu — Ppully <hoinf lu—xli YueV.
XEVi

The following results show that Pj, and Py, are “super-close” in H'(Q) and ‘W (Q) norms.
Lemma 73. Assume that Pj, and Py, are defined by (10.5) and (10.8) respectively, then
Pyt = Prully < llu = Pyull.
Proof. By definition
APyu = Pru,x) = (A = A - Pru,x) Y x €V

The desired estimates then follow by taking y = Pyu — Ppu. DO
We end this section by stating some basic error estimates for Pj,.

Lemma 74. The projection P;, admits the following estimate

D 1
lle = Prull < A" lully1,

A 1
e — Prully < B lutllir

10.2.1 Two-grid discretizations

In this section, we shall present a number of algorithms for non-SPD problems based on two finite
element spaces. The idea is to reduce a non-SPD problem into a SPD problem by solving a non-SPD problem

on a much smaller space.

The basic mechanisms in our approach are two quasi-uniform triangulations of Q, Ty and T}, with two
different mesh sizes H and h (H > h), and the corresponding finite element spaces Vg and V), which will
be called coarse and fine space respectively. In the applications given below, we shall always assume that

(10.1) H=0(h"), forsome0<2a<1.
With the bilinear form A defined in (10.3), for & < 1, let u;, € V}, be the unique solution of
A, ) = (f ) Yx €V
and denote the bilinear form of the lower order terms of the operator £ (in (10.1)) by

N,x) = (@A -AD,x) =B Vv, x) + (v, x).

Let us now present our first two-grid algorithm.
We note that the linear system in the second step of the above algorithm is SPD.
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1. Find uy € Vy such that  A(ug, @) = (f,9) Y ¢ € Vy.
2. Find u" € Vj, such that A", x) + N(uw,x) = (f,.x) VY x €V,

Theorem 64. Assume u" € V), is the solution obtained by Algorithm 10.2.1 for H < 1, then

h 1
llup, = w'lly < H™ a1

and | X
"
lloe — w®lly < (A" + H™)lull+1

provided that u € H'™*'(Q).

Proof. A direct calculation and an application of Lemma 74 shows that

Ay = u", x) = =N(I = Pp) up, )
S = Prougll 1l
< (Hllu = uplly + 117 = ryull) Iyl
< H M lullr el

The desired result then follows. O
Remark 3. If B(x) = 0 and r > 2, we have

n 2
IPpu — "l <l — ugll—r S H ™ |lull+2

and h +2
r T
lle — w'lly < (A" + H™ )l

Algorithm 10.2.1 can be applied in a successive fashion.

Let ug = 0; assume that ujj € V), has been obtained, "‘ﬁH € V), is defined as follows
1. Find ey € Vg such that A(eH+u§§,tp) =(f,p) YeoeVy.
2.Find u" € V), such that AW, x) + N(ub + e x) = (fix) Y x € Vi

As it is well-known that most linear iterative methods for solving algebraic systems can be obtained by
an appropriate matrix (or operator) splitting. For the nonsymmetric system under consideration, the most
natural splitting would lead to the following iterative method

AU ) + Nk ) = (fx) Y x e Vi

This iterative scheme, however, is not convergent in general. The Algorithm 10.2.1 may be considered as a
modification of this “natural” iterative scheme with recourse to an additional coarse space.

Theorem 65.  Assume u* € V), is the solution obtained by Algorithm 10.2.1 for k > 1, then
h
Nl — wplly < H ully41,

and . .
+
lluw —wylli < (B + H)lully 41
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Proof. By definition and Lemma 74,

Alup, = uj, x) = N = Py ™" = wp), x)
T = Pyl = up)ll Il
H lluf™ = uplly Iyl

NN

This implies
k k—1
llotr, — wplli < Hlluw, — wy, " Iy

Applying the above estimate successively and then using Theorem 64 yield
et = waglly S H oy, = wglly S H el

0

Remark 4. The SPD system in the step of Algorithm 10.2.1 may not be solved exactly. The corre-
sponding algorithms can be found in Xu [.xu-ncs,xu-ncsl1.].

Before ending this section, we present an algorithm for symmetric and indefinite problem (namely B(x) =
0in (10.1)). This algorithm is based on the following finite element space

V= =PV,

1. Find uy € Vy such that A(uH,go) =(f,¢) YepeVy
2.Find ¢, € V), such that  A(e, x) = (f,x) Y x € Vh.
3.u =uy +ep.

We note that the system in the second step of Algorithm 10.2.1 is SPD. But since it is on the space Vs
this system may not be solved very easily. Nevertheless this algorithm is of certain theoretical interests. In
fact, as shown in the next theorem,

e = ully < Ca+ Hlull
if the linear finite element is used.

Theorem 66. Assume u"* € V), is obtained by Algorithm 10.2.1, then

h 2
llu = u"lly S (A" + H™)lull 41
Proof.  As A is symmetric, so is Py;. Thus

AU - Pyuy) = (fox) YxeV

Therefore s
Ay, — (ug + ep), x) = —(y(u —ug), x) < Hllu = ugllxlly < H ™ llull-+1lllls-

where we have used the fact that ||y|| < H|lyl|; for y € (f/h. The desired result follows by taking y =
up — (MH + eh) (S (,Vh. 0
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10.2.2 Iteration and precondition
Preliminaries

We assume that V is a given linear vector space V equipped with an inner product (-, -). Let V denote
the space of all linear operators from V to itself. We are interested in solving the equation

(10.2) Au = f,

for a given f € V. Here A € V is a given invertible operator satisfying

A = A+N,
and A € V is SPD in the sense that
(Au,v) = w,Av) Yu,veV and Av,v)>0 if v#0;
the perturbation operator N € V is not SPD in general.

As Ais SPD, (-,-)4 = (A:,-) defines an inner product on V and induces a norm on V, denoted by || - [|4.
Given G € V, we define its A-norm by

IGVl4
IGll4 = sup .
ey 1VIla

The construction of an iterative algorithm for (10.2) often amounts to the construction of a B € V which
behaves like A~!. One approach is to use B to obtain a linear iterative scheme as follows

(10.3) W = uk + B(f - Aub),

for k=0,1,2,---, and any u e V. Obvioulsly a sufficient condition for the convergence of scheme (10.3)
is
n=II-BA|a <1,

and in this case L L
llu = ulla < nflulla
Another approach is to use B as a preconditioner for (10.2) in conjunction with GMRES type methods
(cf. [.gmres],gmres2.]). Unlike the conjugate gradient method for SPD problem, the GMRES method may
not be convergent without proper preconditioning. A preconditioner for the GMRES method is not only to

speed up the convergence but more importantly to guarantee the convergence as well. More precisely, if
there are two constants «g, @; > 0 such that

(BAv,v)s = ao(v,v)a,  1BAVI4 < ailbvlla, YV veV,
then, the GMRES method applying to the preconditioned system
BAu = Bf
with the inner product (-, -), converges at the rate 1 — a/(z) / a% (cf. [.gmres1.]).

Now we assume that a subspace Vo C “V is given, we define an operator Z : Vy +— V,, and three
projections Qq, Py, P, : V +— YV by, for all uy, vy € Vy,

(Zug, vo) = (Aug, vy),
and forallu € V,vy € V
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(APou,vo) = (Au,vo), (APu,vo) = (Au,vo),  (Qou,vo) = (u, vo).

It is clear that Z, Py and Qy are well defined. We shall assume that Z is invertible, which implies that P, is
also well-defined. o
By the definitions of P,,Z and Q,

ZP, = Q)A.
It follows that, for a given f € V,
o =2"'00f ifandonlyif (Afg,vo) = (fivo), Y voe€ V.
Many estimates in this paper will be established in terms of the following parameter
N(I - Pu,
(10.4) 5o = sup LU= Fouv)
uvev llullal[vila

The assumption that we shall make late is that dp can be sufficiently small if the subspace V) is properly
chosen.
In the study of preconditioners, we need to use another parameter defined by

< (Nu,v)
0= sup —————.
ey llullallvila
It is easy to see that
(10.5) A" Nllx <.
Observe that § = y if Vy = {0}. Without loss of generality, we assume that 5y < 6.
Lemma 75. For any u € V
(10.6) (P = Pulla < Sollulla, Nl — Poulla < (1 + 6o)llulla-
Proof. It follows from the definitions of P, and P, that
(AP, = Pu,vo) = (NU = Pu,vp), Y ueV,veVy,
which, with vy = (PZ — P,)u, implies the first inequality in (10.6). The second estimate obviously follows
from the first one. [
Linear iterative algorithms

We now present the main algorithm proposed in Xu [.xu-ncs.]. The algorithm depends on a given solver,
represented by a B € V, for A satisfying
Il — BA||4 < 1.

Like in the classic multigrid method, the first step of the above algorithm plays the role of correction on
the small subspace Vy; the second step plays the role of smoothing (by the SPD operator A).
Let us derive the error equation of the above algorithm. Without loss of generality, we assume that p = 1.

Note that f = Au, it follows that
g = f’z(u - uk) and v' = BA(I - ISZ)(u - uk).

Thus . R
u—uktt = (I - BAYUI - P,)(u — ub).

Obviously the Algorithm 10.2.2 is identical to (10.3) if B satisfies
(10.7) I - BA = (I-BA)I-P)).
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Given u” € V. Assume u* is defined for k > 0, then

1. Solve (exactly) the equation on V:
Aollp = Qo(f—AMk)-
2.Setg = f— AWk + ), fori=0,1,---,pand’ =0

vith =V 4+ B(g — AV,

3. =k +ay + 0P,

Theorem 67. Assume that B is given by (10.7), then

I = BAlla <1,
where
(10.8) n=p"+36, p=Il—-BAl.
Consequently

k k 0
e — ulla < (P + 360) ||t — 0|4,

where u* are defined by Algorithm 10.2.2 and u is the solution of (10.2). Therefore the Algorithm 10.2.2 is
convergent if 8y is sufficiently small so that 369 < 1 — p”.

Proof. Without loss of generality, we assume that p = 1. Given u € V, denote uy = f’zu, V= A‘IA(M— ugy)
and w = u — ug. We shall first show that

(10.9) [w=vlla < ollulla, [Vlla < (1 + 260)llulla-
In fact

w =I5 = (Aw = v),w = v) = (A = A)(U — up), w — )
= —(N(u —up),w —v) < dollullallw — 4.

The first estimate in (10.9) then follows. To see the second estimate in (10.9), by Lemma 2.3

VIR = (Av,v) = (A = up), v) = (Au = uo), v) + (N(ut = ug), v)
< (1 +o)llullallvila + SollullallvVlla < (1 + 260)lullallV]la-

Therefore (10.9) is justified.
Thanks to (10.9), the rest of the proof is easy:

(1 = BAYI — P )ulls = |lw — B(AV)|la
< lw=vlla + Ilv = BAWIIa < Sollulla + pllvlla
< (8o + p(1 +280)) llulla < (o + 360) llulla

as desired. [

Preconditioners for GMRES type methods

Based on the theory just developed, a number of preconditioners can be derived in a straightforward
fashion. In particular the preconditioners presented in Xu and Cai [.xu cai.] can be obtained easily with
weaker assumptions.

First, as a direct consequence of Theorem 2.1, we have
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Theorem 68.
(10.10) B=(-BAA;' Q + B,

Then, for allv € V
(BAv,v)x 2 (1 =n)(v,v)a, [IBAV|l4 < (1 +p)lVlla.

The proof of the above theorem is straightforward and hence omitted.
We shall now derive the theory developed in [.xu cai.].

Theorem 69. Let
(10.11) B=wA;'Qy+B.

Then, for n given by (10.8) and for all v € V

A 1 A -
(10.12) (BAv,v)4 2 5(1 =M,V [1BAVIa < (0 +2)(1 +0)lIVlla,
provided that w is sufficiently large and 6 is sufficiently small, e.g.

0 B
>(1+2(5) 60s1 1-7 _
4dw+1+26

(10.13) w2
I-n

s

Proof. Obviously
BA = wPy + BA = (w -1+ BA)Py + Py + BA(I - Py)
= (w—-1+BA)Py + (w -1+ BA)(Py - Py) + Py + BA(I - Py)
By (10.5) and the fact that ||/ — BA||4 < 1, it is easy to show that
Il — BA|l4 < 1 +26.

Hence, by (10.6)
((w— 1+ BAY(Py — Po)v,v)a < (w + 1 +28)S|v]l3.

An application of Cauchy-Schwarz inequality gives
((I = BA)Pgv,v)a < |l = BA|4llPovllallVIla

-7
4

IA

2
[IVI[s-

1 _
—— (1 +28)(|Povll3 +
1-n

Combining the above two estimates with Theorem 68 yields

(1 +26)? 31 -7
4

(BAV, Va2 (w—
1-n

MPovI; + —(w+1+ 25)60) VI3

The first estimate in (10.12) then follows if (10.13) holds. The rest of the proof is straigtforward. O
We are now in a position to derive the main result in [.xu cai.].

Theorem 70. Assume that B is a SPD preconditioner for A and
(10.14) B=wAj'Qy+B.

Then, forallv e V
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A A Ao+ 44 2/1()
BAv, > ———(———— —300)A(v,v),
(BAv, i = S (e = 300A0 )

and

A _Ag+ A
I1BAV|I4 < (w +2)(1 + 8)= 5 !

[IVlla,
provided that w is sufficiently large and &y is sufficiently small. Here
Ao = Amin(BA), A1 = Anax(BA).

Proof. Let B = /loi/h B. Then

A1 = Ao
<

= |l — BA|l4 <
p=Il = BAly < 3

The desired result can be derived from Theorem 69. O

Subspace correction method

The algorithm we have studied above are based on a given iterative algorithm for the SPD problem. In this
section, we shall discuss a special class of iterative methods for SPD problem and discuss the corresponding
Algorithm 10.2.2 and its modification.

Suppose that V used in the definition of Algorithm 10.2.2 coincides with that in the decomposition (??).
Then, if the Algorithm 10.2.2 is applied with Algorithm ??, the subspace problems on V) are solved twice

in each iteration, once for A, and once for 7. We shall remove the solver for Aj from Algorithm ?? and
modify the Algorithm 10.2.2 as follows:

Given u° € V. Assume that u* is defined for k > 1, then we define u**! = #* + v/ where
= uf+ 0.77'(f - Aub)

and, fori=1,---,J, ) ) )
V=V 4 RQi(g - AV
with g = f — Ai* and V0 = 0.

The error equation of the above algorithm is
u— "t =1 - AT - P)u—-ub)
where
(10.15) I-A=U-TpU-Ty-1)---U-T)).

Theorem 71. Assume that w < 2. Then the Algorithm 10.2.2 converges if 6o, given by (10.4), is sufficiently
small. Furthermore the error operator E = (I — A)(I — P,) satisfies

Ella <7
where
2—(,01
10.16 =145 - —m—.
( ) n O K K
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Proof. Obviously, for B defined by (??) with Ry = Aj !
(10.17) I-BA=(-A)I - Py).
A direct manipulation yields
(I-A)I-P)=U-BAI-P,)
+ (I -A)P, - P,))+(B-)NU - P,).
Thus
(I = AT - P yulls < I(I = BAYT - P_)ulls
+ | = AP, = Pulla + ((B-)N(I = Pulls
=h+5L+16.
The estimate of [ is given by Theorem 67
I < (p +360)lulla

= |-
wherep = 1 R k)

1. Hence, by (10.6)

by Theorem ??. By the assumption on R;, || — Ti||4 < 1 which implies that || — Al|4 <
L < [P = Pulls < Sollulla.
It remains to estimate /3. We first note that, by (10.17), (B—)A = (I — A)P,. Thus
IB-)Alla = [l — AllallP:]la < 1.
Let “#” and “+” denote the transpositions with respect to the inner products (-, -) and (A-, -) respectively, then

I(B=)Alla = Il(B-)ATlla = [I(B-)Alla < 1.

Consequently
(B-)N(I — P_)ull;
= ((B-)N( - P)u, A(BB-)N(I - P.)u)
< Sollullall(B=Y'A(B-)NUI = P.)ull5
< Sollullall(B-YAllall(B-)N(I = P,)ulla
< Sollullal(B=)N(UI = P_)ulls.

Hence

I = I(B-NU = P )ulls < &ollulla.

The desired estimate then follows. O
With the subspace correction methods for the SPD problem, we shall now disucss the corresponding
preconditioners studied in Section 3.2.

Theorem 72. For B given by (10.15), we have
(10.18) B=-BAA,' Qo+ B,
Then, for n given by (10.16) and for all v € 'V

(BAv,v)x = (1 =, v)a,  1BAVIIA < (1 +mIWla.
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Because of Theorem 71, the proof of this theorem or the next one is identical to that of Theorem 68 or
Theorem 69.

Theorem 73. For B given by (10.15), define

N

(10.19) B=wA;'Qy+ B.
Then, for allv € V
A 1
(BAv,v)4 > 5(1 - AW, V),

and R -
1BAV||I4 < (w + 2)(1 + 0)|Vlla,

provided that w is sufficiently large and 6 is sufficiently small.

Note preconditioner (10.19) may also be applied in the SPD case.

Theorem 74.
J
(10.20) B =wA;' 0+ ZR,Q,-.
i=1
Then, forallv € V
PN Ao+ 44 240
BA 5 > - 46 s ’
(BAv,v)a ) (/11 T 0)(V, V)
and et
A A - +
IBAVIIs < (@ +2)(1 + &) =L lla,

provided that w is sufficiently large and dy is sufficiently small.

Proof. Using the obvious identity
BAAZPQ—P0+(M—1)p0+BA,

the desired result then follows by (10.6) and Theorem 70. U

10.3 Nonlinear Problems

10.3.1 Introduction

The main purpose of this paper is to present some discretization techniques based on two (or more) finite
element subspaces for solving partial differential equations (PDE). Examples under our study here for this
technique are linear as well as nonlinear second order elliptic boundary value problems. Inspired by Xu [.xu-
ncs,xu-ncs1.] for a method to solve nonsymmetric and indefinite linear algebraic systems, we employ two
finite element subspaces, Vy and V), (with mesh size & < H), in our discretization schemes. On the coarser
space Vg, we use the standard finite element discretization to obtain a rough approximation uy € Vy and

then solve a linearized equation based on uy to produce a corrected solution u" € V. A remarkable fact
about this simple technique is that the space Vy can be extremely coarse (in contrast to V) to still maintain
the optimal accuracy. For example, if the piecewise linear finite element is used for a semilinear equation,

u" is asymptotically as accurate as the standard (nonlinear) finite element discretization in the finer space
VyiftH = O(h%). Moreover, if two linearized systems are solved on V), it suffices to take H = O(hé). This
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means that solving a nonlinear equation is not much more difficult than solving one linear equation, since
dim Vy < dim V), and the work for solving uy is relatively negligible.

The two-grid algorithm is also extended to multiple subspaces V), and optimal estimates are obtained
with, for example, h; = O(H*|log H|) and hj = h?_lllog hj-1l (2 < j < J). This type of algorithm is re-
lated to the so-called projective Newton’s method studied by Vainikko [.vainikko.] and Witsch [.witsch.].
A convergence analysis of this algorithm was given in Rannacher [.RC80.] and recently in [.R91.]. Similar
methods have also been studied by Bank [.bank nonlinear.] for the multigrid iterative solution of the nonlin-
ear algebraic systems resulted from the standard finite element discretization. For other multigrid methods
for nonlinear problems, we refer, for example, to Brandt [.brl.], Hackbusch [.Ha85.] and Reusken [.Re88.]
and the references cited therein.

Our method is also in a way related to the so-called mesh independence principle (MIP) that has been
studied, for example, in [ AMP79, ABPR86, AB87, DP90, DETS82, R91.] (and other references cited therein)
for solving nonlinear differential equations by the Newton iterations. MIP refers to the fact that the number
of Newton iteration in solving the discretized (by finite difference or finite element) nonlinear differential
equation is asymptotically independent of the discretization parameters such as the mesh size. With the
method in this paper, a stronger MIP holds: only one Newton iteration is sufficient. (In this statement, of
course, we did not consider the number of Newton iterations needed to solve the nonlinear system from the
coarse grid, which requires very little work as compared with the one Newton iteration in the fine grid.)

The error analysis of our two-grid methods is based on some .£” and (W[l, estimates (2 < p < oo) for the

standard finite element discretization. The case p = 2 and p = oo have been studied by many authors (cf.
Schultz [.schultz 1971.], Douglas and Dupont [.DD75.], Nitsche [.NN77.], Johnson and Thomée [.JT75.],
Rannacher [.Rannacher 1977.], Frehse [.Frehse eine 1976.], Mittelmann [.mittelmann 1977.], Frehse and
Rannacher [ .FR76,FR78.], Rannacher [.Rannacher Calcolo.], Nitsche [.NN76.], Dobrowolski and Rannacher
[.DR80.]), but the case p # 2 or co can not be found in the literature. Because of their independent theoretical
interests (in addition to the application in this paper), we shall give detailed derivation of these estimates (in
§3). One main idea in our analysis is to linearize the nonlinear partial differential equations at the exact solu-
tion and consider its finite element discretizations. Such an idea has been used in most of the aforementioned
papers, but our analysis appears to be much simpler. One observation that plays a significant role in our anal-
ysis is that the finite element approximation of the nonlinear equation is *“super-close” to the finite element
approximation to the aforemented linearized equation. As a result, the analysis of nonlinear problems is, in
a straightforward fashion, reduced to the analysis of linear problems. For this reason, we shall give a brief
presentation on the finite element theory for linear problems (in §2) and in particular on some estimates for
some discrete Green’s functions.

It is also observed that that the the finite element solution of a nonsymmetric and/or indefinite linear
equation is “super-close” to the finite element solution of some symmetric positive definite equation. These
facts are useful for both the theoretical analysis and the design of efficient solvers for the resultant algebraic
systems. In fact, we shall present several algorithms based on such considerations for nonsymmetric and/or
indefinite linear systems (in §4).

For simplicity of exposition, only the scalar equations will be considered in this paper, but the techniques
and the corresponding results are extended to certain systems of equations in a very straightforward fash-
ion. For clarity of presentation, we will only consider two dimensional problems as many results for three
dimensional linear problems needed in our nonlinear analysis are not readily available in the literature. It
is well-known that, in the finite element theory, special care needs to be taken near the curved part of the
boundary in order to achieve the best approximation for higher order elements. For the sake of simplicity,
we will not get into the technical details along this direction and our presentation will be made solely for
polygonal domains. For technical reasons for some of the results in the paper, we will further assume the
polygonal domain is also convex.

Therefore, we assume that Q is a convex polygonal domain in the plane. For p > 1 and integer m > 0,
let ’W?(Q) be the standard Sobolev space with a norm |||, given by

Mty = > 1DV, g

lal<m

For p = 2, we denote H"™(Q) = W}(LQ) and 7-{(} (Q) = {ve HY(Q) : vlsgo = 0}, where v|go = 0 is in the
sense of trace, |||l = |I‘|lm2 and ||-]| = |I‘|lo.. The space H~1(Q), the dual of 7{(; (), will also be used.
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Throughout this paper, we shall use the letter C or ¢ (with or without subscripts) to denote a generic
positive constant which may stand for different values at its different appearances. When it is not important
to keep track of these constants, we shall conceal the letter C or ¢ into the notation < or 2. Here

xZy means x<Cy and x2y means x> cy.

10.3.2 £? estimates for nonlinear problems
This section is devoted to the standard finite element discretization for nonlinear elliptic boundary value

problems. Existence and uniqueness of the finite element solution will be discussed and error estimates in
LP nomrs will be derived.

A model problem and its finite element discretization
We consider the following second order quasi-linear elliptic problem:

10.1) {—diV(F(x, u, Vu)) + g(x,u,Vu) =0 in Q

u=0 onoQ.

We assume that F'(x,y,z7) : OxR!'xR? — R? and g(x,y,2): OxR!xR? — R! are smooth functions and
that (10.1) has a solution u € 7—((} @n ‘W§+€(Q) (for some & > 0).

For any w € ‘W (Q), we denote
a(w) = D.F(x,w,Vw) € R*? b(w) = D,F(x,w, Vw) € R?,
c(w) = Dg(x,w,Vw) € R%, d(w) = Dyg(x,w,Vw) € R".
The linearized operator £ at w (namely the Fréchet derivative of £ at w) is then given by
L' (w)y = =div(aw)Vv + b(w)v) + cw)Vv + d(w)v.
Our basic assumptions are, first of all, for the solution u of (10.1)
Ea)E > aplé? VEER?, xeQ
for some constant ¢y > 0 and secondly £’ (u) : ‘7—(& Q) - H(Q)is an isomorphism. As a result of these

assumptions, # must be an isolated solution of (10.1).
For convenience of exposition, we introduce two parameters d; and ¢, as follows.

P {o if D2F(x,y,2) = 0, D?g(x,y,2) =0
2711 otherwise

and

51 = 0if 6,=0, D,D.F(x,y,2) =0, DyD.g(x,y,2) =0
1' =11 otherwise.

If 6o = 0 and 6, = 1, (10.1) is mildly nonlinear for which

L(u) = —div(a(x, u)Vu + B(x, u)) + y(x,u) - Vu + g(x, u).
If 6; = 6, =0, (10.1) is semilinear for which
(10.2) L(u) = —=div(a(x)Vu + B(x, u)) + g(x, u).
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Setting
AW, ) = (F(,v, V), Vo) + (g(-, v, V), ©),

then the solution u of (10.1) satisfies
Alu, ) =0 VYV yeWV.

The classic finite element approximation of (10.1) is to find u;, € V), such that
(10.3) Alup,x) =0 Y xy e V.
Introducing the bilinear form (induced by £'(w))
A'(w; v, ) = (aw)Vv + b(w)v, Vo) + (c(w) - Vv + d(w)v, ),
we have

Lemma 76. For any v, v, x €V,

(10.4) Ap,x) = A, x) + A’ (v; vy — v, x) + Rv, v, ).
Thus uy, € Vy, solves (10.3) if and only if
(10.5) A'(usu = up, x) = R, up, x) ¥ x €V,

where the remainder R, for given K > 0 and the functions v and vy, satisfying ||[Vll.c + [Vall1.co < K, satisfies
the estimate

(10.6) IR, vi )| < Cllenlls o, + S1llenVenllop + 62lIVenlls 5, Vxlog

where the constant C depend on K and e, =v—vy, 1/p+1/g=1, p,qg=>1.
Proof. Set n(t) = A(v + t(v,, — v), x). (10.4) follows from the elementary identity

1
77(1)=n(0)+n’(0)+f0 7’ (0 —t) dt

with 1
R, v, x) = j; n” ()1 - 1) dt.
A straightforward calculation shows that
0" (t) = (FVep)Vey + 2F, Veyey + Fyyep, Vy)
+ (8:Vey - Ve, + 28, Veyep, + gyye,zl,)().
The estimate for R follows with an appropriate constant C satisfying

C>  max  (|Fyl+2[Fy|+ |Fyyl + 18l + 2Igy:| + lgy)).
xeQ,lyl<K |zI<K

0

Lemma 77. Let P, be the projection with respect to the bilinear form A’(u;-,-). Then, for h < 1, the finite
element equation (10.3) has a solution uy, satisfying

(10.7) llun — Prudlly.co < B7 & andllu — upli 0 < h”
for some o > 0. Furthermore there exists a constant n > 0 such that uy, is the only solution satisfying

”uh - u”l,oo < n.
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Similar existence and uniqueness result can be found in the literature, cf. Rannacher [.rannacher calcolo.].
For completeness, we shall now include a simple proof.
Proof.  Define a nonlinear operator @ : V;, — V), by

A'(u; D(vy), x) = A (u;u, x) — Ru,vi, x) Y x € Vy.

By (10.7) it is easy to see that @ is continuous. As u € 7{(; @n (W§+£(Q), there exists a o > 0 (by Lemma
74) such that
ot = Prulli 0 S h7.

Defining a set
B={veV,: |v-Puullio<h’},

we claim that @(B) C B for h < 1. In fact
A'(u; D) = Py, x) = ~R(ut, v, x).
For v, € B, taking y = g, (defined by (??) with A(,) = A'(u3 -, ) gives
1Pvh) = Pradlr o < Collog hl llu = vil .,
< 2Colloghl (Il = Pyull} o, + Ilvi = Prul} )
< Cillogh| h*7 < h”
if h < 1. Thus @(B) C B. An application of Brouwer’s fixed point theorem shows the existence of a u;, € B
so that @(u;,) = uy,. By definition such a u, satisfies the desired properties.
To prove the uniqueness, let u;, and ii;, be two solutions of (10.3) satisfying
||M - uh”],oo < n and ”u - ﬁh”l,oo < n.
Then |
f A’ (up, + 1l — wp); iy, — up, x)dt = Ay, ) — A(up, x) = 0.
0

By assumption and Lemma 71, if n < 1

fol Ay, + (g, — up); iy — up, x)dt
sup =0

ey, — iy <
XV It

Thus fth = Uy. O

LP estimates

We shall now derive some £7? estimates for the finite element approximation. The main ingredient in our
approach is the following superconvergence estimate between nonlinear and linearized problems.

Lemma 78. Assume that w;, and Py, are as described in Lemma 77. Then
(10.8) Nl = Py < Ml = wnllg 4 + 6111V = )|l + Sallue — wnllf 4
(10.9) llup — P10 < 1log hl (Ilu = UplI§ 00 + O11IV @ = up)*llo.co

2
+0ollu — unlly o ) -
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Proof. The estimate (10.8) is obtained by taking y = Pju — u; in (10.5) and applying (10.6). The second
estimate is obtained by taking y = g; in (10.5) with A(-, )=A"(u;-,). O

Theorem 75. Assume that u € W% () and uy, € Vy, are the solutions of (10.1) and (10.3), respectively,
that satisfy (10.7). Then

(10.10) lu—wpllipy SH ifue Wi(Q), 2<p<eo,
(10.11) llu = ullop SH ifue Wi (Q), 2<p<oo,
and

(10.12) llu = unlloeo < B loghl — ifu e WZ(Q).

Proof. We shall divide the proof for (10.10) into five different cases: p = 2, p = co, p =4, p > 4 and
2 < p < 4. It follows from (10.8) and (10.7) that

D 2
IPhue = unlly < llue = wplly 4 < e = pllneo Nl = unlly < 27l — ]y

Thus, if h < 1
llee — uplly < llu = Prully < inf lu — xll1.
XE(Vh

This implies (10.10) for p = 2.
By (10.9)
ot = wpllico < Ml = Prutlli oo + [10g AIAT |l — tpll1 oo
Thusif h < 1, .
lloe = wpllico < Mt = Prulli oo S inf [[v = xll1,c0,
XE(V/,

which implies that (10.10) holds for p = oo and, by (10.4), that
(10.13) Nl = upllr o SH 7P if u € Wi (Q)and 2 < p < 0.

By (10.8) and (10.9), we have

> > 1/2 > 1/2
letn = Putdlly.a < Mot = Prally S s, = Prell} 2

<l = uplly alle — upll co

Thus, if 4 < 1, we have
lle — wpllia < Nl — Prullia < inf flu — xlli 4,
XEV),

which implies (10.10) for p = 4.
Now, we assume that 4 < p < co. Again, by (10.8) and (10.9), we have, if u € (W;H(Q)

A A2 A l=2
lln = Prallyp < Nloew = Poally? Ny — Prually 27
4/ 2-4/
Sl = w1 M = w177

< pAIPpr=2Ip@-4lp) < p2r=l <

187



10.3. NONLINEAR PROBLEMS Jinchao Xu

This proves (10.10) for p > 4.
Now, we assume that 2 < p < 4. It follows from the previous inequalities, (10.4) and (10.13) that

A 4/ 2-4/
lln = Prln p < Nl = wnlly'y Nl = wnlly 57
< inf lu— vV u - w247
inf =l =

< h(r+1/2—2/p)4/ph(r—2/p)(2—4/p) < h2r—2/p <K.

This proves (10.10) for 2 < p < 4. The proof for (10.10) is then complete.
The proof of (10.12) is easy, since, by (10.9), we have

e — uplloco < Il — Pprtllo,eo + e — Prull1 o

P 2
< |l = Phullo.eo + [1og Alllu = unlly o

To prove (10.11), we shall apply a duality augument. Consider the auxiliary problem: find w € 'H& Q)
such that
A'(uyv,w) = (p,v) YV veH Q).

Given2 < p < oo,setg = p/(p—1) € (1,2]. By Lemma 70
Wllhg < ligllog for ¢ € L1,

It follows that
llw = Ppwllig < Aliwllzg < Allellog

If s >2p/(p +2), by (2?) and a well-known Sobolev imbedding theorem, we have
1Prwllsycs-1) S IWllspcs—1) < IWllag < llgllog-
Consequently, with s > 2p/(p + 2), by Lemma 76
(= up, ) = A" (us u — up, w) = A" (u; u — up, w — Ppw) + A’ (u; u — uy, Pyw)
Sl = upllipllw — Pawllig + llu — ”h”izs”PhW”l,x/(xfl)
< (hlle = upllyp + llee = up 2)llello g

Thus )
llee — unllo,p < Allee — upllyp + Il — unlly 5

For p =2, if u € Wi*(Q)
lle — uplloz < Allu — uplli o + lu — Mhllizﬁ <l
For 2 < p < oo, since 4p/(p +2) < p, we have

2
lle — unllo.p < Allu = unllp + llue = uplly -

This yields the estimate (10.11). O

10.3.3 Two-grid methods

This section is devoted to some discretization techniques based on two (or more than two) finite element
subspaces. The first subsection is on some simple techniques for some mildly nonlinear equations and the
rest of the section is devoted to some two-grid methods based on the Newton’s method for general quasilinear
equations.
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Some simple two-grid methods

The techniques presented here are similar to those for algorithms for non-SPD linear problems in §4 and
they will be applied to the following mildly quasilinear equation

{ —div(a(x, u)Vu) + B(x, w)) + y(x,u) - Vu + g(x, u)
u

0 in Q

(10.14) 0 on 4.

This equation is a special case of (10.1) (with 6, = 0) with F(x,y,z) = a(x,y)z + B(x,y) and g(x,y,2) =
y(x,¥) - z+ g(x,y). We assume the early assumptions on (10.1) all hold here.
To state the algorithm, we define, for u, v, y € WL(Q) NHZ(®)

A~(u3 V’X) = (a(’ M)VV +ﬁ(’ u)a V/\/) + (7(9 I/t) Vv + f(’ M),X)
Our first algorithm is a nonlinear extension of Algorithm 10.2.1.

1. Find uy € Vy such that f\(uﬁ, ) =0 VYeoeVy
2.Find u" € Vj, such that  A(up;u’,x) =0 VY y € V.

Theorem 76. Assume u"* € V), is obtained by Algorithm 10.3.3, then
llun = ully < H™! ifue H"™(®).
llun = u'lli o < H*'|log hl if u € WZ(Q).
Proof. By definition, it follows that
A un =, x0) = g un, x0) = Az uns x0) < = pgll-y il

Thus A
lup — wlly < N — upll-1 < Ny — unll.

The first estimate then follows by combining Lemma 72. Now let g, be the Green’s function defined as
in (?2) with A(,-) = A(u; -, -). Then, with e/, = u; — u”,
dey(e) = A efy. 85) = Al €y, &) — Aluns ey, 8}) + Alup. e, &)
< Nt = uralloeo el oo 1185101+ Nt = tepallo.collg I

H™ ' log hlllej Il + H™ ' log hl.

LA

This implies, for some constant ¢ > 0,
(1=cH™"log hl) el < H™[log Al.

The desired result then follows if H is so small that H*'|log h| < 1 (see (10.1)). O
Remark 4. If r > 2, we could use the negative norm estimate to conclude that

J 2
et — u”lly < Nl — upll-y S H™.

Next we shall present an algorithm resulted by combining Algorithm 10.14 with Algorithm 10.1. This
algorithm reduces a nonlinear problem to a SPD linear problem and a nonlinear system of smaller size.

Define
As(u; V’/\/) = ((I(', M)VV, VX)9

and
N(u; v, x) = (BC,u), Vx) + (y(,u) - Vv + f(-, u), x).
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1. Find uy € Vg such that A(ug,p) =0 V@ € Vy.
2. Find u" € V}, such that A,(uy; u", ¥) + N(up; up,x) =0 ¥ x € V.

Theorem 77. Assume that u" € V), is obtained by Algorithm 10.3.3, then
llun, = ully < H™! ifue H*>(®),
llup, — w100 < H™* ' log hl if u € WIFH(Q).
Proof. By definition
Az = x) = A un, x) = Ay’ y, X)

=N (up; up, x) + N(ups up, x)
< Ml = wnll Ml

The desired result then follows easily. O

Correction by one Newton’s iteration on the fine space

Unlike in the last subsection, the techniques here apply to the general quasi-linear equation (10.1).
Our first algorithm, roughly speaking, is to use the coarse grid approximation as an initial guess for one
Newton iteration on the fine grid.

1. Find uy € Vy such that A(uy,9) =0 V ¢ € Vy.
2. Find u" € V}, such that A’ (ug; u”, x) = A’ (up um, x) — A, x) ¥ x € V.

Lemma 79. Assume that u" is the solution obtained by Algorithm 10.3.3, then
e, — ™Iy < ey, — MH||%,4 + 811G — up)*llia + Salluy, — umlli,
Nt = w00 < 110g Al = upllf oo + 111 utn — up)ll1.co + S2llun — unll? o).
Proof. By definition and (10.4),

A gy up —u' x) = A (ups wy, — up, ) + Alup, x) = —R(up, up, x).

The first estimate follows from Lemma 71 (with € = H), (10.7) and (10.6). The proof of the second
estimate is similar to the proof of Theorem 76 by using (10.6). O
As a direct consequence of Lemma 79 and Theorem 10.1, we have

Theorem 78. Assume uy, is the solution obtained by Algorithm 10.3.3. Ifu € (Wfl(Q) orif, ford =3,6, =1
andr=1,ue Wg(Q)for some p > 6, then

llup, — ully < H*? + 6 H + 6,H) < HY
Ifu € WY(Q), then
llup, = ull10 < (H* + 6, H**' + 5,H)|log h| < H*'|log hl
Thus, if h = O(H*?" + §\ HV" 4+ 5, H™)

llu = u"lly S 1" and |lu— ||y o < W' loghl.
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To see the efficiency of Algorithm 10.3.3, we single out a special case of the above theorem.

Corollary 7. If the Algorithm 10.3.3 is applied to the semi-linear equation (10.2) with the linear finite ele-
ment discretization, then
ey =l < H* ifue WiQ),
lup, — u'l1.0 < H*logh| if u € W2(Q).

According to Corollary 7, in order to obtain the optimal (or nearly optimal) approximation for the dis-

cretization u", it suffices to take H = O(h%). To get an idea numerically if the fine mesh size is 4 = 27'° which
gives dim V), ~ 3.3 X 10°, the coarse mesh size H could be H = h'/* = 1/16 which gives dim Vg =~ 225.

Correction by two Newton’s iterations on the fine space
The algorithms presented above can be greatly improved if one further Newton’s iteration is carried out

on V.
Corresponding to Algorithm 10.3.3, we have

1. Find uy € Vg such that ﬁ(uH, ) =0 VYepeVy.
2.Find u" € V, suchthat  A(up;u’,x) =0 VY x € V.
3. Find u;, € V,, such that A Uy, x) = AWl ) — AW, x) Y x €V

Corresponding to Algorithm 10.3.3, we have

1. Find ug € Vg such that A(uy, ) =0 Y ¢ € Vy.
2. Find u" € V,, such that A’ (uy; u", x) = A’ (ug; upg, x) — Ay, x) ¥V x € V.
3. Find u — uys € Vj, such that A"(u"; u}, x) = A" u", ) = AW, x) Y x € V).

With arguments similar to those in the preceding subsection, we can obtain various results as follows.

Lemma 80. For both Algorithms 10.3.3 and 10.3.3,
Nt = willico < Nun — 117 .

Thus, for Algorithm 10.3.3
llotr, — w1100 H**?|log h|?,

and for Algorithm 10.3.3
lup — )|l .o < (HY + 6 H™ )| log .

Theorem 79. For Algorithm 10.3.3, if h = O(H2+2/’), then
e — uplli00 < A lOg Al

Ifh = O(H?), then
llu — ) llo.o S B log hP?.
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Theorem 80. For Algorithm 10.3.3 if h = O(H**" + §, HY?'"), then

llu — wylle0 < A'l1og Al.

Ifh = O(H* + 6, H* /D) then
llu = uslloco < A7 [log I

Again, to get an idea of the efficiency of Algorithm 10.3.3, we have

Corollary 8. If the Algorithm 10.3.3 is applied to the semi-linear equation ((10.4)) with the linear finite
element discretization, then
llun = u"ll1 0 < H®|Tog hI?

~

provided that u € W2 (Q).

Multilevel linearization
From the above discussions, it appears that the algorithm using two subspaces would suffice for most
practical applications. Nevertheless the algorithm can be made more general and perhaps more robust if
multiple subspaces are used.
Assume that we are given a sequence of subspaces
Vi=V,,cV 0<i<J

Conceivably, we have hy < hy_) < - < hy = H < 1.

1. Find uy € Vy such that  A(up, ) =0 VY o € V.
2.For j=1,2,---,J, findu; € V; such that

Alujoisuj x) = Ay up,x) — Al ) Yy eV,

The above algorithm is similar to the so-called projective Newton’s method [.witsch, vainikko.].

Lemma 81. IfH < 1,
e =yl o S B+ Tog iyl = il .

Proof.  Similar to the proof of Lemma 79, we have
A'(uj_i;u—uj,x) = —Ruj_1,u,x) YxeV,;
The desired estimate can then be obtained in a way similar to proofs of Theorem 76 and Lemma 79. [0

Theorem 81. If H < 1, hy = (H*™" + 6;H**'/")|log H|'" and
cllogh |/ <hj<hiy 2<j<J

for some appropriate positive constant c. Then

(10.15) lu—ujlli0 <cih, 1<j< U
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Proof. By Lemma 80, there exists a constant ¢o > 0 such that
- 2
llu = ujlli e < colh; + 1log hjilllu — ujll o)-

By Theorems 75 and 78, if H < 1, the estimate (10.15) holds for j = 0,1 with some constant ¢; > O.
Without loss of generality, we may assume c¢; = 2¢g. Assume now that (10.15) is valid for j — 1, then

2 2 2 -1
llu = ujlle0 < co(h; + c1|10ghj_1|hj£1) < co(1 + cie™ A

By induction, (10.15) holds with ¢ = ¢? = 4¢3. O

A weaker form of the estimate in the above theorem has been conjectured by Rannacher [.Rannacher
Calcolo.] and Bank [.bank nonlinear.] and recently proved by Rannacher [.R91.].

Note that if Theorem 79 is applied to semilinear equations with linear finite element discretization, one
may take h; = H*|log H| and h, = H®|log H|?.

Corollary 9. If H < 1 and, for some some constants € (0, 1)
7]]1]'_1 Sl’lj<]’lj_1, 1 S]SJ

Then
llu—ujllio ShH;, 0<j<J.
A result similar to the above corollary was contained in Bank [.bank-nonlinear1.] on his multigrid method
for solving the nonlinear Galerkin equation (10.3).

10.3.4 Concluding remarks

The algorithms studied in this paper are potentially efficient for solving a large class of linear and non-
linear problems. Although our presentation has been confined to the second order elliptic boundary value
problems, the techniques can naturally be applied to other types of problems as well. Roughly speaking,
different aspects of a complex problem can be treated by spaces of different scales. In the examples stud-
ied in this paper, a very coarse grid space is sufficient for some nonsymmetric problems that is dominated
(in certain analytic sense) by its symmetric part and is also sufficient to handle the nonlinearity for some
mildly nonlinear problems. Symmetry versus nonsymmetry and linearity versus nonlinearity may not make
a substantial difference on the analytic level, but their numerical approximation may differ considerably.
The two-grid methods studied in this paper provide a new approach to take the advantage of some “nice
properties” hidden in a complex problem.

An important aspect of our two-grid algorithms is that they can be naturally applied together with multi-
grid and domain decomposition methods. Most domain decomposition methods, for example, are in certain
sense two-grid methods. The set of subdomains gives rise to a natural coarse grid. Hence the domain decom-
position techniques fit perfectly well with our algorithms and the coarse grid plays two different important
roles in such an application. Similar arguments also apply to multigrid methods. Suppose we have a multiple
subspaces Vo Cc Vy C---CV; C 7{(}. Naturally we can choose Vg = Vy (and V), = V;, of course) in our
two-grid algorithms.

Applications of multigrid and domain decomposition methods with our two-grid methods for nonlinear
problems are satisfying from both theoretical and practical point of views, since the systems on the fine
grid are all linear and hence theories and numerical codes for linear problems can be adopted with few
modifications.

The linear systems on the fine space in the algorithms presented in §4 are SPD and their solution methods
have been well developed, we refer to Xu [.xuunify.] for a summary of these methods. The linear systems
from the fine space on the algorithms in §5 are mostly not SPD and may be solved by combining the
algorithms in §4. As a result, a nonlinear system on the fine space may be reduced to few SPD linear
systems on the fine space together with some linear and nonlinear systems on the coarse space.

Some two-grid methods have been further improved for semilinear problems in Xu [.xu-tgl.]. Some
numerical examples on the performances of these algorithms can be found in Xu [.xu-tgl.] and Lee and
Xu [.lee-xu-1.].
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