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Abstract

Deep neural networks with rectified linear units (ReLU) are getting more and more popular due to its
universal representation power and successful applications. Some theoretical progresses on deep ReLU
network approximations for functions in Sobolev space and Korobov space have recently been made by [D.
Yarotsky, Neural Network, 94:103-114, 2017] and [H. Montanelli and Q. Du, STAM J Math. Data Sci.,
1:78-92, 2019]. Following similar approaches, we show that deep networks with rectified power units (RePU)
can give better approximations for smooth functions than deep ReLU networks. Our analysis bases on
classical polynomial approximation theory and some efficient algorithms proposed in this paper to convert
polynomials into deep RePU networks of optimal size without any approximation error. Comparing to the
results on ReLLU network, the sizes of RePU networks required to approximate functions in Sobolev space
and Korobov space with an error tolerance &, by our constructive proofs, are in general O(log %) times
smaller than the sizes of corresponding ReLLU networks. Our constructive proofs reveal the relation between
the depth of the RePU network and the “order” of polynomial approximation. Taking into account some
other good properties of RePU networks, such as being high-order differentiable and requiring less arithmetic
operations, we advocate the use of deep RePU networks for problems where the underlying high dimensional
functions are smooth or derivatives are involved in the loss function.

Keywords: deep neural network, high dimensional approximation, sparse grids, rectified linear unit,
rectified power unit, rectified quadratic unit

1. Introduction

Artificial neural network, whose origin may date back to 1940s[1], is one of the most powerful tools in
the field of machine learning. Especially, it became dominant in a lot of applications after the seminar works
by Hinton et al.[2] and Bengio et al.|3] on efficient training of deep neural networks (DNNs), which pack up
multi-layers of units with some nonlinear activation function. Since then, DNNs have greatly boosted the
developments of image classification, speech recognition, computational chemistry and numerical solutions
of high-dimensional partial differential equations, etc., see e.g. [4][5](6][7]|8] to name a few.

The success of DNNs relies on two facts: 1) DNN is a powerful tool for general function approximation; 2)
Efficient training methods are available to find minimizers with good generalization ability. In this paper, we
focus on the first fact. It is known that artificial neural networks can approximate any C° and L' functions
with any given error tolerance, using only one hidden layer (see e.g. [9][10]|11]). However, people have
realized recently that deep networks have better representation power|12]|13][14]. One of the commonly
used activation functions with DNN is the so called rectified linear unit (ReLU)[15], which is defined as
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o(z) = max(0, z). Telgarsky [13] gave a simple and elegant construction showing that for any k, there exist
k-layer, O(1) wide ReLU networks on one-dimensional data, which can express a sawtooth function on [0, 1]
with O(2*) oscillations. Moreover, such a rapidly oscillating function cannot be approximated by poly(k)-
wide ReLU networks with o(k/log(k)) depth. Following this approach, several other works proved that
deep ReLU networks have better approximation than shallow ReLU networks |16][17]|18][19]. In particular,
for C#-differentiable d-dimensional functions, Yarotsky [18] proved that the number of parameters needed

to achieve an error tolerance of ¢ is (’)(57% log %) Petersen and Voigtlaender [19] proved that for a class

of d-dimensional piecewise C? continuous functions with the discontinuous interfaces being C? continuous
2(d—1)

also, one can construct a ReLU neural network with O((1 + %)1og2(2 + 3)) layers, O(¢~~ 7 ) nonzero
weights to achieve e-approximation. The complexity bound is sharp. For analytic functions, E and Wang
[20] proved that using ReLU networks with fixed width d + 4, to achieve an error tolerance of ¢, the depth
of the network depends on log% instead of ¢ itself. Note that there is also an exponential dependence on
the dimension d.

One basic fact on ReLU networks is that function z= can be approximated within any error € > 0 by a
ReLU network having the depth, the number of weights and computation units all of order O(log %) This
fact has been used by several groups (see e.g. [L6][18]) to analyze the approximation property of general
smooth functions using ReLLU networks. In this paper, we extend the analysis to deep neural networks using
rectified power units (RePUs), which are defined as
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%, x>0,
os(x) {0’ 2 <0,’ seN, (1.1)
where N denotes the set of all positive integers. Note that o; is the commonly used ReLU function. We
call o9, o3 rectified quadratic unit (ReQU) and rectified cubic unit (ReCU), respectively. We show that
deep neural networks using RePUs(s > 2) as activation functions have better approximation property for
smooth functions than those using ReLUs. By replacing ReLU with RePU, the functions z, 2% and zy can
be exactly represented with no approximation error using networks having just a few nodes and nonzero
weights. Based on this, we build an efficient algorithm to explicitly convert any function from a polynomial
space into a RePU network having approximately same number of coefficients. This allows us to obtain a
better upper bound of the best neural network approximation for general smooth functions using classical
polynomial approximation theories.

For high dimensional problems, to be tractable, the intrinsic dimension usually do not grow as fast as
the observation dimension. In other words, the problems have low dimensional structure. A particular
example is the high-dimensional smooth functions with bounded mixed derivatives, for which sparse grid
(or hyperbolic cross) approximation is a very popular approximation tool [21][22][23][24]. In the past few
decades, sparse grid method and hyperbolic cross approximations have been applied to many applications,
for example, numerical integration and interpolation|21][25][26],|27], solving partial differential equations
(PDEs)|28]]29][30]31][32], computational chemistry|23][33][34][35], uncertainty quantification|36][37][38], etc.
Recently, the connection between linear finite element sparse grids and deep ReLLU neural networks has been
used by Montanelli and Du [39] to obtain an upper bound of deep ReLU network approximation of high
dimensional functions with bounded mixed derivatives. The relations between deep ReLU networks and
general linear finite elements have also been studied by He et al.[40]. We use a similar but different ap-
proach. In our approach, we approximate multivariate functions in high order Korobov space using sparse
grid Chebyshev interpolation |26] for the interpolation problem, and using hyperbolic cross spectral approx-
imation for the projection problem [24][29]. And then convert the high-dimensional polynomial into a ReQU
network, instead of a ReLU network, to avoid adding an extra factor 1og% in the size of the neural network.
We find that RePU networks have the following good properties:

e The RePU neural networks provide better approximations for smooth functions comparing to ReLLU
neural network approximations. To achieve same accuracy, the RePU network approximation needs
less number of layers and smaller network size. For example, for any analytic function, we can construct
a ReQU network with no more than O (10g2 (log %)) layers, and no more than O(% log (%) ) nonzero
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weights to approximate it with error e, where v = O (log(log %)) More results are given in Theorem
[ [ OO (cp. Yarotsky [18], E and Wang [20], Petersen and Voigtlaender |19], Montanelli and Du [39]).

e The functions represented by RePU networks are smooth functions, so they naturally fit in the places
where derivatives are involved in the loss function.

e Compared to other high-order differentiable activation functions, such as logistic, tanh, softplus, sinc
etc., RePUs are more efficient in terms of number of arithmetic operations needed to evaluate, especially
the rectified quadratic unit.

Based on the facts above, we advocate the use of deep RePU networks in places where the functions to be
approximated are smooth.

The remaining part of this paper is organized as follows. In Section 2, we first show how to approximate
univariate smooth functions using RePU networks by converting best polynomial approximations into RePU
networks. Then we use a similar approach to analyze the ReQU network approximation for multivariate
functions in weighted Sobolev space in Section 3. After that, we show how high-dimensional functions with
sparse polynomial approximations can be well approximated by ReQU networks in Section 4. We end the
paper by a short summary in Section 5.

2. Approximation of univariate smooth functions by deep RePU networks

We first introduce some symbols and notations related to neural networks. Denote by N the set of all
positive integers, Ny := {0} UN. Let d, L € N, we denote a neural network ® with input of dimension d,
number of layer L, by a matrix-vector sequence

® = ((A1,b1),-- , (AL, br)), (2.1)
where Ng =d, N1,---,Ni € N, Ay, are N, x Ni_1 matrices, and b, € RVx,
If @ is a neural network, and p : R — R is an arbitrary activation function, then define
Ry (®):R* RNt R,(D)(x) = xr, (2.2)
where R,(®)(x) is defined as
o =,
= p(Agxr—1 +br), k=1,2,...,L—1, (2.3)

xp :=Arxr_1+0bp,

and
p(y) = (p(y"),--  p(y™), Yy=(y' -, y") eR™.

We use three quantities to account the complexity of the neural network: number of hidden layers, number
of nodes(i.e. activation units), and number of nonzero weights, which are L — 1, Zi;l N and number of
non-zeros in {(Ag,bx),k = 1,..., L}, respectively, for the neural network defined in ([2Z]). For convenience,
we denote by #A the number of nonzero components in A for a given matrix or vector A. For the neural
network ® defined in (Z1]), we also denote its number of nonzero weights as #® := S°r_ (#A, + #by,).

In this paper we study the approximation property of smooth functions by deep neural networks with
RePUs as activation units. Note that RePU oy is a special case of piece-wise polynomial activation function,
which has been studied in [11], |41] for shallow network approximation. We also note that o3 has been used
in a deep Ritz method proposed to solve the variational problems related to PDEs [42].



2.1. Approximation by deep ReQU networks

Our analyses rely upon the fact: =, 22, ..., 2%, and zy all can be realized by o, neural networks with a
few number of coefficients. We first give the result for s = 2 case.

Lemma 1. For Vz,y € R the following identities hold:

o ﬁQTag (wa), (24
x = B oa(wiz + ),
zy = B oa(wrz +my), (2.6)

where
1
Br=0 L1107 B =17 wr=[,-11-1" w=[1-1" n=[-1,-11" (27)
If both = and y are non-negative, the formula for x? and xy can be simplified to the following form

2% = oy(z), (2.8

xy = B3 o2 (wsx + 2y),

where )
63 = Z[la_la_l]Ta w3 = [1513_1]Ta Y2 = [15_151]T' (210)
Proof. All the identities can be obtained by straightforward calculations. O

Note that the realizations given in Lemma [T are not unique. For example, to realize idx (z) = x, we may
use
r=(x+1/2)? —2? —1/4 = BLog(wa(x 4+ 1/2) — BT 7o (woz) — 1/4,

for general x € R, and use
r=(x+1/2)2—2? —1/4=02((x + 1/2) — oa(x) — 1/4,

for non-negative x. To have a neat presentation, we will use (Z4)-(ZI0) throughout this paper even though
simpler realizations may exist for some special cases. We notice that realization of identity map idx (x)
given in is a special case of (2.6) with y = 1. And the constant function 1 can be represented by a trivial
network with L =1 and Ay = 0,6y = 1.

Remark 1. Notice that in [18,119,139], all the analyses base on the fact that 2% can be approzimated to an
error tolerance € by a ReLU deep networks of complexity O(log %) In our approach, by replacing ReL U with
ReQU, 22 is represented with no error using a ReQU network with only one hidden layer and 2 activation
functions.

2.1.1. Optimal realizations of polynomials by deep ReQU networks with no error

The basic property of o5 given in Lemma [I] can be used to construct deep neural network representations
of monomials and polynomials. We first show that the monomial ™, n > 2 can be represented exactly by
deep ReQU networks of finite size but not shallow ReQU networks.

Theorem 1. A) The monomial 2™,n € N defined on R can be represented exactly by a oo network. The
number of network layers, number of nodes and number of weights required to realize ™ are at most |logy n |+
2, 5|logy n] +5 and 25|log, n| + 14, respectively. Here |x| represents the largest integer not exceeding x for
reR.

B) For any n > 2, ™ can not be represented exactly by any ReQU network with only one hidden layer.



Proof. We first prove part B. For a one-layer ReQU network with N activation units, one input and one
output, the function it presented can be written as

N
fn(@) = cxos(are + bi) + d,
k=1

where d and ag,bg,cy,k = 1,..., N are the parameters of the network. Obviously, fy is a piecewise
polynomial, with at most N 4+ 1 pieces in the intervals divided by distinct points of zp = —by/ar, k =
1,..., N(suppose the points are in ascending order). In each piece, fy is a polynomials of degree 2, so it
can’t represent =™, n > 2 exactly. The error decreases at most cubicly with respect the length of the interval.
So, to approximate =™, n > 2 on a finite interval, e.g. I = [—1,1] with N ReQU units, one can only obtain
an algebraic convergence with respect to N.

Now we prove part A. We first express n in binary system as follows:

N=pm 2"+ Q12"+ + a1 -2+ ag,

where a; € {0,1} for j =0,1,...,m —1, a,, =1, and m = |logy n|. Then

m—1

m > a;27
= a? . gi=o .
Introducing intermediate variables
i a;27
](€1) = sz, 51(5) = gi=0 , for 1 <k <m,
then
zt = geD. (2.11)
We use the iteration scheme
&M =22, & = ()2,
%2) _ ao a,nd I(CQ) . ](Cl)l ar1 (2) fOI‘ 2 S k S m, (2.12)
1 =X & = (&-21) §l1s

and (ZII) to realize ™. The outline of the realization is demonstrated in Figure [l In each iteration step,

we need to realize two basic operations: (z)? and (x)%y, where z,y stands for E,(cl), §£2) respectively. Note
that (z)? can be realized by equation (24) and (28] in Lemma [l For operation (z)%y, since a; € {0,1},
by [286)), we have

x%y = <1 + (=% 1— (=1

SRR z>yﬂf@¢ﬂ@;+qw>+mw, (2.13)

where ¢ = % So x%y can be realized by a linear combination of four o5 units.

Now we show the procedure in details. Obviously, a linear function ax + b can be realized by a trivial
one-layer network with no activation units. A quadratic polynomial ax? + bz + ¢ can be realized, using the
representation x(az + b) + ¢ = B oa(wi(ax + b) + y17) + ¢, by a ReLU network with one hidden layer, 4
activation units and 13 nonzero weights. For n > 3, we follow the idea given in equation ([2I2]) and Figure
[ The function z™ are realized in m + 1 steps, which are discussed below.

1) In Step 1, we calculate

0 = 22 = BT gy (waz) > 0,

()
1

—~

2.14)
2.15)

—~

- —oT
:x“":cg'—l—cox:c{f—i—coﬁlag(wlx—i—%),
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Figure 1: A schematic diagram for o2 network realization of ™. (j) represents the j-th hidden layer for intermediate variables.

3)

which implies the first layer output of the neural network is:

0
x1 = 0o(A1x +b1), where A = w2 , b= , (2.16)
Wil Y1
x1 6x1
and
(1) T
0 0
[E%Q) = AQOml —+ b20, where A20 — lBQ B T‘| , b20 — l +] . (217)
& 0 B 2%6 €0 Joxs

Since #wy =4, #wy = 2, #v; = 4, it is easy to see that the number of nodes in the first hidden layer
is 6, and the number of non-zeros is: #A; + #b; = 10.

In Step j, 2 < j < m, we calculate
1 1 1
g" =g =aa(gP) >0, (2.18)
2 1) va;_q (2 — L)\ 2
53(‘ ) = (5](—)1) ! lfj(‘—)l = (C;r—1 +Cj—1§g(‘—)1)§g(‘—)1
= Bloy (wl(c;il + 63'11‘55'17)1) + 'yl«fj(i)l) , (2.19)

which suggest the j-th layer output of the neural network is:

() 1 0 0
x; =02 Ajl 53(5)1 -‘rbjl ,  where Ajl = | _ R bjl = 5 R
j—1 Ci—191 Mg, €191 51
and
3% 1 0
](2) = Aj+170£l:j + bj+170, where Aj+1,0 = T R bj+170 =0. (2.20)
fj 0 ﬂl 2x5
We have
Aj = Alejo, bj = AjlbjO + bjl, j = 2, e, M. (221)

By a direct calculation, we find that the number of nodes in Layer j is 5, and the number of non-zeros
in Layer j, j =3,...,mis #A; + #b; =21 +4 =25. For j = 2, #As + #by = 26 + 4 = 30.

In Step m + 1, we calculate

2" = EDED = floz (wigl) +meP), (2:22)
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which implies

(1)
LTm+1 = 02 (Am+171 7(ﬂé)‘|> 5 Where Am+1,1 = [w1 ’}/1]4><2. (2.23)
So we get
A1 = Amy114m+10, b1 =0, (2.24)
and
Tt = 2" = B Ty (2.25)
By a direct calculation, we get the number of nodes in Layer m + 1 is 4, and the number of non-zeros
is #A,,41 = 20.

For Layer m + 2, which is the output layer of the overall network, A,, 12 = 81, and by, 12 = 0. There
is no activation units and number of non-zeros is #A,,+2 = 4.

The ReQU network we just built has m + 2 layers, number of nodes 6 + 5(m — 1) + 4 = 5m + 5, number
of nonzero weights 10 4 30 4+ 25(m — 2) + 20 + 4 = 25m + 14. Combining the cases n = 1,2, we reach to the
desired conclusion. O

Now we consider how to convert univariate polynomials into oo networks. If we directly apply Theorem
[ to each monomial term in a polynomial and then combine them together, one would obtain a network of
depth O(log,n) and size O(nlog, n), which is not optimal. We provide here two algorithms to convert a
polynomial into a ReQU network of same scale, i.e. without the extra log, n factor. The first one is a direct
implementation of Horner’s method (also known as Qin Jiushao’s algorithm in China):

f(SC):ao+a1:c+a2:c2+a3:c3+,_,+anz"

=agp + x(al + x(ag + x(ag +...+z(ap—1+ xan)))) (2.26)

To describe the algorithm iteratively, we introduce the following intermediate variables

n-1+Tan, k=mn,
b=
Y ap—1+ TYpyr1, k=n—1,n—2,...,1.

Then we have yo = f(z). But implementing of y; for each k, using realizations formula given in Lemma
[[ and stack the implementations of n steps up, we obtain a oy neural network with O(n) layers and each
layer has a constant width independent of n.

The second construction given in the following theorem can achieve same representation power with same
amount of weights but less layers.

Theorem 2. If f(x) is a polynomial of degree n on R | then it can be represented exactly by a oo neural
network with |logyn| + 1 hidden layers, and number of nodes and nonzero weights are both of order O(n).
To be more precise, the number of nodes is bounded by 9n, and number of nonzero weights is bounded by
61n.

n .
Proof. Assume f(z) = Y ajz?, an, # 0. We first use an example with n = 15 to demonstrate the process
§=0



of network construction as follows:

flx) = a5z’ + a4+ + agz® + a7x7 +agz’ + -+ + a1z + ao

= :L'8 { $4 |: IL'2 (0,151' + 0,14) + (algl' + 0,12):| + |:$2 (allz + 0,10) + (a9$ + ag):| }

£s.0 £20 £1.0 €18 €17 &1.6

€15

€24 &23

3,2

+ {x4 [xQ (a7x + ag) + (asz + a4)] + {xQ (agx + az) + (a1 + ao)] } . (2.27)
&1,4 £1,3 £1,2 1,1

§2,2 €21

§3,1

Here &1 ,,51 = 0,1,2,---,8, &2,5,,j2 = 0,1,2,---,4, and &3 4,, js = 0,1,2 are the intermediate variable
output of Layer 1, 2, 3, respectively. And the final output is f(z) = £30&3,2 + &3.1-

We first describe the construction for the case n > 4 here.

Denote m = |logy n|. We first extend f(z) to include monomials up to degree 21 — 1 by zero padding:

om+l_q
fz):= Z a;x?, where a; =0, forn+1<j<2mt 1, (2.28)
7=0
The process of building a o3 network to represent f(x) is similar to the case n = 15. We give details below.
1) The output of Layer 1 intermediate variables are:

§1,5 = a2j 1T + agj_2 = agj_lﬁlTag (Wi +m)+agj—2, j=12,..,2™, (2.29)
&0 = 2° = B3 oa(wax), (2.30)

which suggest

T = 09 (wlx +’71> =o09(A12 +b1), where A =

“11 b= [701] . (2.31)

w2
and
T
a 0 a
&1 = Ayox1 + by, where Ay = 2191 o> b2 = 2 (2.32)

0o Al 0
. _ T _ T _ T
with & = [&1,1,&1,2, -+, &,2m,&10]7 5 az1 = [a1,a3,. .., agmr1_1]", aze = [ao, a2, ..., agm+1_5]" .

2) The output of Layer 2 intermediate variables are:

&2 = &1,081,25 T &1,25—1

= Bl o2(wi&r 25 + M1é10) + Bl oz (wiki2j-1 +m), Jj=1,2,...2m" " (2.33)
€20 = (£1,0)% = 02(&1,0), (2.34)

which imply
To = 02(A91€1 +b21), T2,boy € REX2TTHDXL 4 e REX2TTIHD)X (@7 1) (2.35)
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and most elements in Aaq, o1 are zeros. The nonzero elements are given below using a Matlab subscript
style as:

w1 0 0

A1 (8(5—1) 4+ 1:85,[2j—1:25,2m +1]) =
0 w1 M

] . b (8(j—1): 8)) = m . (236)

for j = 1,2,...,2™~ ! and the last element of Ay is 1. According to the result ([2.32) of Layer 1, we
get
xy = 02 (Aox1 +b2), Az = Az A, b2 = Azibao + a1 (2.37)

We also have

Iym— T 3T 0
52 = A301}2, where A30 = [ 2 ®O[ﬂl ﬂl] 1] y (238)
Here & = [£2.1,62,2,- - ,5272m71,§2,0]T, and Iym-1 is the identity matrix of in R2"'. ® stands for
Kronecker product.
The output of Layer k (3 < k < m) intermediate variables are:
ki = &h—1,08k—1,25 + Ek—1,2j—1
= Bl oa(wibr12j + N1ék—10) + BT o2 (Wi€k—12j—1 +71), J=1,2,...,2m " (2.39)
€0 = (§k-1,0)% = 02(&k—1,0). (2.40)
Denote & = [€r,1, k2 - -, Epam—r+1,Eo]” . We have
&k = Aky10Tk, @k = 02(Ar1€r—1 + bra), (2.41)

where Aj1,br1 has the same formula as As;, boy given in (236) except that the maximum value of j
is 2m7kF1 rather than 271, and Agy1,0 has the same formula as Az given in (Z38) with lom-1;

replaced by 1om—r+15;. Combining (Z41) and (2Z3])), we get

@y = o2(AgTp—_1 +by), where Ay = A1 Ao, br = bg1- (2.42)

The output of Layer m + 1 intermediate variables are:

Emt11 = Emobma +&m1 = BLoa(wibma +711€mo) + B oo (Wima +71) - (2.43)

Written into the following form

Emt+1 = [Emt1.1] = Am120Tm+1, Tmt1 = 02(Am+1.1€m + bmt1.1), (2.44)
we have
w 0O O
At = ' v bmyr1 = n , (2.45)
0 w M 0
and
Am+2,0 = [ﬂf ﬂf]a bm+2,0 =0. (246)

The iteration formula for a,,1 is

Tii1 = 02(Am+1@m + bms1),  where Any1 = Apg1,14m11,00 bt = b1 (2.47)
9



5) Since €41 = f(x), the network ends at Layer m + 2, with @42 = Ent1. So we get Ayt = Apmto.0,
and by,12 = 0 from equation ([2.44)).

For n < 4, the procedure can be obtained by removing some sub-steps from the cases n > 4. From the
construction process, we see that the number of layers is m + 2, the numbers of nodes from Layer 1 to Layer
m+1 are 6, 8 x 27 F*+1 1 1(2 < k < m) and 8 respectively, and the number of nonzero weights in Aj,
b;(1 < j < m+2) arenot bigger than 10, (40x2m~142)48x2m~1 (68 x2m~k+141)44x2m=k+1(3 < |k < m),
72, 8 respectively. Summing up those number, we reach to the desired conclusion. o

Remark 2. Theorem [l says we can use a o2 network of scale O(logy n) to represent x™ exactly. Theorem
2 says that any polynomial of degree less than m can be represented exactly by a oo neural network with
|logon| + 1 hidden layers, and no more than O(n) nonzero weights. Such results are not available for
ReL U network and neural networks using other non-polynomial activation functions, such as logistic, tanh,
softplus, sinc etc. We note that the constants in the two theorems may not be optimal, but the orders of
number of layers and number of nonzero weights are sharp.

2.1.2. Error bounds of approximating smooth functions by deep ReQU networks

Now we analyze the error of approximating general smooth functions using ReQU networks. We first
introduce some notations and give a brief review to some classical results of polynomial approximation.

Let © C R? be the domain on which the function to be approximated is defined. For the 1-dimensional
case in this section, we focus on = [ := [—1,1]. Similar discussions and results can be extended to
0 = [0,00] and [—o00, 0] as well. We denote the set of polynomials with degree up to N defined on Q2 by
P (), or simply Py. Let J%A(z) be the Jacobi polynomial of degree n, n € Ny, which form a complete
set of orthogonal bases in the weighted L2, ,(I) space with respect to weight w®? = (1 — 2)*(1 + z)#
for a, 8 > —1. To describe functions with high order regularity, we define Jacobi-weighted Sobolev space
B5(I) as [43]:

mo(I) == {u:0fue L2aiis(I), 0<k<m}, meN, (2.48)

with norm
m 1/2
g, = (3ol ) .0

Define the L2, ;-orthogonal projection Wj'\‘,’ﬁ: L2, ,(I)— Py as
(ﬂ']o\‘,’ﬂu - u,v) , =0, VvePy. (2.50)

A detailed error estimate on the projection error ﬂ']o\‘,’ﬂ u — u is given in Theorem 3.35 of [43], by which we

have the following theorem on the approximation error of ReQU networks.

Theorem 3. Let a, B > —1. For anyu € B} 5(I), there exist a ReQU network @, with |logy N | +1 hidden
layers, O(N) nodes, and O(N) nonzero weights , satisfying the following estimate

e if0<I<m<N+1, we have

(N —m+1)!

195 (R (@3) = ) lumsesin < ey gy OV + )0 o, (2.51)
e ifm >N+ 1, we have
/2 N—-I+1
€
105 (Roa(®R) = )|y i1 < e(2mN) 711 ( N ) [ e N - 2)
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where c = 1 for N > 1.

Proof. For any given u € BYs (I), there exists a polynomial f = 73" u € Py. The projection error ﬂ%’ﬁu —u

is estimated by Theorem 3.35 in [43], which is exactly Z5I) and (Z52) with R, (®%) replaced by ﬂ%’ﬁu.
By Theorem[2 f can be represented exactly by a ReQU network ®% with |log, N |+ 1 hidden layers, O(N)
nodes, and O(N) nonzero weights, i.e. R,,(®%) = Wj'\‘,’ﬁu. We thus obtain estimation (251 and (Z52). O

a,B
N

Remark 3. In (Z11) and 252), we allow the error measured in high-order derivatives(l > 3), because
R,,(®%) is an exact realization of a polynomial, which is infinitely differentiable. In practice, if ®% is a
trained network with numerical error, we can not measure the error with derivatives order > 3, since 8302(:13)
is not in L? space.

Based on Theorem [3] we can analyze the network complexity of e-approximation of a given function with
certain smoothness. For simplicity, we only consider the case with [ = 0. The result is given in the following
theorem.

Theorem 4. For any given function f(x) € By s (I) with norm less than 1, where m is either a fized positive

integer or infinity, there exists a ReQU network <I)£ with number of layers L, number of nonzero weights N
satisfying

e if m is a fixed positive integer, then L = O (% log, %), and N = 0(57#);
e if m=o0, i.e. f is analytic, then L = QO (1og2 (log %)), and N = O(% log (%) ), v 0 (1og(10g %)),
can approximate f within an error tolerance €, i.e.
| Ry (B1) = fllwesry <. (2.53)
Proof. For a fixed m, or N > m, we obtain from (Z35]]) that
1Ry (PN) = tlluwesry < eNT™ 07 et mo . (2.54)

By above estimate, we obtain that to achieve an error tolerance ¢ to approximate a function with B ﬁ(I )

1
norm less than 1, one need to take N = (f) ™. For fixed m, we have N = O(E_#), the depth of the
corresponding ReQU network is L = O (% log, %)

For analytic function, by taking m = oo in equation ([Z.52)), we have

e/2
N

N+1
_1 _
| Ry (@) — ull sy < e(27N) ( ) lullsz, < e |lullsx,. (2.55)

where ¢ is a general constant, and v &~ O(log N) can be larger than any fixed positive number for sufficient

large N. For simplicity, we can keep it as a constant. To approximate a function with B’ (I) norm less

than 1 with error e = /e, one needs to take N = 1 log (C—/), which means N = O(l log (l) ) The
Y € ¥ 5

depth of the corresponding ReQU network is L = O (log2 (1og %))
O

2.2. Approzimation by deep networks using general rectified power units

The results of approximation monomials, polynomials and general smooth functions by ReQU networks
discussed in subsection [Z.1] can be extend to general RePU networks.

To keep the paper short, we only present the results on approximating monomials with RePU in Theorem
The other results can be obtained similarly as did in last subsection for ReQU networks.

Theorem 5. Regarding the problem of using os(z) (2 < s € N) neural networks to exactly represent
monomial ", n € N, we have the following results:

11



(1) If s = n, the monomial " can be realized exactly using a o5 networks having only 1 hidden layer with
two nodes.

(2) If 1 <n <s, the monomial ™ can be realized exactly using a o5 networks having only 1 hidden layer
with no more than 2s nodes.

(8) If n > s > 2, the monomial ™ can be realized exactly using a os networks having |log,n| + 2 hidden
layers with no more than (6s + 2)(|log, n] + 2) nodes, no more than O(25s%|log, n|) nozero weights.

Proof. (1) It is easy to check that 2° has an exact oy realization given by
pal@) = 0(2) + (1) 04(~2) = 2°(2). (2.56)

(2) For the case of 1 <n < s, we consider the following linear combination

ag + Z arps(x +br) =ag + Zak Z Cjbi_j:z:j =ag+ Z i (Z akbz_j> at, (2.57)
k=1 k=1 j=0 Jj=0 k=1

where ag, ak,bg, k = 1,..., s are parameters to be determined. C7 are binomial coefficients. Identity the
above expression with 2", we obtain the following linear system

[ 1 1 - 1 o0 _ -
ay 0
bsfn bsfn L. ps=m . .
Dypia:= |+ g s = (2.58)
5:71 s:fl —1 : s :
bbb o), .
b by b1 - -

where the top-left s X s submatrix of Ds1; is a Vandermonde matrix, which is invertible as long as by, k =
1,..., s are distinct. For simplicity, we choose b,k = 0, .. ., s to be equidistant points, then [2.58)) is uniquely

solvable. Solving for ag,...,as we obtain an exact representation of 2™ using (Z.51), which corresponds to
a neural network having one hidden layer with no more than 2s o, units.
For example, for s = 2, we may take by = —1, by = 1, solving equation (Z58) with n = 1, we get

1

ay = 1

as = i, and ag = 0, thus
1 1
z=pa(e+1) = (e —1).
For s = 3, if take by = —1, by = 0, b3 = 1, we obtain

T = 1[P3(il” —1) = 2p3(x) + p3(z +1)]

6
2 = < [os(e 1)~ pale— 1) - 3

(3) Now, we consider the case n > s > 2, n € N. For any given quantity y, z, using the identity

yo= 1l +27 - - 2] (2.59)

and the fact that (y + 2)2, (y — 2)? both can be realized exactly by a one layer o network with no more
than 2s nodes, we conclude that the product yz can be realized by one layer o, network with no more than
4s nodes. To realize " by o, we rewrite n in the following form

n=am- " +am_1-s"" L +--+a s+ ao, (2.60)

12



:L‘sl ) x82 ) :L‘sii ) . . . xsm—l ) xsm ) strn
2
Input: x (%)™ (z*" )22 .
xrao > 2o > xsa1+ao\_)’ .

Figure 2: A schematic diagram for o network realization of ™, n > s. (j) represents the j-th hidden layer of intermediate
variables.

where a; € {0,1,...,s — 1} for j =0,1,...,m — 1 and a,, = 1. So we have

m m—1

= (@ Y ) () (2:61)
Define & = xsk, zp+1 = (&k)™, k=0,1,...,m, and

k
Yo =z, Yrgo = 2"y (= (2" )"™yrs1), fork=1,...,m, (2.62)

we have ypy,42 = 2. The equation ([2:62) can be regarded as an iteration scheme, with iteration variables
&k, Yk, 2k, Where subscript k stands for iteration step. A schematic diagram for this iteration is given in
Figure2l Different to Theorem [ for s > 2, we need a deep o neural network with m + 2 hidden layers to
realize ™, n > s, due to the introduction of intermediate variables z;. In each layer, we need no more than
2+ 2s + 4s activation nodes to calculate {1 = ps(€k), 2k+1 = (§k)*, and yr4+1 = 2zkyk. So in total we need
no more than (6s + 2)(m + 2) = O(6slog, n) nodes. A direct calculation shows that the number of nonzero
weights in the network is no more than O(25s%log, n). The theorem is proved. O

3. Approximation of multivariate smooth functions

In this section, we discuss how to approximate multivariate smooth functions by ReQU networks. Similar
to the univariate case, we first study the representation of polynomials then discuss the approximation error
of general smooth functions.

3.1. Deep ReQU network representations of multivariate polynomials

Theorem 6. If f(z) is a multivariate polynomial with total degree n on RY, then there exists a oo neural
network having d|logyn| + d hidden layers with no more than O(C;“rd) activation functions and nonzero
weights, can represent [ with no error.

n . .
Proof. 1) We first consider the 2-dimensional case. Suppose f(z,y) = . a;z'y’, and n > 4 (the results
i+5=0
for n < 3 are similar but easier, so skipped here). To represent f(z,y) exactly with a oy neural network
based the results on 1-dimensional case given in Theorem 2 we first rewrite f(z,y) as

flz,y) = i (iaijyj)xi =: ia?wi, where af = nzzaijyj. (3.1)
i=0

i=0 ;=0 =0
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So to realize f(z,y), we can first realize a}, i = 0,...,n — 1 using n small o5 networks ®;, i =0,...,n — 1,
i.e. Ry, (®;)(y) = a! for given input y; then use a o2 network ®,, to realize the 1-dimensional polynomials

f(zyy) = Z?:o alz’. There are two places need some technique treatments, the details are given below.

(1) The network ®,, takes a?,i = 0,...,n and z as input. So these quantities must be presented at the
same layer of the overall neural network, because we do not want connections over disjointed layers.
By Theorem [2] the largest depth of networks ®;,i = 0,...,n — 1 is |log,n| + 2, so we can lift =
to layer |log,n| + 2 using multiple idx(-) operations. Similarly, we also keep a record of input y in
each layer using multiple idx (-) operations, such that ®;,4 =1,...,n — 1 can start from appropriate
layer and generate output exactly at layer |log,n| + 2. The overall cost for recording z,y in layers
1,...,[logsn] 42 is O(|log, n| + 2), which is small comparing to the number of coefficients C .

(2) While realizing Y. alx', the coefficients a?,i = 0, ... n are network input instead of fixed parameters.
So when applying the network construction given in Theorem 2] we need to modify the structure of
the first layer of the network. More precisely, equation (229) in Theorem [2] should be changed to

511}7J' = agj71$ + agj72 = 6?0‘2 (w1$ + ’ylagj_l) + ﬁ{a’g (wlagj_g +v), j=1,2,..2™ (32)

So the number of nodes for the first layer changed from 6 to 4+ 8 x 2™, the number of nonzero weights
for the first layer changed from 10 to 16 x 2™ 4 4. So the number of hidden layers, number of nodes
and nonzero weights of ®,, can be bounded by |log,n| + 1, 17n, and 77n.

Assembling @, ..., P, the overall network to represent f(z,y) has 2|log,n]| + 3 layers with number of
nodes no more than

1

-— 1
9(n—j)+1Tn+8(m+2) = 9@ +17n+8m + 16 = O(C ),
j=0
and number of weights no more than
— n(n+1)
> 61(n—j)+ 7T+ 16(m +2) x 2 + 12n = 61———= + 89n + 32m + 64 = O(C; ).
j=0

Thus, we proved that the theorem is true for the case d = 2.
2) The case d > 2 can be proved by mathematical induction using the similar procedure as done for
d = 2 case.
O

Using a similar approach as in Theorem [G] one can easily prove the following theorem.

Theorem 7. For a polynomials fy in a tensor product space Q% (I1 x - x 1) := Py(I1) ® - - ® Pn(I4),
there exists a oy network having d|logy N | + d hidden layers with no more than O(N?) activation functions
and nonzero weights, can represent fn with no error.

3.2. Error bounds of approximating multivariate smooth functions by deep ReQU networks
Now we analyze the error of approximating general multivariate smooth functions using ReQU networks.
For a vector = (71,...,24) € RY, we define |x|; = |z1| + ... + |74, |Z|co := max?_, |2;]. Define high
dimensional Jacobi weight w®? := w®1:f1 ... >4 We define multidimensional Jacobi-weighted Sobolev
space Bgfﬁ(ld) as 43]:

Z}ﬂ(ld) = {u(z) | OFu =0k ... afju € L2ainpre(I?), keNG, |kl <m}, meN, (3.3)

with norm and semi-norm

. 2 1/2 . 2 1/2
HUHBZ”E :< Z HawuHLia+k,a+k) 7 |u|Bg‘L'B :< Z HaquLinﬂM) . (34)

0< |k[1<m |kli=m
14



Define the L2, s-orthogonal projection 7TNB L2, s(I%) — Q% (1) as

(ﬂ%ﬁu - u,v) =0, VYovePLI?. (3.5)

weB

Then for u € B 5 (I?), we have the following error estimate [43]:
Iy Pu — U|‘Liaﬁ(1d) <cN "ulpr,, 1<m<N, (3.6)

where ¢ is a general constant. Combining ([B.6]) and Theorem [7] we reach to the following upper bound for
the e-approximation of functions in By 5(/ 4) space.

Theorem 8. For any u € B} (Id), with |u|Bm Sty < 1, there exists a o2 neural network ®Y having

O ( d Jog, L = +d) layers with no more than (’)( d/m) nodes and nonzero weights, approximate u with

m
L2, s(I%)-error less than ¢, i.e.

[ Ry (DF) — U|\Liaﬁ(1d) <e. (3.7)

Results similar to Theorem [§ can be obtained for the approximation on R¢ and (R*)? using the Hermite
and Laguerre polynomial projection.

Remark 4. Comparing Theorem [8 with Theorem 1 in [18], we see that the number of computational units
and nonzero weights needed by a ReQU network to approzimate a function u € Bgzﬁ(ld) with an error
tolerance € is less than that needed by a ReLU network. The ReLU network is 1og% times larger than
corresponding ReQU network. For low accuracy approzimation, the factor O(log %) is not very big, but for
high accuracy approximations, this factor can as large as several dozens, which is expected to make significant
difference in large scale computations.

4. High-dimensional smooth functions with sparse polynomial approximations

In last section, we showed that for a d-dimensional functions with partial derivatives up to order m in
L?(I?%) can be approximated within error ¢ by a ReQU neural network with complexity O(~%"™). When
m is fixed or much smaller than d, the network complexity has an exponential dependence on d. However,
in a lot of applications, high-dimensional problem may have low intrinsic dimension (see e.g. [44][45]). One
particular example is high-dimensional tensor product functions(or linear combinations of finite terms of
tensor product functions), which can be well approximated by a hyperbolic cross or sparse grid truncated
series.

4.1. A brief review on hyperbolic cross approzimations and sparse grids

Sparse grids were originally introduced by S. A. Smolyak|[21] to integrate or interpolate high dimensional
functions. Hyperbolic cross approximation is a technique similar to sparse grids but without the concept
of grids. We introduce hyperbolic cross approximation by considering a tensor product function: f(x) =
fi(x1) fi(xa) - - fa(xq). Suppose that f1,..., fq have similar regularity that can be well approximated by

using a set of orthonormal bases {¢y, k = 1,2,....} as
)= b0 en(x), b <k, i=1,....d, (4.1)
k=0

where c is a general constant, 7 > 1 is a constant depending on the regularity of f;, k := max{1,k}. So we
have an expansion for f as

d )
=TI <Zb,(j)¢k(:ci)> = > beor(x), where [be| = [bj) b < (k- k) (4.2)

i=1 Nk=0 keNgd
15



Thus, to have a best approximation of f(x) using finite terms, one should take
fn=)" bedw(x), (4.3)
kexd,

where

is the hyperbolic cross index set. We call fn defined by ([#3)) a hyperbolic cross approximation of f.
For general functions defined on I, we choose ¢ to be multivariate Jacobi polynomials J,ol‘ﬁ , and define
the hyperbolic cross polynomial space as

X% =span{J2P, nex%}. (4.5)

Note that the definition of X¢ doesn’t depends on o and B. {JP } is used to served as a set of bases for
X4 To study the error of hyperbolic cross approximation, we define Jacobi-weighted Korobov-type space

Zﬂ(ld) = {u(z) : Ofu e L2 inpin(I?), 0< |kl <m b, for m € Ny, (4.6)
with norm and semi-norm
) 1/2 ) 1/2
. k o k
lullm , == ( > ozulze ) , o Julen, = ( > ozullz= > : (4.7)
0< |k|eo<m “ k] oo =mn “
For any given u € IC?L 'B(: B& B)’ the hyperbolic cross approximation can be defined as a projection as
(Wzo\‘,%u — U, V) e =0, YvEXE (4.8)
Then we have the following error estimate about the hyperbolic cross approximation [24):
108 (% G = )| yarrore < DINF=""ufm 0 <L <m, m>1, (4.9)

where D is a constant independent of N. It is known that the cardinality of x4 is of order O(N (log N )4~ 1).
The above error estimate says that to approximate a function u € KF' 5 with an error tolerance €, one need

no more than O (5‘1/ m(% log %)d_l) Jacobi polynomials, the exponential dependence on d is weakened (cp.
Theorem[§]). To remove the exponential term (log %)d_l, one may consider a more general sparse polynomial
space[24]:

X, =span{ J3P, (I n)n| ) < N7}, —co<y<l (4.10)
In particular, X]%,o = X¢ is the hyperbolic cross space defined in (&), and Xj‘f,ﬁoo = span{ J&B ) n|s <
N } is the standard full grid. For 0 < v < 1, it is known that [23]:

Card(X§ ,) = C(y,d)N, 0<y<1, (4.11)

where C(v,d) is a constant that depends on v and d but is independent of N. We call X%17,0 <y <1
optimized hyperbolic cross polynomial space. It is proved by Shen and Wang [24] that the Lia, s-orthogonal
projection ﬂzg from Korobov space to Xffw satisfies the following estimate (see Theorem 2.3 in [24]):

H7r%gu — Uy < Dngm(177(17%))|u|;cgﬂ, 0<vy <1, (4.12)

where D5 is a constant independent of N. From ([@II]) and [@I2)), we get that to approximate a function
U € ICZB with an error tolerance ¢, one need no more than O (E_l/m(l_%l_%))) Jacobi polynomials. We
will later use this estimate to give a better upper bound of approximating functions in ICZL, g using deep
ReQU networks.
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In practice, the exact hyperbolic cross projection is not easy to calculate. An alternate approach is the
sparse grids, which use hierarchical interpolation schemes to build an hyperbolic cross like approximation
of high dimensional functions. To define sparse grids for I, we first define the underlying 1-dimensional
interpolations. Given a series of interpolation point set X* = {%,--- ,zf, } C [~1,1], m; = Card(X?),
i=1,2,..., with 0 < m; < mg < ---, the interpolation on X for f € C°(I) is defined as

W) = 3 FE @) (4.13)

where £4(z) € P, -1([—1,1]) are the Lagrange interpolation bases. The sparse grid interpolation for high-
dimension function f € C°(I?) is defined as [21]:

A@d()= Y (A"e-ed)(f), >4 (4.14)

d=l|i|1<q
where A = UY* — U1, i € N, For convenience, we define U° := 0, mg = 0, X° = (). Formally, ([EI4)
can be defined on any grids { X%, i =1,2,...,q—d+ 1}. However, to have a one-to-one transform between

the values on interpolation points and the coefficients of linear independent bases in the interpolation space,
we need { X% i =1,2,...,q—d+ 1} to be nested, i.e. X' C X2 C --- X779+ Fast transforms between
physical values and interpolation coefficients always exist for sparse grid interpolations using nested grids
[29]. Define sparse grid index set as

74 = U I" x ---x T, where IF := ZF\7F"1, TF ={1,2,...,m; }. (4.15)
d<|i]1<q
Then the set of the sparse grid interpolation points and the corresponding interpolation space are given as

xi= U ((Xil\Xi1*1)®"'®(?f“\X“’l)), q>d, (4.16)

d=|i|1<q

Vi = span{ ¢x(x), k € I3} ¢>d, (4.17)

where qgk can be chosen as the hierarchical interpolation bases defined in [29], or the Lagrange-type d-
dimensional interpolation polynomial on points X¢, which takes value 1 on k-th interpolation point and 0
on other points.

A commonly used 1-dimensional scheme is the Chebyshev-Gauss-Lobatto scheme, which uses the extrema
of the Chebyshev polynomials as interpolation points:

. ) — 1

In order to obtain nested sets of points, m; are chosen as
m= i, o a9
with z} := 0. Define
Fy={f:[-1,1]" =R | D*f € C([-1,1]%), V |a|oo <k }. (4.20)
Then for any function f € F¥, with | f|| Fr <1, the interpolation error on the above Chebyshev sparse grids
are bounded as [20]:
If = Alg: d)fllz= < car2 ¢ < capn™(logn)F+2A=DFL (4.21)

where n = Card(XY) = Card(ZJ) = O(27¢%"!) is the number of points in the sparse grids, and cq is a
constant depends on d, k only. Note that if other norm instead of the L™ norm is used, one can improve
the result a little bit, but no results with error bound smaller than O(n~=*) is known.
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4.2. Error bounds of deep ReQU network approrimation for multivariate functions with sparse structures

Now we discuss the ReQU network approximation of high-dimensional smooth functions with sparse
polynomial expansions, which takes hyperbolic cross and sparse grid polynomial expansions as examples.
We introduce a concept of complete polynomial space first. A linear polynomial space Pg is said to be
complete if it satisfies the following: if p(x) € P, then 0%p(x) € Po for any k € N, where p(zx) is a
d-dimensional a polynomial. It is easy to verify that the hyperbolic cross polynomial space X j‘f,, the sparse
grid polynomial interpolation space V!, and the optimized hyperbolic cross space Xffw are all complete.
For a complete polynomial space, we have the following ReQU network representation results.

Theorem 9. Let Po be a complete linear space of d-dimensional polynomials with dimension n, then for any
function f € Pg, there exists a oo neural network having no more than Z?Zl |log, N; | 4+ d hidden layers, no
more than O(n) activation functions and nonzero weights, can represent f exactly. Here N; is the mazimum
polynomial degree in ith direction in Pc.

Proof. The proof is similar to Theorem [0l First, f can be written as linear combinations of monomials.

fl@) =Y anz®, (4.22)
where x¢ is the index set of Po with cardinality n. Then we rearrange the summation as

Na
_ T1T2 " Thy_ kg T1T2 " Thy_ k1 ko kq—1
flz) = E ay, xy?, ay, = g Aoy kg by 1 X7 T - T (4.23)

— k
ka=0 (k1.k2,.. . ka—1)Ex

where x'éf‘ are d — 1 dimensional complete index sets that depend on the index k4. If each aiimmxkd’l,

kq = 0,1,..., N4 can be exactly represented by a o2 network with no more than Z?;ll |logy N;| 4+ (d —1)
hidden layers, no more O(Card(x’g)) nodes and nonzero weights, then f(z) can be exactly represented by
a o neural network with no more Zle |logy N; | + d hidden layers, no more than O(n) nodes and nonzero

weights, since the operation Zi\;d:o aiimmzkd’l ke can be realized exactly by a oo network with [logy Ng|+1

hidden layers and no more than O(N;) nodes and nonzeros operations. So, by mathematical induction, we
only need to prove that when d = 1 the theorem is satisfied, which is true by Theorem o

Remark 5. According to Theorem [, we have that:

1) For any f € Xj‘f,, there exists a ReQU network having no more than d|log, N | + d hidden layers, no
more than O(N(log N)4=1) activation functions and nonzero weights, can represent f with no error.

2) For any f € Xj‘f,ﬁ,y with 0 < v < 1, there exists a ReQU network having no more than d|logy N| + d
hidden layers, no more than O(N) activation functions and nonzero weights, can represent f with no
error.

3) For any f € V], there exists a ReQU network having no more than d(q — d + 2) hidden layers, no
more than O(29¢%~1) activation functions and nonzero weights, can represent f with no error.

Combine the results in Remarks [ with (£9),[@I12)) and @21]), we obtain the following theorem.
Theorem 10. We have following results for ReQU network approzximation of functions in ICQB(ICI), m>1
and F5(I), k> 1:

1) For any function u € ICQHB(ICI), m > 1 with |u|;¢:ﬂ <1/Dy, any € > 0, there exists a ReQU network
®Y with no more than % logQ% + d hidden layers, no more than O(E’l/m(%log%)d’l) nodes and
nonzero weights, such that

[ Roy (R2) — ullwen <e. (4.24)
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2) For any function u € ICQHB(ICI), m > 1 with |u|;¢:ﬁ < 1/Ds, any € > 0, there exists a ReQU network

®Y with no more than % + d hidden layers, no more than O(E’l/m(k”(l*%))) nodes

d
I (1-3)) 182
and nonzero weights, such that
[Ro, (F) = ullyae < e (4.25)

3) For any function f € F¥(I%), k > 1 with ”f”Ff <1, any e > 0, there evists a ReQU network W1 with

no more than O (dlik‘S log, % + d) hidden layers, no more than (9(57(1“;)/’“(%5 log, %)dil) nodes and
nonzero weights, such that

|Ro (W) = fllz= <e, (4.26)
where § > 0 can be taken very close to 0 for small enough €.

Remark 6. Taking m = 2 in Theorem [Ill, we obtain the following result: For any function u € /Ciﬁ(]d),
with |u|xc2 R < 1/Dy, there exists a ReQU network ®% with no more than %logQ% + d hidden layers, no

more than (’)(5_1/2(%1og%)d_1) nodes and nonzero weights, approximate u with a tolerance . The result
of using ReLU networks approximating similar functions is recently given by Montanelli and Du [39]. Their
conclusion is: for a ReLU network to approximate a function in Ki,ﬁ (I%) with tolerance ¢, the number of
layers required is O(|log, €|logy d), the number of nonzero weights required is O(E*% [log, 5|%(d’1)+1 log, d).
Comparing the two results, we find that, while the number of layers required by ReQU networks might be
larger than ReL U networks, the overall complexity of the ReQU network is |logy £|? times smaller than the
ReL U network.

Remark 7. When one use optimized hyperbolic cross polynomial approximation for funcion in ICZLﬂ(I 4,
with |ulxm , < 1/Ds, the exponential growth on d with a base related to 1/ in the required ReQU network
size is removed. Thus, in this case the curse of dimensionality is overcome. We note that, the constant Do
and the implicit constant hidden in the big O notation, still depend on d, but independent of €.

5. Conclusion and future work

In this paper, we give constructive proofs to error bounds of approximating smooth functions by deep
neural networks using RePU as activation functions. The proofs rely on the fact that polynomials can be
represented by RePU networks with no approximation error. We construct several optimal algorithms for
such representations, in which polynomials of degree no more than n are converted into a ReQU network
with O(log, n) layers, and the size of the network is of the same scale as the polynomial space to be
approximated. Then by using the classical polynomial approximation theory, we obtain error bounds for
ReQU networks approximating smooth functions, which show clear advantages of using ReQU activation
function, comparing to the existing results for ReLU networks. In general, the ReLU network required to
approximate a functions with finite-order continuous, is O(log %) times larger the the corresponding ReQU
network. Here ¢ is the approximation error. To achieve e-approximation for analytic functions, the number
of layer of ReQU network required is O(log, log %), while the corresponding number is O(log %) for ReLU
network. For high dimensional functions with bounded mixed derivatives, we give error bounds that has
a weaker exponentially dependence on d, by using hyperbolic cross/sparse grid spectral approximation,
in particular if optimized hyperbolic cross polynomial projections are used, the curse of dimensionality is
overcome. The complexity of ReQU networks that required to achieve e-approximation to functions with
bounded mixed derivatives up to 2, is much smaller than the corresponding ReLLU networks as well. These
results hold for deep networks with non-rectified power units. The use of rectified units gives the neural
network the ability to approximate piecewise smooth functions efficiently.

The advantage of using deep over shallow neural ReQU networks is clear shown by our constructive
proofs: by using one hidden layer, a ReQU network can only recover quadratic polynomials; by using n
hidden layers, a ReQU network can recover polynomials of degree up to O(2") exactly. The ReQU networks
we built for approximating smooth functions all have a tree-like structure, and sparsely connected. This may
give some hints on how to design appropriate structures of neural networks for some practical applications.
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We have shown that for approximating smooth functions, ReQU networks are superior to ReLU networks
in terms of approximation error. In practical applications, the functions to be approximated may have
different kinds of non-smoothness, which are problem dependent. The training method is another important
issue that affects the application of neural networks. We will continue our study in these directions. In
particular, we will study the approximation error of piecewise smooth functions with deep ReQU networks,
and investigate whether those popular training methods proposed to train ReLLU networks are efficient for
training RePU networks. Meanwhile, we will try deep RePU networks on some practical problems where
the underlying functions are smooth, e.g. minimum action methods for large PDE system|[46], PDEs with
random coefficients|47], and moment closure problem in complex fluid [48] and turbulence modeling[49], etc.
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