13

Linear elasticity and finite elements

13.1 Linear elasticity equations in three dimensions

We consider a homogeneous isotropic elastic body occupying a bounded domain Q € R* with boundary
I' decomposed into two parts I'p and I'y such that I'p has a positive area. Let the elastic body be acted upon
by a volume load f = (fi, f>, f3) and boundary load g = (g1, g2, g3) on I'y. Furthermore, we assume that the
body is fixed along I'p.

Letu = (uy, u», u3) be the displacement of the elastic body. We assume that u is small. The linear elasticity
theory shows that the displacement u should satisfy the following equilibrium equation:

(13.1) o = Adivul + 2ue(u) in Q
(13.2) —divo = f in Q
(13.3) u=0 onlp
(13.4) uon=g only.

Here o is stress and e(u) = (¢;(u));; with
€j(u) = %(Bju; + Oiut).
Alternatively the partial differential equation can be written as
—udu — AVdivu = f.

Variational formulation

Find u € H} () such that
(13.5) a(u,v) = 1(v)
where

a(u,v) = (o(u), e(v)) = ngye(u) 1 €(v) + Adivudivy

and

l(V) = (f? V) + (g7 V)FN

3
Sivis (g,V)rN=f Zgivi~
I'y

i=1

with \
(fov) = fg Z]
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13.2. FINITE ELEMENT APPROXIMATION AND LOCKING Jinchao Xu

Lemma 96 (Korn’s inequality).
lle@llo.e 2 luli o

The proof for the Korn’s inequality is in the special case that I'p, # I' and basically it follows from the
following identity obtained by a simple integration by parts:

1 .
el g = S1IVull g + lidivl g ¥ 1 € Hy().

By Korn’s inequality and Lax-Milgram Lemma, the variational problem is well-posed.

13.2 Finite element approximation and locking

Apparently, for any given parameters A and g, the finite element discretization for the linear elasticity
is pretty much like that for the Poisson equations. For example, if V;, ¢ H ll)(Q) is a piecewise linear finite
element subspace, a finite element approximation u;, € V), of the linear elasticity is then given by

a(up,vp) =1llvy) Yy, € Hl])’h(_Q).

Based on the following inequalities
2
ulunlly < alun, up),

a(up, vi) < (u+ Dllugllilvalli,

uy, admits a standard a priori error estimate:

N2 N2
ot — upllio < (1 + ;) hlulz.0 < (1 + /_1) Al fllo.o-

Here we emphasis that the dependence of Lamé constants for the constant in the above estimate.
There is a situation in which the above finite element discretization is not desirable, namely when 1 — co
or the so-called Poisson ration defined 1

IR

approaches to 1/2.
It is easy to see that
lim divu = 0.

v—1/2

And for the finite element discretization mentioned above, we also have

lim divy;, = 0.
yv—1/2

Therefore, as v gets close to 1/2, we expect the finite element solution u;, will get close to the following
subspace
Wy, ={v, € V,, . divy, = 0}.

For continuous piecewise linear element, one big problem is that the above finite element subspace is not
very rich. For example W), = {0} in some special case (see Exercise 1). Therefore, in this special case, we
expect that u; = 0 although the exact solution # may be different from zero. As a result, the finite element
solution may fail to converge to u as the Poisson ratio gets close to 1/2. This phenomenon is often known as
“locking” in engineering literature.

Exercise 1. Prove that in the special that Q = (0, )2 and I'p = 89, W, = {0} for a uniform triangulation on
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Reduced integration

One remedy for the locking phenomenon is to resort to the following mixed formulations. Introduce an
additional variable p = AVu. Then we can solve the following equations

{Z/J(e(u), eV)+(V-v,p)=(f,v), Yvey,

(V-u,q) =7 (p.9) =0, Vg€ Q.
Here V and Q are continuous or discrete functions spaces. Since we are interested in large 4, we assume
A>1.

The mixed formulation (13.6) is well-posed by standard arguments assuming stable Stokes FEM pairs
are used. Namely, the inf-sup condition

(13.6)

L(u, p; v,
inf sup (. p:v.9) =B,

wp vg (lullr +1pllo)IvVIl + llgllo)

holds, where
L(u, p; v, q) = a(u,v) + b(u, q) + b(v, p) = 17 (p, ),

and L(-,-) is bounded:
L(u, p;v,q) < C(|lully + 1Ipllo)(VII1 + ligllo)-

Moreover, the constants S and C do not depend on A. This results in error estimates that does not deteriorate
as A — +oo, ie.

(13.7) llee — wnlly + 112V - u = pallo < Chluly + AV - uly) < Chllfllo.

The constant C is independent of A. Note that here we assume elliptic regularity.
In fact, the second equation in (13.6) can be written as follows

Po(V-u)y—A"'p=0,
where Py is the L? projection to the “pressure” space Q. By substitution, we get an equivalent problem:
(13.8) 2u(e(u), e(v)) + APV -u,V-v) =(f,v), Yve V.
The solution of this equaton uy, inherits the robust error estimates from (13.7); namely,
(13.9) lle — uplly < Chllfllo-

The term (PyV - u,V - v) in (13.8) is usually assembled by reducing integration order. It is sometimes
referred to as “reduced intergration”.

Kirchhoff plate model

In the special case of thin plate, three dimensional elasticity equation can be approximated by some two
dimensional model. Let Q = Q X (—¢, €). Define

(13.10) HAY(Q)={ve H*Q): v= % =0onIp).

In linear plate theory, the displacement can be decoupled in two parts, namely stretching and bending.
In the so-called Kirchhoff plate model, the bending part of u can be approximated by (—x3Vw, w) for some
function w defined on £ which satisfies the following variational problem:

weHpQ), (1-v(V2w, V) g+ vdw,4v)y 5 = (f,v) VveHHQ).
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where

3(1-v) [
f= f_S%f (f3 + x3(01 fi +32f2))dx3,

and E is the Young’s module given by
o Hu+30)
o+

The derivation of the above plate model is beyond our scope here. For interested readers, we refer to Ciarlet’s
book on elasticity. Our brief discussion would not give that much insight to this model, but it would at least
gives some idea on where the equations come from.

13.3 Biharmonic equations

We shall have a more careful study of the Kirchhoff plate model mentioned above. With a slightly abuse
of notation, we shall drop the ~ in Q and still use © denote a two dimensional domain. Let H%)(Q) be defined
as in (13.10). Thus we are interested in the following variational problem:

ue HyQ), a(u,v)=(f,v) VveHQ),

where
a(u,v) = (1 = v)(V2u, V3v)y g + v(du, Av)o 0

It is easy to see that the bilinear form can be rewritten as
a(u,v) = (M, V?v)o

where
M=(1-vWu+vdul.

Now, integrating by parts twice,

(M, V?v) = —(divM, Vv) + (Mn, Vv)
= (divdivM, Vv) — (n - divM, v) + (Mn, Vv).

We can write the last boundary term as

(Mn,Vvy) = (nTMn, @) + (sTMn, @)
on s

A(sT Mn)
=2 7y

ov
_ T oV, _
=<(n Mn,an> ( Ep

)
where we have integrated by parts around the boundary in the last step.

Putting together all the above formula and also the simple identity that divdivM = A?u, we obtain that,
for any u,v € H*(Q),

T
) = (Puv) + 6 Mn, 2y — - divag + 25 MRy
on 0s

We then deduce the strong form of the bending problem:
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(13.11) Au=f inQ
(13.12) w=0.2%_0 onrp
on
a(s'M
(13.13) n-dive + 25 MY o TMu =0 on Iy

We notice that (13.12) is an essential boundary condition while (13.13) is a natural boundary condition.
Formally the boundary condition (13.13) can be written as

0(Au) Pu 0%u
13.14 e =
(13.14) an e o

where « is the curvature function on the boundary.

In the application of finite element methods, we do not need to know much about the specifics of the
natural boundary condition (13.13).
Other boundary condition and simply supported plate

In plate theory, it is also significant to consider other types of boundary conditions. As an example, let us
briefly discuss the so-called simply supported plate which corresponds to the following variational problem:

ue H Q) NH(Q) a(u,v)=(f,v) VveH(Q)NHQ).

We shall now briefly discuss an example of Babuska which demonstrates the boundary condition for
certain boundary conditions need extraordinary caution when it comes for discretization. Consider now the
simply supported plate in the unit disc Q. Let Q,, C Q2 be the m—polygonal approximation of Q. Consider
the simply supported plate in 2,, and denote the corresponding solution by u,,. Babuska observed that, in
general,

limu, # u
although, apparently, lim,,_, Q,, = ©. This phenomenon is known as Babuska paradox.

The key factor of verifying the Babuska paradox is that the natural boundary condition in the simply
supported plate depends on the curvature of the boundary. While the curvature of the unit circle is identically
one everywhere, the curvature of any polygon is zero except at the corners.

Exercise 2. Give a rigorous verification of Babuska paradox.

13.3.1 An example of conforming elements: Argyris triangle

Lemma 97. Assume that p € P5(T) satisfying
o , dp .
Dp(ai) =0 (la] 2,1 <i < 3), 6_:0(1 <i<j<3).
n

Then p == 0.
Proof. Consider the restriction of p on edge e; = [a,, az]: pi1(¢) = p(a, + t(az — ay)). By assumption
p1(0) = pi(0) = p{(0) = pi(1) = py(1) = p{'(1) = 0.

This means that 0 and 1 are both roots of p; of multiplicity 3. Thus p; = 0 since p; € P5(0,1). A similar
argument apparently also applies to other two edges, thus

pl =0 1<i<3.

e
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This fact implies that we can write
p = qA1Ax A3 for some g € P>(T).

Here A’s are the barycentric coordinates of 7.

Let 9,, denote the tangential derivative a long the edge ¢;, then by assumption (., 0., p(az) = 0. But a
direct computation shows that

0e,0c,p(a3) = q(a3)(0.,41)(a3)(0,, A2)(az)A3(a3).

Thus we get ga3) = 0. Similarly ga) = g(a,) = 0. Now another direction computation shows that

9p

oA
o (@) = qa3) —)az) D (a3) A (as).
n on

we conclude that g(a,3) = 0 since by assumption %(azg) = 0, but apparently %)(a3)/lz(a3)/l3(a3) # 0.
Similarly g(a;2) = g(az;) = 0. In summary
glar) =01 <k<3) ga))=01<i<j<3)=0.

This implies that ¢ = 0 since g € P>(Q). O

13.4 Mixed Finite Element Method: Symmetric Tensor

In this section, we will design the mixed finite element methods in linear elasticity with symmetric stress
approximations. These finite element spaces are defined with respect to an arbitrary simplicial triangulation
of the domain, and can be regarded as extensions to any dimension.

13.4.1 Finite elements for symmetric tensors

We consider mixed finite element methods of first order systems with symmetric tensors: Find (o, u) €
> x V:= H(div, 2;S) x L2(Q;R"), such that

(Ao, 1) + (divr,u) =0 forall €2,
(13.15)

(divo,v) = (f,v) forall veV.
Here the symmetric tensor space for the stress 2 is defined by

T11 " Tl
(13.16) H(div,2;8) = {r=| :

Tnl **° Tnn

€ H(div, &:R™™), 7" =7,

and the space for the vector displacement V is
(13.17) (@R = { (), w e @i =1 ,n).

Here denotes by H*(T, X) the Sobolev space consisting of functions with domain 7 c R”, taking values in
the finite-dimensional vector space X, and with all derivatives of order at most k square-integrable. For our
purposes, the range space X will be either S, R”, or R. Let ||-||x.7 be the norm of HX(T). S denotes the space of
symmetric tensors, H(div, T, S) consists of square-integrable symmetric matrix fields with square-integrable
divergence. The H(div) norm is defined by
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2 . 2 : 2
”T”H(div,T) = ”T”()j + ||d1VT||(),T~

L*(T,R") is the space of vector-valued functions which are square-integrable. Here, the compliance tensor
A = A(x) € L™(S;S), characterizing the properties of the material, is bounded and symmetric positive
definite uniformly for x € Q.

Suppose that the domain 2 is subdivided by a family of shape regular simplicial grids 77, (with the grid
size h). We introduce the finite element space of order k > 1 on 77,.

(13.18) S = {0 € H(div, 2:5), olg € Py(K:S) forall K € T3},

where P;(K; X) denotes the space of polynomials of degree < k, taking value in the space X.

A new basis of the symmetric matrices

Let xq, - - - , X,, be the vertices of simplex K. The referencing mapping is then
X := Fg(X) =Xg + (X1 — X0, "+ , X, — Xp) X,
mapping the reference tetrahedron K := {0 < &,--- ,%,, 1 — 3 & < 1} to K. Then the inverse mapping is
i=1
"
(13.19) X:= D (X —Xo),
v
where
Y
(13.20) S EXCEE RIS S O
¥

By (13.19), these normal vectors are coeflicients of the barycentric variables:

A1(X) 1 = vy - (X —Xp),

An(X) =V, - (X —Xp),
LX) :=1- Z/li.
i=1

For any edge x;x; of element K, i # j, let t;; denote associated tangent vectors, which allow for us to
introduce the following symmetric matrices of rank one

(13.21) Tij=tit,0<i<j<n
For these matrices of rank one, we have the following important result.

Lemma 98. The w symmetric tensors T, j in (13.21) are linearly independent, and form a basis of S.
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Proof. Each matrix T;; = t; jtiTj is a positive semi-definite matrix, on a simplex K. We would show that
the constants ¢; ; are all equal to zero in
T= Z C,‘qu,',j = 0

0<i<j<n

Let vy be the normal vector to the n — 1 dimensional simplex A,_X; - - - X,. This leads to

(13.22) voti;=0,1<i<j<n,
and

(13.23) Vit #0,1 < j<n.
This gives

T__ T 4. 4T _ T . 4T
VoT =V Z cijtijt ;= v Z co,jto, ity

0<i<j<n 1<j<n

= Z Eo’jt(]):j = 0,

1<j<n

(13.24)

where & ; = co jvg to,j. Since to j, 1 < j < n, are linearly independent, this yields
(13.25) Goj=0,1<j<n.

This and (13.23) yield

(13.26) c,;=0,1<j<n.

A similar argument by using v;, i # 0, proves the desired result. [

The bubble-function space
With these symmetric matrices T; ; of rank one, we define a H(div, K; S) bubble function space
(13.27) Skip = Y AidiPea(KRT;.
0<i<j<n

Then we have the following crucial structure for 2 j:

(13.28) Sin:={ 0 € H(div, Q,8),0 = 0c + 0, 0 € H'(2,5),

oclx € Pi(K,S), oplk € Zkip, YK € Th},
which is a H(div) bubble enrichment of the H' space fk,h =2 NH 1(@;S) of 2. This generalizes the
results of [?, ?] for both two and three dimensions to the general case in any space dimension. Such a
structure has already enabled us to write down directly the basis of 2 ; see [?, ?] for more details in both
two and three dimensions. Next we plan, as it has been done for most of usual finite element methods in the

literature, to define a set of local degrees of freedom of shape function spaces Pi(K, S) on each element. To
this end, we define the full H(div, K; S) bubble function space consisting of polynomials of degree < k

(13.29) 2okko = {t € H(div, K; S) N P(K; S), Tvlsx = 0).

Here v is the normal vector of 9K.
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Lemma 99. It holds that
(13.30) 2kkb = ZoK k0

Proof. Consider a function 7 € 4;4;P;_2(K;R)T;;, 0 < i < j < n. Note that 7 vanishes on the n — 1
dimensional simplices
Ap1Xo* X1 Xt Xt Xy,

An*IXO .. 'X[ .. 'Xj—IXjH .. 'Xn-

For any n — 1 dimensional simplex which takes edge x;X;, its normal vector, say v, is perpendicular to
the tangent vector t; ; of edge x;x;, which implies that 7v = 0 on such a n — 1 dimensional simplex and
consequently 7 € 2k 0. Hence

(1331) ZK,k,b C 26K,k,0~
Next we show the converse of (13.31). Given 7 € Zyk 0, the boundary condition 7v|sx = 0 indicates that T
vanishes at all the vertices of K. Let N, denote all the nodes except the vertices of K for the space Py(K;R).

Given P, € N, let ¢, € Pi(K;R) denote the usual associated nodal Lagrange basis function, namely,
we(Py) = 1 and ¢, vanishes at all the other nodes for the space P,(K;R). It follows from Lemma 98 that

(13.32) r= 3 T D cua)

0<i<j<n PreN,
Note that ¢, has a homogeneous expression by Ay, - - - , 4,,. Therefore, we have
_ mgy my
(13.33) Z Ceijpe = Z Clipymomy - m Ay o Ay
P/eN, mo+my+--+m,=k

We claim that )] cg; j@e has a factor 4;4;, namely,
PreN,

my, m,
(13.34) Z Coijor = Aid; Z it Ao A

PeeN, mg+m +--+m;=k=2

Without loss of generality, we consider the case where i = 0 and j = 1. Suppose that there is a term
JfiTo1 such that f; is a polynomial of degree < k and does not contain a factor 4y. Next we shall show that
fi = 0. In fact, all the terms of (13.32) which do not contain the factor 4y and whose normal components
(namely To ;v # 0, v is the normal vector of A,_;X; - - - X,) do not vanish on the n — 1 dimensional simplex
Ap-1X] -+ X, can be expressed as

(13.35) ijTo,j,
=1
where fj, j=1,--- ,n, are polynomials of degree < k. Since f; do not contain the factor Ao, it is of the form
(13.36) fi= DL Chnen A A
ri+et+r,=k

Since 7vy = 0 on the n — 1 dimensional simplex A,_;X; - - - X,

=0.

Dp—1 XXy

(13.37) D o) fito.s
=1
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Since, for j=1,--- ,n, t({ Ro # 0, and to; are linearly independent, this leads to
(13.38) filayixix, = 0.

Note that /1;1 R L FN— é r; = k, form a basis of Py(A,-1X; ---X,;R). This and the above equation
show that

(13.39) Cirry = 0.

This, in turn, implies that

(13.40) fi=0.

Therefore f; = 0 which implies that all the terms on the right hand side of (13.33) has a factor Ay. A similar
argument shows that all the terms on the right hand side of (13.33) has a factor 4. Hence

(13.41) 7€ Skip-

This completes the proof. U

Degrees of freedom

Before we define the degrees of freedom, we need a classical result and its variant.

Lemma 100. Iz holds the following Chu-Vandermonde combinatorial identity and its variant

(13.42) DLCEC, = Y e, = Cy
=0 =0
P RPN (n+n _,
(13.43) Z CriiCiiCryy = Tcn+k—2’
=0
n---(n—m+1)

where the combinatorial number C)} = forn>mand C})} =0 forn <m.

me1

Proof. The identity (13.42) is classical, and (13.43) is its variant. For readers’ convenience, we sketch
the proof for them. It follows from the well-known binomial theorem that

n+k
(1+ ™1+ = (1 + 0k = Z cr
m=0
On the other hand, we have
n+1 k-1
n+l k-1 my m my mp
(L™ @+t = Y omem o,
m1=0 m2=0

A combination of these two equations leads to
n

n _ m my n—€ ~€
Cn+k - Z Cn+le—1 - Z Cn+le—l’

my+my=n £=0
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which proves (13.42). To prove (13.43), we consider

C+Dt <~ e n
Z Cﬁ:% ]f 1( + 1)” Z C£71C£_1 = Z C ch 1~ Cn+k 2°
=0 =0

0
Theorem 98. A matrix field T € Py(K;S) can be uniquely determined by the degrees of from (1) and (2)

1. For each € dimensional simplex Ay of K, 0 < £ < n — 1, with € linearly independent tangential vectors
ti, - ,t;, and n — ¢ linearly independent normal vectors vy, - ,Vp—g, the mean moments of degree at
mostk — € — 1 over a¢, of t1viy vitv, I =1, 6 i,j=1,-,n-¢ (c? +4(n - €))Cl€ =

wq}_] degrees of freedom for each Ay,

2. the values fK 7 : 0dx for any 0 € X, ("+l)" Cn,,_, degrees of freedom.

n+l-C

Proof. We assume that all degrees of freedom vanish and show that 7 = 0. Note that the mean moment
becomes the value of 7 for a 0 dimensional simplex Ay, namely, a vertex, of K. The first set of degrees
of freedom imply that 7v = 0 on dK. Then the second set of degrees of freedom and Lemma 99 show
7 = 0. Since the number of degrees of freedom in the second set follows immediately from Lemma 98, we

only need to prove the number of degrees of freedom in the first set. The number of tlTTVi, I =1,---,¢
i=1,---,n—=4¢,1is

tn-1%),
while, by symmetry, the number of viT'rvj, i,j=1,---,n—{, reads

n-0m-€+1)
—

The number of the mean moments of degree at most k — £ — 1 over A, is C,f_l. These imply the number of
degrees of freedom in the first set is

(n=0m—-C+1) -0+ L+ 1)

2 )Ck 1= 2 C/i*l .

(n - ) +

Hence the sum of degrees of freedom in both sets reads

= 1C[+1(n €)(n+€+1) [, (+Dn,
Z nil T k-1 ) n+k=2
=0

n—1
+ 1 {(C+1 + 1
- z ciet, -y, Ao encl, + e
=0

1 t+1 1
- (”*2 "y et -y G e+ e
=0 =0

Then it follows from the Chu-Vandermonde combinatorial identity (13.42) and its variant (13.43) that it is
equal to ”("; I)CZ ., the dimension of Py(K;S). O

Remark 28. Tt follows from Theorem 98 that, for any dimension, if k = 1, 2}, becomes a H 1 conforming
approximation of 2’ := H(div, ©; S). For one dimensional case with n = 1, for any k, 2 , becomes the usual

H' finite element space of degree k.
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The divergence space of the bubble function space

Before ending this section, we prove an important result concerning the divergence space of the bubble
function space. To this end, we introduce the following rigid motion space on each element K.

(13.44) R(K) :={ve H(K;R"), (Vv + VWw)/2 = 0}.

It follows from the definition that R(K) is a subspace of P;(K;R"). For n = 1, R(K) is the constant function

space over K. The dimension of R(K) is @ This allows for defining the orthogonal complement space of
R(K) with respect to Py_1(K;R") by

(13.45) R*(K) := {v € Pr_|(K;R"), v,w)x = 0 for any w € R(K)},
where the inner product (v, w)x over K reads (v, w)x = fK V- wdx.
Theorem 99. For any K € T, it holds that
(13.46) div Xx . = RT(K).
Proof. For any T € Xk, an integration by parts yields

f div 1 - wdx = 0 for any w € R(K).
K

This implies that
(13.47) div Xx s C RT(K).

Next we show the converse. In fact, if div 2k, # RT(K), there is a nonzero v € R*-(K) such that
f divr-vdx =0 V1€ Zkip.
K

By integration by parts, for 7 € 2k, we have

(13.48) fdiVT -vdx = — f 7:e(v)dx =0,
K K

where e(v) is the symmetric gradient, (Vv + V7v)/2.
By Lemma 98, T; ;, 0 <7 < j < n defined in (13.21), form a basis of the space of symmetric matrices in

R™". Then there exists an associated dual basis, say M, ;, 0 < i < j < n, such that
(13.49) T,'JZMkyl=6i’k(5j,1,OSi<an,0Sk<lS}’l.

Here the inner product of two matrices A = (ai_i);’jzl and B = (b; j);‘j=1 is defined as

A:B= i ia,‘jbij.

i=1 j=1
As €(v) € Pr_»(K;S), it follows that there exist g; ; € Pr_2(K;R), 0 <i < j < n, such that
(13.50) e(v) = Z qi,iM; ;.
0<i<j<n

Selecting = 3 A;d;q;;T;j € Zgxp, we have,
0<i<j<n

0= f TieWdx= ) f 42542 (X)dx.
K 0<i<j<n VK

As 2;4; > 0 on K, we conclude that g; ; = 0, which implies that v is a rigid motion. This contradicts with
v € R*(K). Hence R*+(K) C div Xk 5, which completes the proof. [
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13.4.2 Mixed methods of first order systems with symmetric tensors
13.4.3 Mixed methods

We propose to use the space 2y ;, with k > n + 1, defined in (13.18) to approximate 2. In order get a
stable pair of spaces, we take the discrete displacement space as the full C~'-P;_; space

(13.51) Vi = {v e LX(Q;R"),v|x € Pr_1(K;R") forall K € T7,).
follows from the definition of V};, (Px—; polynomials) and 2, (P polynomials) that
divZin C Vip.
This, in turn, leads to a strong divergence-free space:

(13.52) Zy={th € Zyp | (divry,v) =0 forall v e Vil
= {1}, € 2y | divT, = 0 pointwise }.

The mixed finite element approximation of Problem (1.1) reads: Find (o, up) € 2y, X Vi, such that

(13.53) {(AO'h, 7) + (divr,uy) =0 forall 7€ Xy,

(divoy,v) = (f,v) forall v e V.

Stability analysis and error estimates

The convergence of the finite element solutions follows the stability and the standard approximation
property. So we consider first the well-posedness of the discrete problem (13.53). By the standard theory, we
only need to prove the following two conditions, based on their counterpart at the continuous level.

1. K-ellipticity. There exists a constant C > 0, independent of the meshsize 4 such that
(13.54) (AT, 7) > C||T||?_1(div) for all T € Z,,

where Z, is the divergence-free space defined in (13.52).
2. Discrete B-B condition. There exists a positive constant C > 0 independent of the meshsize A, such that

(divr, v)

(13.55) _— >
0#veVin 0xresy, 1Tl E@IW IV

It follows from div 2y ;, C Vy, that div T = O for any 7 € Z,,. This implies the above K-ellipticity condition
(13.54). It remains to show the discrete B-B condition (14.36), in the following two lemmas.

We recall the subspace fk,h =2 N H'(2;S) of 2n. For v € fk,h, the degrees of freedom on any
element K are: for each ¢ dimensional simplex A, of K, 0 < ¢ < n, the mean moments of degree at most
k — € — 1 over Ay, of 7. A standard argument is able to prove that these degrees of freedom are unisolvent.

Lemma 101. For any v, € Vi, there is a T, € Ek,h such that, for all polynomial p € R(K), K € T},

(13.56) f(diVTh —vp)-pdx=0 and ||Th||H(div) < Clvallo.
K
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Proof. Let v, € Vi,. By the stability of the continuous formulation, cf. [?] for two dimensional case,
there is a T € H'(Q; S) such that,

divr=v, and |t|li < Clvillo-

In this paper, we only consider the domain such that the above stability holds. We refer interested authors to
[?] for the classical result which states it is true for Lipschitz domains in R"; see [?] for more refined results.
First let I; be a Scott-Zhang [?] interpolation operator such that

(13.57) llT = Iy7llo + AlIVILTllo < ChI[VTllo.

Sincek >n+1,k—(n—-1)—1 > 1, for each n — 1 dimensional simplex A,_; of K, there are at least n
bubble functions on A,_; for each component of 7. In fact let T;;, 1 < i < j < n be the canonical basis of

the space S. There are C]’zj‘ Lagrange basis functions ¢, € {p € H'(2;R), plx € P«(K;R),for any K € T},

t=1,--- ,C’,j:'l’, such that ¢, vanish on d(K* U K~), where K* and K~ are two elements that share the
common n — 1 dimensional simplex A,_;. Then ¢/T;;, 1 <i<j<n t=1,--- ,C’]jj‘, are matrix—valued

bubble functions,which are linearly independent. These bubble functions allow for defining a correction
On € 2y such that

(13.58) f opv - pds = f (t = IyT)v - pds for any p € R(K)|,, -
Anet A

n—1
Finally we take
(13.59) T = I+ 0y

We get a partial-divergence matching property of 7;,: for any p € R(K), as the symmetric gradient e(p) = 0,

f(diVTh—vh)-deZf(diVTh—diVT)~de
K K

= (tp —T)v-pds =0.
oK

It remain to show the stability estimate. It is standard to use a scaling argument and the trace theory to show
that
6nllo + AlIVORllo < C(llT = IyTllo + AIIV(T = L, Dllo)-

Then the stability estimate in (13.56) follows from (13.57) and the triangle inequality. 0
We are in the position to show the well-posedness of the discrete problem.

Theorem 100. For the discrete problem (13.53), the K-ellipticity (13.54) and the discrete B-B condition
(14.36) hold uniformly. Consequently, the discrete mixed problem (13.53) has a unique solution (o, uy) €
Zk,h X Vk,h~

Proof. The K-ellipticity immediately follows from the fact that div 2y ;, C V. To prove the discrete B-B

condition (14.36), for any v, € Vi, it follows from Lemma 101 that there exists a 7; € 2y such that, for
any polynomial p € R(K),

(13.60) f(div Ti—=vp)-pdx=0 and |Itilla@ivy) < Cllvallo-
K

Then it follows from Theorem 99 that there is a T, € 2}, such that 72|x € 2k and

(1361) diVTz =V, — diVT], ||T2||0 = mil’l{HT”Q,diVT =V — diVT],T (S Zk,k,b}

252



CHAPTER 13. LINEAR ELASTICITY AND FINITE ELEMENTS  Jinchao Xu

It follows from the definition of 75 that || div 7;||p defines a norm for it. Then, a scaling argument proves
(13.62) IT2llzivy < Clldiv Ty — vilo.

Let T = 71 + 7. This implies that

(13.63) divt = v, and ||7llg@ivy < Clivello,

this proves the discrete B-B condition (14.36). 0

Theorem 101. Let (0, u) € 2 X V be the exact solution of problem (20.42) and (ty,, up) € 2y j X Vi, the finite
element solution of (13.53). Then, fork > n + 1,

(13.64) llo- = allacaivy + e = wpllo < CHlorllesr + lluelle).

Proof. stability of the elements and the standard theory of mixed element methods [?, 10] give the
following quasioptimal error estimate immediately

(13.65) llo = oulla@iv) + lu —upllo < € _inf  (llo = Tpllivy) + Il = vallo) -
Tn€2knVi€Vin

Let P;, denote the local L? projection operator, or element-wise interpolation operator, from V to V;,, satis-
fying the error estimate

(13.66) [lv—Ppv|lo < Chk||v||k forany v € Hk(Q;R”).

Choosing 1, = [0 € 2;;, where I, is defined in (13.57) as I, preserves symmetric P, functions locally,
(13.67) llo = Tallo + hlo — Thlaaivy < CE ol

Let v, = Pyv and 1, = I,0 in (13.65), by (13.66) and (13.67), we obtain (13.64). O

Remark 29. To prove an optimal error estimate for the stress in the L? norm, we can follow the idea from [?]
to use a mesh dependent norm technique. In particular, this will lead to

K+l
lloo = oz < Ch " o[ 12y

Remark 30. The extension to nearly incompressible or incompressible elastic materials is possible. In the
homogeneous isotropic case the compliance tensor is given by

1
_Z T_2y+n/l

At tr(7)o],

where ¢ is an identity matrix, and u > 0, 4 > 0 are the Lamé constants. For our mixed method, as for most
methods based on the Hellinger—Reissner principle, one can prove that the error estimates hold uniformly in
A. In the analysis above we use the fact that

alltllo < (A7, 1)

for some positive constant . This estimate degenerates @ — 0 when 4 — +co. However the estimate
remains true with @ > 0 depending only on & and u if we restrict 7 to functions for which divt = 0 and

fg tr(7)dx = 0, see [10], also [?, ?] for more details.
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