5

H(grad), H(curl) and H(div) spaces

The Laplacian operator is the most important example of partial differential operator of elliptic type. In
this chapter, we will present some main results on this operator.

5.1 Dual of H(l)(.Q): H1(©Q)

Using the definition of Sobolev space above, we define Hé(Q) to be the closure of C°(£2) with respect
to the || - ||; o norm for H ! function defined by:

P o = V2.0 + IVVIE o-
H}(9) is a subspace of H'(£2) and it can be characterized as
Hy(Q) = {ve H(Q) : vlpo = 0}
On H(l) (£2), thanks to the Poincare inequality
(.1 IMlo.e < 11Vvllog. v € Hy(Q),

the the semi-norm |v|; o = ||[Vvljoo defines an equivalent norm and (Vu, Vv) defines on equivalent inner
product on H(£).

As a Hilbert space, (Hé (£))’ has a natural representation, namely Hé (Q) itself, with the H'-inner prod-
uct as paring. We now discuss that, when the L*-paring is used, what the corresponding representation of
(Hé (Q)) is.

In fact, for any f € L*(Q), the L>-pairing

fivy=(f.v)

indeed defines a continuous linear function on H(')(_Q), thanks to the Poincare inequality (5.10). Thus we can
view f as an element in V’ and define its corresponding dual norm

(5.2) o = sup Y

veH! () V.o
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The H~!(Q) is then defined to be the closure of L*(Q) with respect to the above || - ||-1 o norm. It is easy to
see that H~!(Q) is a representation of (H(') (Q))'. Since this dual results from the L2-pairing, it is customary
to write

(Hy(Q)) = H'(Q).

Given f € V’, by Riesz representation Theorem, there exists unique u € V such that
(5.3) Vu,Vv) =(f,v), veV
Using the definition of weak derivatives, we have
(—=du,v) = (Vu,Vv), ve D)
Thus, in D’(Q), we have
(5.4 ~du=f

which also holds in V’ since D(Q) is dense in V.
In summary, we have the following theorem.

Theorem 36. The following mapping is an isomorphism
-4 H)(Q) = H'(Q).

This is the most basic result in the variational theory of partial differential equations. It also give certain
characterization of H~'(Q).
Now taking any w € L?(Q). By definition of weak derivatives, we have

(Ow, vy =—(w,0;v) vEe Hé(.Q).

This immediately implies that
dwe H'(Q), [0wl-1.0 < Wl

In summary, we have

Theorem 37. J
HNQ) = {~du : ue Hy(@Q)} = {WQ + Z Awi : wo, w; € LZ(Q)}.

i=1

This characterization of H~'(Q) partially explains the origin of the notation itself since L>(Q) = H°(Q).
The following inequality is non-trivial:

V0. < IVVI-10 + [IVI-1.0-

5.2 Elliptic boundary value problems and regularity

Consider

Au=f inQ,
(5.5) u=0 onoQ.
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Here, Q is a bounded domain in R?. The bilinear form corresponding to the operator — is defined by
(5.6) a(u,v) = f Vu-Vv.
Q

This form is defined for all v and w in the Sobolev space Hé (Q). Clearly, u € Hé (9) is the solution of

(5.7) a(u,v) = (f,v) Vv e Hy(Q).

The H' solution of (5.7) is often called a weak solution of (5.5). This solution u can be proved to be a
solution of (5.5) in a more classic sense if u is smooth enough. The theory for proving the smoothness of
the weak solution is called regularity theory. This sort of theory is often not very straightforward. We shall
only give a brief account of this theory. But this theory is very important for the theory of finite element
approximation and convergence of multigrid methods.

To get a rough idea of regularity theory, let us study a property of Laplacian operator on the whole space
by using Fourier transform. Given a distribution v defined on R” such that Av € L?, by the properties of
Fourier transform, we have o _

Dov(é) = (i&)"D(&) = —(i&)"1E 2 Av(é).
The function (i€)*|£]72 is bounded by 1 if |a| = 2, hence

1D Vlore < IVl pa-

By Planchel identidy, we have
IDVllo e < lAVIloge VY |l = 2.

The above inequality illustrates an important fact that if v is a function such that Av € L?, then all its second
order derivatives are also in L2. If we think about it a little, this is a rather significant fact since Av is a very
special combination of the second order derivatives of v. It is not easy to see this property of Laplacian also
holds for the generalized elliptic operator if the coefficient functions are sufficiently smooth.

This property of elliptic operator can be extended to bounded domains with smooth boundary, but such
an extension is not trivial. The following theorem is well-known and it can be found in most of the text books
on elliptic boundary value problems.

Theorem 38. Let Q be a smooth and bounded domain of R". Then for each f € L*(Q, there exists a unique
u € HX(Q), the solution of (5.5), that satisfies

llull2.0 < Cllfllo.0
where C is a positive constant depending on Q.

The above regularity theorem, however, does not hold on general Lipschitz domains. To see this, let us
give a simple counter example. Given 8 € (0, 1), consider the following nonconvex domain

Q={r6:0<r<1,0<0<n/B}.

Let v = #? sin(86). Being the imaginary part of the complex analytic functin z%, v is harmonic in Q. Define
u = (1 - r?)v. A direct calculation shows that

—Au = 4(1 + B)v in Q and ulyo = 0.

Note that 4(1 + 8)v € L¥(Q) c L*(Q), but u ¢ H*(Q).
Nevertheless, a slightly weaker result does hold for general Lipschitz domains.
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Theorem 39. Assume that Q is a bounded Lipschitz domain. Then there exists a constant « € (0, 1] such that
(5.8) leell1 4o < CllFlo-1,

for the solution u of (5.7), where C is a constant depending on the domain Q.
Furthermore a = 1 if Q is convex.

We shall now give a proof in the case that Q is convex for which the Theorem holds for @ = 1. For the
proof of the above theorem for more general case, we refer to Grisvard [22].

Lemma 26. Let Q be a convex, bounded domain of R%. Then for any u € Hé (Q) N H*(Q)

d
Z f 02l < f Aul*.
Q Q

ij=1

Proof. We first establish the inequality for u € Hy(2) N C*(Q2). It follows from the Green formula that

d
1
(5.9) f lAul* - § f |07 ul* = f (Aud,uu — =8, |Vul®).
Q Q / oQ 2

i,j=1

We shall prove the result under a slightly stronger assumption that £ is piecewise smooth. Given a smooth
point x € 0Q2. Assume that, around x, I is given by the graph of the function x; = g(x1, -+ , x4-1), Ix,»—x?l <
0,0 <i<n—1forsome ¢ > 0. Since both 4u and |Vu| are invariant under both rotation and translation, we
may assume that X =0andv == ,...,0,DT.

Let @ = x; — g(xy,- -+, x4-1). Then

y=VO/VD|, 8ig=—-0;P=vi/va=0, 1<i<d-1.

Since u € Hé(Q), we have u(xy, -, x4-1,8(x1,- -+ ,x4-1) = 0. Differentiating this identity and using the
chain rule, we deduce that, for 1 <i<d-1
6,14 =0

and, for1 <i,j<d-1
(ﬁju = 6%]458‘114.

It follows that
Au = tr(0q4u)
and
1 d d
SOIVuf = D 0w Y. Fuv; = pudl,u.
i=1 =1
Consequently,

1
Aud,u — Eav|vu|2 = (0,u) (0% u + tr(D* D), u) — 8,ud>,u
= (D)’ t(D*P) > 0.

The desired estimate then follows. O
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Remark 12. We have in fact proved the following identity

d
f lAul* - Z f |07 ul” = f HaolVul* Y u e Hy(Q) N H*(Q)
Q P Q 0
i,j=1

where Hjg is the mean curvature function for the boundary of Q.
Lemma 27. Let Q be a convex, bounded domain of R%. Then for any u € Hé (Q) N H*(Q)
llull.0 < C(Q)l|4ullo.o

Proof. By a standard energy argument, |v|; o < ||4ullg.o. By Poincare inequality, ||ul|; o < C(diamQ)|v|; o.
The desired estiamte then follows by combining the previous lemma. 0

Now we are ready to prove the theorem.

Proof. We choose a sequence Q,,, m = 1,2, ... of convex subsets of Q with C? bondaries 4Q,, so that
dist (092,,, 0R2) tends to zero as m tends to infinity. By the well-known regularity theorem for smooth domain
(cf. Gilbarg and Trudinger), for each m, there exists u,, € Hy(£2) N H*(Q) such that —4u,, = F in Q,,. By
Lemma 27, there exists a constant C such that ||u,|2,0, < C. This implies that i, is a bounded sequence
in H'(R?) and v,,,; ;= alﬁ}um are bounded sequences in L>(R¢) for 1 < i, j < d. Consequently there exit
V e H'(R? and V; j € L?>(R?) and a suitable increasing sequence of integers m; (k=1,2....) such that, as
k — oo

fly, — V weakly in H'(RY), 9, — Vi; weakly in L*(RY).

Let u = V|g. It is easy to check that u € Hé () and satifies (Vu, Vo) = (F, ¢) for all ¢ € H(l) (£). It can also
be easily checked, by definition, that 6;0;u = V;jlo € L*(Q). Thus u € H*(Q). O

5.2.1 The self-adjoint property of —4

Let us discuss about the following operator

5.2.2 As a bounded operator
In the previous sections, we have shown the following isomorphic property of the operator —4:
—A: Hy(Q) —» H ().

Namely,
=A:V->V

with V = Hj(Q).
The corresponding energy inner product is simply the inner product of Hé (2):

[u,v] = (Au,v) = (Vu,Vv), u,veV.
It is interesting to consider the inverse of —4 which gives the following isomorphism:

(=)' HY(Q) — HY(Q).
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Since Hé(Q) is compactly imbedded into H~'(Q), we have the following compact operator:
(=)' L2(Q) - LHQ).

which is also self-adjoint with respect to the L? inner product. ' This observation can be used to analyze the
spectrum property of —4.

5.2.3 As an unbounded operator

In the literature, —4 is often studied as a densely defined self-adjoint unbounded operator. Despite that
taking —4 as an isomorphism form Hé (Q) to H'(Q) is very useful, the spectrum properties are also impor-
tant for an operator. However, we can only talk about the spectrum of an operator which maps a space to
itself.

So we are going to talk about —4 as an unbounded operator form L*(Q) to L>(R). The first thing is to
construct the domain of —4. A direct way is to set D(-4) = Hg(Q), however —4 is not a closed operator
on this domain. An common way to extent —4 to be a self-adjoint operator is to using the inner product
introduced by a(u,v) = (Vu, Vv);2 and using Friedrichs extension theory. Then you can have

Theorem 40. The operator —4 : [2(Q) » [*(Q)isa self-adjoint operator with D(—A) = H*(Q)Nn HOl (D).

In fact, we can construct the domain by simply analysing the inverse of —4 from the regularity properties for
elliptic operator. We have —4 : H}(Q) — H~'(Q) is a isomorphism.So we can define the inverse K = (-4)™"
on L*(Q), rather than H~'(2), in which case its range is a subspace of Hj(Q).If the domain @ is sufficiently
smooth for elliptic regularity theory, then u € H*(Q) if fe L*(Q), and the range of K is H*(@Q)Nn Hé (), for
non-smooth domains, the range of K is more difficult to describe.

If we consider —4 as an operator in L*(2), then the domain of —4 is D(—4) = Range(K), and we have:

—A: D(-4) c L*(Q) - LX(Q)

is an unbounded self-adjoint linear operator with dense domain H*(Q) N Hé ().
The spectrum properties of —4 will be expressed below:

Lemma 28. If A is a compact self-adjoint operator from a infinite dimension Hilbert space to itself, then the
spectrum of A denoted by o(A)(o,(A) stand for the eigenvalues of A) satisfy the following properties.

L r(A) = lim,, o0 IA"]|7 = |IA]|
2.0e€0(A)
3. o (A0} = o, (A)\{0}
4. Follows one of the next cases:
a)c(A)={0}=A=0
b) o0 (A)\{0} is a finite set
c) o(A)\{0} is a sequence with only one accumulation 0.

Theorem 41. The operator -4 : L>(Q) — L*(Q) has an increasing sequence of real eigenvalues of finite
multiplicity

O<y s <A, <00
such that A,, — oo, and —Ae; = A;e; with e; € H(l)(Q) N C=(Q) if Q is C* smoothness. What’s more, {e;}2, is
the Hilbert basis for L*(Q) even for Hé (D).

! In fact, for any f,g € L?, letu = (-4)"' f,v = (-=4)"'g, then u,v € H}(Q) and (-4)"' f, g) = —(u,4v) = (Vu, Vv) =
(—du,v) = (f,(=)"g).
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Proof.

e First, we need find a uniform space to redefine —4 to discuss its spectrum. We can do as mentioned
before by define —4 : [*(Q) — L*(Q) as an unbounded operator.As we discussed before, 4 can been
seen as a self-adjoint unbounded operator on H 2@ n H(l) (D).

e It’s difficult to analyz the spectrum of —4 directly.Thanks to the Pioncare inequality(Garding inequality
in general elliptic operator), we know that (-4)~! : L*(Q) — L*(Q) is a self-adjoint positive definition
compact operator.

Self-adjoint: This can be checked that: for any f,g € LZ(Q),(—A’I(f), g) = (u,—4v) = (Vu,Vv) =
(~du,v) = (f,~47\(g))

Positive definition: For any f € L?(Q) andf # 0, then (=47'(f), f) = (Vu, Vu) > C(u, u) > 0.

Compact: This is we put —4~! : L*(Q) — H}(Q) — L*(Q), thanks to the Sobolev compact embedding
theory, H(I)(Q) — L*(Q) is a compact imbedding, so —4 is a compact operator form L*(Q) to L*(Q).

e As (=4)7! has those wonderful properties, we denote K = (—=4)~' and analyze this operator using the
theorem above. Then we know that, there exist gy > yp > -+ > y,, > --- with lim, o &, = 0 with
eigenfunctions {e;};7,.

e Then we get 4; = ,ui‘1 for -4 with —4e; = A;e;, and {e;};2, forms a complete Hilbert basis for L*(Q). And
those are the all eigenvalues and eigenfunctions of —4.

5.3 On the spectrum of —4 : H(I)(Q) - H(Q)

We consider the Dirichlet problem for the Laplace operator on a bounded domain ¢ R¢, d = 2,3.
Here, Q is with Lipschitz boundary.
We have the following Poincare inequality: There exists a constant C(£2) such that

(5.10) llullo < Clul;.

Poincare inequality implies that there is a unique solution to the Dirichlet problem, which in weak form is:
Find u € Hj() such that
(Vu,Vv) = (f,v), forall ve H)(Q).

We note that this defines an unbounded linear operator A : L* — L? with a dense domain H)(Q) c L*. If u
is the solution to Au = f and f € L? then we know that u € Hé (€) is unique and satisfies

luli < Iflo-

Hence,
lul; <1 forall f suchthat]|[fllo=1.

In accordance with this, let B be the operator that maps f € L*>(Q) to u € Hé (£), that is the inverse of A,
namely u = Bf. Note that ABf = f and BAu = ufor all f € L>(Q) and all u € Hé(Q).

Since the embedding H(l) (Q) — L*(Q) is compact we have that the unit ball in L?() is mapped by B to
a set with compact closure (pre-compact set) in L*(Q).

It follows then that B is: (1) compact; (2) self-adjoint; and (3) positive definite operator.

Proof.
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(1) Compactness: Compact operator is an operator which maps a bounded set into a pre-compact set (i.e.
a set whose closure is compact). B maps the unit ball of L* to the set S| = {u : |ul; < 1} in H(‘). The
embedding theorem (Relich-Kondrashov Theorem) says that the embedding of H(l) into L? is compact.
Equivalently, the inclusion operator Hé (Q) — LX(Q) is compact and maps S| (a bounded set in H(l) (Q))
to a pre-compact set in L?, that is S| is a pre-compact set in L*(£2) (set with compact closure). Since B
maps the unit ball to S it follows that B is compact.

(2) Symmetry: For any f and g there exist u € H) and v € H, such that Au = f and Av = g. We then have
(Bg, f) = (BAu,Av) = (u,Av) = (Au,v). Further, we also have (Au,v) = (ABf, Bg) = (f,Bg) and B is
self-adjoint.

(3) Positivity: Same as symmetry, for any f € L?, we have (Bf, ) = (BAu,Au) = (u,Au) > C(u,u) > 0,
and this shows that all eigenvalues are positive.

0

The fact that a compact self-adjoint operator has complete set of eigenvectors and eigenfunctions is
known as the Hilbert-Schmidt theorem below (Theorem 42). So B has a complete orthonormal (in L?) basis
satisfying

Boj =i,

and p; — 0, when j — oo and u; > 0. Since B maps L? to H,) it follows that ¢; € H;.

For A then we have

¢j=ABg; = ujAg;,

and hence all eigenfunctions of B are also eigenfunctions of A with eigenvalues 4 = ,uJTl. Since this is a
complete set in L? it follows that these are the ONLY eigenfuctions of A.

Theorem 42 (Hilbert-Schmidt Theorem). Let B : X — X be a compact self-adjoint operator on a Hilbert
space X. Then the set of eigenfunctions of B is complete.

Proof. Take the space spanned by the eigenfunctions M = span{¢;}. We want to show that the restriction
of B on M* is zero. Let us call this restriction By. If it were not zero, this means ||Bo|| > 0,

Since we are dealing with self-adjoint compact operator, there exist an eigenvalue A such that ||By|| = A.
But this means that By has a nonzero eigenvalue and By has eigenfunction in M*. This should also be
eigenfunction of B.

However, M was the space that contains ALL eigenfunctions. This means that ||By|| = 0 and we have
that BM* = 0.

But now, this implies that so M* is a subspace of the Kernel of B, i.e. M*is a subspace of the eigenspace
corresponding to the 0 eigenvalue, and hence M+ C M (because M contains all eigenfunctions and contains
the Kernel of B for sure if any kernel).

This can only happen if M+ = 0 and the proof is complete. [

5.3.1 On the positivity of the first eigenfunction of —4

Theorem 43. Let ¢, € Hé (Q) be the first eigenfunction of —A : Hé (Q) —» H'(Q), namely
—A¢1 = L

where

. —Av,v
Ay = inf { >.
veH @ Ve
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Then

d1(x)#0 xeQ.
Proof. Let’s assume without loss of generality that |¢]; o = 1. Since ¢} € H(') (), with
¢7 = p1l({p1 2 0))

¢ = 11({$1 < 0})
We have (-4¢7,¢7) = 0. Hence

A1 = (=41, ¢1) = (=A¢7, 1) + (=497, ¢7)
> 67 + lgiL o

=Aldile =4
The inequality above must in fact be an equality, and so

(=467.67) = BT o0 (~4d7.¢7) = 11l [; o-

Therefor ¢7 and ¢ are also eigenfunctions of A;. So

—A¢t = i¢T >0in Q

Thus the strong maximum principle implies either ¢7 > 0 in Q or else ¢] = 0 in £. Similar arguments apply
to ¢7. So ¢1(x) # 0in Q.
0

5.3.2 On the positivity of (—4)7!

Theorem 44. The inverse of Laplacian, (=4)™" is non-negative operator in the sense that
(=D~ f)(x) = 0 as long as f(x) > 0,

x € Q.
Proof. We first prove the Maximum principle:

if —A4u>01in Q, then minu = min u.

xeQ xX€0Q
For € > 0, define an auxiliary function & = u — ex%. We have

—Aii = —Au + 2¢ > 0in Q, and min# = min .

xeQ xX€00Q
In fact, if there exists xo € Q such that ming it = ii(xo), then, Dii(xo) = 0 and D?ii(xo) > O (non-negative
definite matrix). —4ii(xo) = — X, fix,x (x0) < 0, which is a contradiction. And min, g it = —max, g —i,
| max —it — max —u| < |max(—it + u)] > 0ase — 0.
xeQ xeQ xeQ

Thus, Let € — 0, we get min, s u = min s u. Therefore, by —4((=4)~! £)(x) = f(x) > 0, we have

(A" f(x) = min(-4)"' f = min(-4)"' f = 0.
x€eQ aQ
O
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5.4 grad, curl and div operators, exact sequences

The Sobolev spaces H(div) and H(curl) are two important classes of spaces that are important for mixed
formulation of second order elliptic equations and for Maxewell equations in electromagnetic applications.
In this section, we give some brief discussions on finite element subspaces for these two spaces and the
corresponding multigrid methods. [?]

Given a Lipschitz domain Q and a linear differential operator D, we define

HD; Q) = {v e (L*(Q))",Dv € L*(Q)}.

By taking D = div, curl, we obtain the Sobolev spaces H(div; Q) and H(curl; Q) that we are interested. We
also note that
H'(Q) = H(grad; Q), L*(Q) = H©O; Q).

In 3D, the grad, curl and div have the following formulations:
o,u oyw -0y

gradu =Vu=|0u|, curlu=Vxu=|0u-0w|, divu=V- u=0au+0dyv+0ow.
O.u 0xv — Oyu

Lemma 29. A vector function u € L*(Q) belongs to H(curl) (or H(div)) if

1. u is piecewise smooth with respect to a partition of Q, and
2. uXxn(oru-n)is continuous across the boundaries of the subdomains in the partition.

Proof. Consider 2 = Q, U, and I" = Q; N Q,. Then, for any y € (C(£))"

fx-curlg—fcurl)(g:—f(zixg)-)(, i=1,2.
9 Q; - r

Since u X n is continuous across I", we have

f x -curly = f curly - u.
QU Q -

Hence u € H(curl). A similar argument follows for the H(div). O
If Q is simply connected, we have

curly = 0 © u = gradd,

divu = 0 & u = curlg.

Next we introduce the exact sequence

grad curl div

(5.11) R —— C™(Q) c* c* c* 0.

“Exact sequence” here means that for each right arrow, the range of the left operator equals the kernel of
the right operator, namely,

104



CHAPTER 5. H(GRAD), H(CURL) AND H(DIV) SPACES Jinchao Xu

1. R = N(grad);

2. Range(grad) = N(curl);
3. Range(curl) = N(div);
4. Range(div) = C*(Q).

de Rham complex

The de Rham complex can be presented in a general framework by means of exterior calculus. Let us
suppose that Q ¢ R3 is a simply connected domain. A direct calculation shows that if p € H'(Q) then
Vp € H(curl, Q) since Vx Vp = 0 € (L*(Q))* and Vp € (L*(Q))’. Similarly, if ¥ € H(curl; Q), then
V X u € H(div; Q). These results, and the corresponding results for the divergence applied to functions in
H(div; Q), can be summarized in the following de Rham diagram in 3D case:

curl

(5.12) R — H'(@ —=, Hicurl, @) —" H(div,Q) —2— [2(Q) —— 0.

Let us derive the 2D de Rham complexes from the 3D one. For the 2D case, all the variables should only
depend on x and y. Then for any vector function u,

Oy u ayw curlw
Vxu=|0,|x|v]|=| \-0w] |= (%]
0, w Ocv — Oyu Oy

where the two dimensional curl and rot are defined as
curlw = (0,w, —-aw)T, roty = 8,v — oyu.

In this case, the rot operator can be understood as rotu = div(u*), where u* is the rotation of u by an angle

of /2. Let
01
U= (_1 0).

rot(u) =0 —0yu= div( Y ) = diVU(u),
v —u v

_fow )\ (0w _
curlw = (_ c')xw) =U ( ayw) = Ugradw.

Then

In other words, rot = divU and curl = Ugrad.
For any u = u(x,y),

Ou —0Oy 1
(5.13) rot gradu = rot| Oyu | = Oy U =0,
0 Oyt — Oyt

and
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Oyu
(5.14) diveurly = div| —0.u | = 0yl — Oyt + (Ox;u — Oyout) = 0.
Oxu — Oyu

Hence, we have two de Rham complexes in 2D:

515 R —" s H'(@Q —, Hiot, Q) —°— 12(Q) 0.
R — '@ — Hdiv,Q) —2 12(0) 0.

Theorem 45. The diagrams (5.12), (5.15) and have the property that the range of one operator is contained
in the kernel of the one following it in the sequence.

The continuous case of the exact sequences is a special case of the Poincaré Lemma, which states that if
©Q C R" is a constractible domain, and k is an integer, then for any k-form w such that dw = 0, there exists
a k — 1-form such that w = da (In other words, all closed differential k-forms on contractible domains are
exact). The proof of Poincaré Lemma based on counting dimensions of the cohomology on a contractible
domain.

Another way of proving the exactness of the de Rham sequences is constructive.

5.5 H(grad), H(curl) and H(div) spaces

We can define spaces
H(D; Q) = {ve L*(Q), Dve L*(Q)},

where
rad,
& . grad,
rot, . .
D = ifQc R’ D={curl, ifQcR>.
curl, .
. div,
div,

Here, we abuse the notation a little bit, namely, we use L*(Q) to denote L2(Q), [L*(Q)]? or [L3*(Q)]°. Fur-
thermore, we can define space Hy(D; Q)

Hy(D;2)={ve HD;Q), trv=0},
where tr is the trace operator, which is defined by
, v € H(grad; Q),
, v € H(curl; Q),

-v, v € H(rot; Q),
-v, v € H(div; Q),

v, v € H(grad; Q),
ifQcR’ trv={vxv, veHcur;Q), ifQcR’.
v-v, v € H(div; Q),

trv=

< 4 = =

Here, 7 is the tangential direction along the edge, while v is the normal direction of the edge (in 2D) or face
(in 3D).

106



CHAPTER 5. H(GRAD), H(CURL) AND H(DIV) SPACES Jinchao Xu

Similarly, we can define Hy 1, (D; £2)
Hor,(D;Q) ={ve HD;Q), trr, v =0}.
Useful identities

For a bounded Lipschitz domain £, the outer normal vector v = (v;) of 2 can be well defined almost
everywhere on 0Q2. The following identities will be frequently used in this book.

(5.16) f(Diu)vdxz—quivdx+f uvv;ds.
Q Q 00

0
5.17) fVu-Vvdxz—f(Au)vdx+ —uvds.
Q Q a0 Ov
(5.18) fdivwdxzf w-vds
Q 0Q
(5.19) fou-vdx: (vxu)~vds+fu-Vvdx.
Q 0Q Q

Equations (5.21) - (5.23) hold for both 2D and 3D, while equation (5.19) only hold in 3D. In 2D, the VX,
i.e. the curl operator, degenerates to the rot operator. So the integration by parts formula becomes

(5.20) f rotu - vdx = (v X wyvds + f u - curlvdx,
Q 0Q Q

Our

T .
o —@) (for any scalar function v), and rotu = 32 — %iv‘ (for any u = (uy,u2)"). And for

dy’ Ox
v=1,v2)T, u = (uy,uy)7, the cross product in 2D is defined as v X u = vjuy — vou;.

where curly = (

5.6 Stoke’s theorem and Trace theorems

Stoke’s theorem

Stokes’ theorem (also called the Stokes—Cartan theorem) is a statement about the integration of differen-
tial forms on manifolds. It simplifies and generalizes several theorems from vector calculus. Stokes’ theorem
says that the integral of a differential form w over the boundary of some orientable manifold 2 is equal to
the integral of its exterior derivative dw over the whole of Q, i.e.,

fwzfdw.
00 Q
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4

|
\ »‘-' 02

\
70

1. d = grad: for a curve C begins with node a and ends with node b, stoke’s theorem reads

fgradu -L:f u = u(b) — u(a).
c {a.b)

fcurlzi-lﬁfzi

s as
fdivgizf u-n.
4 av

For a bounded Lipschitz domain £, the outer normal vector v = (v;) of 32 can be well defined almost
everywhere on 0. The following identities will be frequently used in this book.

2. d = curl: stoke’s theorem reads

3. d = div: stoke’s theorem reads

Green’s identities

5.21) f(Diu)vdxz—quivdx+f uvvids.
Q Q 00

0
(5.22) f Vu-Vvdx = - f(Au)vdx + —uv.ds
Q Q a0 Ov

(5.23) fdiv wdx =f w - vds.
Q 00

Trace theorems

The particular useful case of the above theorem is when p = 2. Because of its extraordinary importance,
let us restate the theorem and some its consequence.

Theorem 46. 1. The mapping u — yu = ulgo which is defined for u € C'(Q) has a unique continuous
extention as an operator from H 1(Q) onto H'?(6Q).
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2. The operator vy : H'(Q) — HY?(0Q) has a right continuous inverse, namely there exists a constant cg
such that for any f € H'*(Q), there corresponds to a function vr€H Y(Q) such that

f=yvy and |vsllie < collfllij2e0-

3. Forany u € H'(Q),

lulli oo = inf VLo < lullio.
: Lo

v€u+H0( )

For smooth domains, the above trace theorem and its proof can be found in most standard text books on
Sobolev spaces. But for Lipschitz domains, the proof is much less well-known and it can be found in Necas

[..]

The hint is given in the following theorem.

Theorem 47. Assume that K; and K, are Lipchitz domain, 2 = K N K,, and function u(x) € R (d = 1,2

or 3) is given by:
_Jui(x), x€ K,
u(x) = {Mz(x), x €K,

1. ue H(K, UK>) iff u is continuous across 2.
2.u € H(curl, K; U K3) iffu; X n = uy X n, where n is the normal vector of X pointing from K to K5.
3.ue H(div, K, U Ky) iffuy - n = uy - n, where n is the normal vector of 2 pointing from K, to K.

Proof. Here we only give a proof of the second case. Proof of the first case can be found in the book of
Ciarlet, and proof of the third case is similar to the second one. By integration by parts, we get:

f curlu- ¢ = u-curlg, V¢ € C° (K, U K)
KUK, K UK,

By Stokes theorem:

f curlu- ¢ = f u; - curlg +f u, - curlg + f(ul X np + Uy X np)dA
KUK, K K> P

andn; = n, n; = —n, so:
f curla - ¢ = f u; - curlg + f u, - curlgp
K UK, K K

llcurtull?,

Furthermore,

2 2
) = ”CMrlu1”L2 + ”Curlu2”L2(K2)

(K UK, (K1)

0

There are several important remarks about the above theorem. H'-conforming elements are continuous
for any dimension (d = 1, 2, 3). H(curl)-conforming elements have continuous tangential components across
the boundary, while H(div)-conforming elements have continuous normal components across the boundary.

Theorem 48. Assume that Q C R? is a bounded Lipschitz domain in R with unit outward normal v. Then

1. the mapping u — yu = v X u |sq, which is defined for u € [C®(2)1%, can be extended by continuity to a
continuous linear map y from H(curl; Q) to H™'2(0Q). Therefore,

v X ullg-1290) < Cllullaur;o)-
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2. the following Green’s theorem holds for any v € H(curl; Q) and ¢ € [H' ()]

(VXv,0) = (. VX ¢) = {yv, d)aq.

Remark 13. The map y : H(curl; Q) — [H~'/?(0Q)]° is not surjective since for any v, the trace map yv is
tangential to AR, whereas [H~'/2(0Q)]? contains vectors that are not tangential to A<Q.

Theorem 49. Assume that Q c R? is a bounded Lipschitz domain in R with unit outward normal v. Then
1. the mapping u — yu = u |so -v, which is defined for u € [C®(Q)13, can be extended by continuity to a
continuous linear map vy from H(div; Q) onto H"V2(0Q). Therefore,

v - Yllg-1200) < ClViiadive)-
2. the following Green’s theorem holds for functions v € H(div; Q) and ¢ € H'(Q)

(v, Vo) + (V-v,9) = (. yV)ae.

5.7 Poincare ineqaulity

¢l Simo can add things el

to this section. Add the . . . . . . ) 1
*generalized Poincare Theorem 50 (Poincare inequality). if Q2 is a bounded domain, for arbitrary v € Hy(£2):

inequality and its
proof” here Vllo,e < ClIVvllo.e

Note that if v |3o# 0, this inequality is wrong.
Proof. Notice that 9;(x;y?) = v + 2x;v0,v, therefore,

L
Q
= fai(vzxi)—f2x,-v6,-v
Q Q
= —2fx,-v6iv
Q

<C f [v|-1d;v] (Cauchy-Schwarz inequality)
Q
< Clllo.g - [10:vllo.2

So [vllo.e < Clldivlloe- O
Actually, we can change the condition of vanishing on the boundary into an averaged type in the above
theorem, and the result still holds.

Theorem 51 (Poincare inequality(averaged type)). if Q is a bounded convex domain, for arbitrary v €

Hy(Q) and [,v = 0:
dd+1
%o

| 2|
Where dg is the diameter of Q,| Q | is the area of Q,v = é fQ %

[lv="loe < IVVllo.e
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Proof. First, let us consider this equality,which can be easily examined by direct computation:

|QF ||V—9||0,9=f|fv(x)—v(}’) (1)
Q Q

By fundamental theorem of calculus, we have:

1
f v(y) —v(x)dy = f dyf Vv(x + t(y — x)) - (y — x)dt
Q Q 0

We introduce another variable z = x + #(y — x) so for a given x € Q, (y,t) € 2%(0,1] is equivalent to (z,t) € G
Where G = (z,1),1 € (0, 1], @ + x € Q, and notice that G ¢ 2 X (0, 1] So by change of variable,

f V() = v(0dy = f VW) - S ddz
o) G *

1
Z—x
=LL K(;-VV(Z)'thdl

Because(z, f) € G, so Iz;t)cl < dg,then we get:

1
|fv(y)_v(x)dy |Sf|VV ||Z—XIdzf —r
Q 0 o

dg

dd
_ ff—mwnz—xv-ddz(z)

And by Cauchy-Schwartz inequality, we have:

f(f|Vv||z—x|1‘ddz)2dxsf(f|Vv|2|z_x|1—ddzf|Z_x|1—d)dx
2 Jo o Jo o

For any xe Q, letB(x,dg):=z€ Q :| z — x |< dg ,then we have:

Q
flz—xll’ddzsf Iz—xllddz=f dCydr = dCudo
Q B(x,do) 0

So, [(f, | Vv Il z = x [ d2)dx < dCudg [, [, 1 Vv Pz = x ' dzdx (3)
< (dCydo)* | v |%‘g
So, by (1),(2) and(3),we have:
| Q Iv—9lloe < Cadg ™ v,

Which is the desired result. 0
Poincare inequality for other cases.
Theorem 52 (Poincare inequality). If Q is a bounded domain,

1. In 2D case,
a) for arbitrary v € Hy(rot; Q) N kernel(rot)*, there exists a constant C such that

VIl < Cllrot vIl.
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b) for arbitrary v € Hy(curl; Q), there exists a constant C such that
[Iv|| < Cl|curl v]|.

c) for arbitrary v € Hy(div; Q) N kernel(div)*, there exists a constant C such that
IVl < Clidiv vl

2. In 3D case,
a) for arbitrary v € Hy(curl; Q) N kernel(curl)*, there exists a constant C such that

[Ivll < Cl|curl v]|.
b) for arbitrary v € Hy(div; Q) N kernel(div)*, there exists a constant C such that

Vil < Clldiv vi|.
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