8
The sparse grid method

It is well-known that a smooth function defined on [0, 1]¢ can be pointwisely approximated with O(h?)
accuracy by a piecewise bilinear function in a subspace V}, of dimension O(h~%). In the socalled sparse grid
method proposed by Zenger, an O(h?|log h|~") pointwise accuracy can be achieved by using a substantially
smaller subspace S, C V;, of dimension O(h~!|log h|*""). As a result, a function u on a general domain in R?
can be approximated with O(h|log K% in H' norm with only O(h~!|log K%y number of operations.

8.1 Multi-linear elements

For simplicity, we take
D, =(0,1)7° 1<s<d.

For Dy, let the first grid 7 01 be itself. Divide each element of 7, kl into two equal intervals and obtain the next
level grid 7';1 . Consider a cubic grid 7,/ of the domain Dy, which is a tensor product of 7-/{1_ The vertice of
elements there are (ijhy, - ,ishi), with 1 < iy, iy < mp— 1, n = h,;l and h, = 2*. For s = 1, denote

7'0' (O Em—
7'11 0o—eo———— o]
7’2' (e——eo—e0o—0o—90]

T, 0e—e—eo—o—o—o—o—o—0]

the basis function of nodal value interpolation to the vertex xi; = il by ¢ i(x) with 1 < i < ny — 1. For
2<s<d,let

i= (i, i) and xi = (g, - 5 ishy)
and ¢} ;(x1,- - -, x;) be the basis function of the nodal value interpolation(bilinear interpolation) correspond-
ing to the vertex (ijhg, - - , ishi) on the grid V. Then
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Wl (x) = ]_[¢{l._(x,), 1<ij<m—-1, l<s<d
J=1

Here we add a superscript j to each basis function ¢y, in one-dimensional case to represent that the basis
function is the function of x; component of x = (xy,---, x,). In other words, the grid T is obtained by
cutting each cubic of 7 , into 2% equal cubics. Then the number of elements in 7 is (n)* = 2% and the
number of interior nodes is (n; — 1)* = (2F — 1)°.

Lemma 58. Assume that 11} : CD,) » T (Dy) is the nodal value interpolant on T} and I} is the nodal
value interpolant with respect to the variable x;. Then

Tu = ﬁ L.
s=1

Proof. Foreach 1 < s <d, let
-Z']i = {i= (ila"' ,is)’ 1 S l’l’." ’iS Snk_ 1}'
M= ulo )

so7d
el

d

= Z u(Xi) 1_[ Bri (Xs)

ierd s=1

d-1
STTee0 D) utand! o

ie]f s=1 1<ig<ni—1

d-1
DT e otudupa

iezj-! =1
d
= (]_[ u.
s=1
|
Consider one-dimensional HB functions, we rewrite the nodal value interpolation operator I on 7'11 in

1-dimension as
J
I; = Zlk =L,
k=0

8.1

with /_; = 0. Let M = H}(D) and

(8.2) Vi=Ux = LM = = LieOMi, k=0 J.
It is easy to see that

(8.3) Vi =A{bri = X € Nk \ Ni—1}.

It is obvious that the dimension of 7'k' is 2. The above subspaces obviously give rise to a direct sum decom-
position of the space M; as follows:
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Fig. 8.1. Multilevel bases and hierarchical bases

M; = @{zo(vk.

From this one dimensional hierarchical basis, a multi-dimensional basis on the d-dimensional unite cube
D, is obtain by a tensor product construction:

d
Md :MJ®M]®.,_®MJ
~ 1 > ;
= @kl,kz,..~kd:0((vkl ® (sz R (de)
= GBin @k1+k2+-~+kd=j ((V]il ® (Vlzz R ® (VZ[])

(8.4)

Letk = (ki, ks, - , k;) be a multi-index. Denote
V=V, @V, @0V,
Next we consider the approximation property and dimension of the following subspace:
S9, = @« Vi

For the linear finite element, |[u — u;lly < h3|ul,. Since & ~ N~/4 where N is the number of the total
degree of freedom, we have

llu = wsllo s N~/ July.
It implies that for a fixed number of degrees of freedom N, a large dimension results in pretty low accuracy.

In order to overcome the curse of dimensionality, we intend to choose a small subspace properly and
throw away a large number of useless information. In the following, we introduce an interpolation operator

R;, which interpolates functions into finite element spaces on coarse meshes. Denote the range of R‘ki by S¢,

which is the desirable subspace.
Denote

f,’r:{k:(kl,'-',kd):ogkig-]a |k|1§r},
e=tk=(k, e kg) 10 <k < U, Kl >
o=k=(ki, - ko) : 0 <k < J, [kly =r}.
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Lemma 59. Assume that I : C (D) = M(Dy) is the nodal value interpolant with respect to the variable x;.

Define
d
Fio= 2 [l -5
keF;, s=1
and J J
S, =F J,rM.

Then form =0, 1,

inf ||V _/\/”m,Dd < ChfIZ—m)(H'l)/Jl lOg hJ|d—l max ||62Sign(k)V”O,Dd‘
xes, ker,

Proof. Using the obvious identity (with I*, = 0)

J
1= )= 1),
k=0

it follows from the commutative property that

d J J d
o =11>-n0="> [la -5

s=1 k=0 ki,ka, e kq=0 s=1

Thus

d
(8.5) (1 - Fly = Z ]—[(lli — L _)v.

keTJ‘:r s=1

Note that if k; # 0,

d d
s $ 2— 2 $ .
N[ [ = 2 vln, < B2"002 | [ = 1 Vil
s=1 §s=2

d
(8.6) = | - 1)@ Voo,
s=2

d
=279 d = 1233 o,

s=2
Ifk; =0,
d d
W[ T = 1 _ovliwo, = 10 [ i = 1)Vl
s=1 §=2
d
(8.7) <I[ [ = 15 _vlino,
s=2

d
| N (R
s=2

150



CHAPTER 8. THE SPARSE GRID METHOD Jinchao Xu

A combination of (8.6) and (8.7) gives

d
(8.8) ] [ = £ _vllop, s 2R a2 ®0y

An elementary calculation shows that

Jd
Z 27(27m)|k|1|| azsign(k)v”wd — Z Z 2*(2—m)lk||”aZSign(k)V”OM

keFy, J=r+1keFy,

Z 2~ (2-m)j max “62s1gn(k)v||ODl Z 1

keF
j=r+l ke‘TJ‘fj

8.9) Jd
Jd 1 Z 2~ (2-m)j rnax ||0251gn(k)vl|

Jj=r+l

1-2- Q2-m)(Jd-r-1) .
— Jd—lz—(rJrl)(Z—m) ll;n%)(( ||62$1gn(k)

o am Voo,

Jr

< ™D log hyl ™! max 97" Wil p, .
Jr

A combination of (8.5), (8.8) and (8.9) yields

d d d d 2-m)(r+1)/J d-1 2sign(k
W = F{vlln, < v = IV, + WY = Fivllp, < CHZ™ "2 log hyl*™! max 67 0l p, .
Jr

which completes the proof. U

Remark 14. Let [ p/2] be the smallest integer larger than p/2. For any positive integer p, if r > [p/21J, there
are at least [p/2] components of k which are nonzero, namely, 2sign(k) > p. Thus, for any polynomial v

with degree not larger than p, maxges ||6231gn(k)v||0,D‘, =0.

Lemma 60. By the definition of S , we have

Jr

d
s4, =span{[ |61, K <r id €N\ Neo)
s=1

and
dim(s4,) = Ok, |log hy|"™).

Proof. 1t is easy to see that

dlm(Sir) < C Z 2k1 +ky+-t+ky

k|<r
=C ) VHFy,

=0 '
<2yt
< Ch,"|log hy|*™".
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8.2 The sparse grid method using high order polynomials

In this subsection, we consider the high order method. Let M,k =0, 1,--- denote the one-dimensional
Lagrange finite element spaces of order p on the grids 7. Note that the number of elements on 7,k =

0,1,--- is 2°. Thus, the number of degrees of freedom of the space M; is

Dim(My) = p2* +1 fork > 1,
and Dim(My) =p + 1.

Setting Vo = My and
Vi=Uy - LM, fork > 1.

Thus, the dimension of the spaces is

Dim(Vy) = p2' fork > 1,
and Dim(Vy) = p + 1. It is easy to see that
(8.10) Vi =A{dki © xki € Nie \ Nier}s

where N denotes the set of nodes of Lagrange finite element space of order k. The above subspaces obvi-
ously give rise to a direct sum decomposition of the space M; as follows:

Moo = @]iozo(vk .

From this one-dimensional basis, a multi-dimensional basis on the d-dimensional unite cube D, is obtain
by a tensor product construction:

d
= @kl,k2,~~kd:()((vkl ® (sz R ® (de)
- @jio ®kl+k2+m+k”=-i ((V/i] ® (VI%Q R Q (V]fd)

(8.11)

Letk = (ky, kp, - - - , k;) be a multi-index. Denote Vi = q/,il ® (Vlfz ® - ® VZI. We make the following

truncation: g
M = (B, <. V) @ (B, > Vi) -

Next we consider the approximation property and dimension of M*5? := @y .1 V.

Lemma 61. It holds that
(8.12) Dim(M*™") = O((p + )L™ (L +2)"2").

Proof.
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Dim(M*"?) = Dim(@, <.V}, ® Vi ® - @ V()

d k=1
_ d—i k1+-"+kd,l'—(d—l')
=Y. Cip+1y Y p2

i=0 ky+-+kg_i<L

d k>0
- Z Cd(p +1) Z piminhitthai

(813) i=0 ky+-++kg_i<L—(d—i)
d

< d(p+ l) pd i(L_d+ i)d—i—lzL—d+i
i=0

d

<(p+ 1)L 1ol Z ciL
i=0

< (p+ DILY(L +2)%2tH,

In the first inequality of above estimation, we use the fact that

2k|+ kg _ Z Z 9 — ch]iﬂ} .

ky+-+kg<L J=0 ki+-+ka=j
and .
(L—1+d—1)' PN gd-lnj _ gd-1nL
m chﬂi 12 <ZL 2/ =L 2",
J=0
Thus,
2k1+-~-+k41 ~ Ld_IZL.
ky+-+kg<L
O
Lemma 62. It holds that
(8.14) ||]714=](];;i _ Ili,-—l)V”O < ¢~ P+ DIl 5P+ Dsignt,,)

Here C is a constant independent of p,d, k.

Proof.

i i 1 i i 1)sign(k
WL, (8, = 1 Vllo < CHYTHITL (1, — 1, )P+ Dse®y

(8.15) .
< Cdz_(P"'l)'k'l ”(’)(P+1)Slgn(k)v||0_

0
For any v, we denote v, = H[d:l(llg —1I_)v. Itis obvious that

szvk.
Kk

The above lemma indicates that vy decays as C42~(+ DIkl
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Lemma 63. Setting v = IT (Ii — I\ _)v. It hold that

1 1 d 4l 2p+l )L)
(8.16) I Z villo < €42 DE* gt
K|, >L i=0

max ||a(p+l)sign(k)v| |0
|kl >L

Proof. By Lemma 62, we have

I Z villo < ¢ max ||5<P+1>81gn(k)v|| Z 2~(p+Dk_
Ikl =L )

Setting 54z = Yy,» 2”7 P¥. Note that

Sar = Z 2=(p+Dk

Kl >L
— Z 9= (prDki+ ko ttky) | =P+ D)(O+ka+-+kg)
ky+oeetkg>L—1 O+ko+--+kg=L
—(p+1
=27 )Sd,L—l + Sa-1.L
_ 2- (p+1)L 1 d
andle_lzpl’ Sd,0 = (12[}1)'

Let 14, = 27"V, ,, y = 755 We have the following induction

. d
tar =tgr—1 +tg-1, with s =v,500 ="

By induction, we have

a. L L
g SY(l+ =+ ————).
wxydry @D
Thus,
(1-271L (1 =271y
<2*(P+1)L 1_2*!’*1 —d 1+ —— 4+ - 7
Sa < ( ) 1 T

Moreover, we have
1 1
(1- 2—p—l)—d — 9=dIn(1-277")/In2 o 5 rsd.

It ends the proof. O
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